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Motivating question

Can we probe the global behaviour of an integrable system by calculating
path integrals?
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Foliated manifolds

Let M be a manifold. A subbundle E C TM is said to be integrable if
*°(M; E) is closed under Lie brackets.

By the Frobenius theorem, an integrable subbundle E of TM integrates to
a family

F = {(L)\, iy : L)\ — M)})\e/\, M= U I')\(L)\)
AeA
of M into disjoint, connected, immersed submanifolds called /eaves.

E = TF, the tangent bundle to the leaves.

The pair (M, F) is referred to as a foliated manifold. The rank p of TF is
the leaf dimension of F and the rank g = n — p of the normal bundle
N := TM/TF is called the codimension.
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The Godbillon-Vey invariant

Let M be equipped with a metric and let N be orientable. Then N
identifies with a subbundle of M such that TM = N @ T.F. Define a

connection V? on N by
V(YY) = X7z Yin + (VEEY) -

The connection V’ is:
@ A Bott connection, in the sense that in any foliated coordinate system
in which
V' =d+a,

one has a|rx = 0. Globally, V'’ is flat along leaves.
@ Torsion-free, in the sense that for all X, Y € '*°(M; N) one has

TV (X, Y) = V(Y) = V3(X) = [X, Y]y = 0.
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The Godbillon-Vey invariant

The Riemannian metric g on M restricts to a Euclidean structure on N
whose determinant defines a trivialisation w : A9(N) — M x R.

The form w € I*°(M; A9(N*)) extends by zero to A9(TM) to define a
transverse volume form w € QI(M).

In the trivialisation of A9(N*) determined by w, the induced connection
(V*)(@) on A9(N*) has the form

(Vb)(Q) =d+ n

globally, for some 17 € Q'(M). The curvature of (V*)(9) is dn € Q*(M).
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The Godbillon-Vey invariant

Since V" is flat along leaves, Bott's vanishing theorem implies that

(dn)9tt =0

in Q*(M), so the form
n A (dn)?
is closed, defining a class

gv = [n A (dn)7] € HZZT (M).

The class gv is called the Godbillon-Vey invariant of (M, F).
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Characteristic classes

Let F™(N) denote positively oriented transverse frame bundle for N, and
let P:= F*(N)/SO(q). P is called the bundle of transverse metrics.

The fibre F™(N)x over x € M consists of all positively oriented linear
isomorphisms ¢ : R — N,. The fibre Py consists of classes [¢].

Any [¢] € Px determines a metric (-, )4 on Ny defined by

(n,m)g =0 "(m)-¢ (),  m,m € Ny

Thus a smooth section ¢ : M — P is the same thing as a smooth
Euclidean structure for N.
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Characteristic classes

Let o” € QY(FT(N); gl(g,R)) and R € Q*(F*(N); gl(g,R)) be the
connection and curvature forms of V°, and let
ab:ai+a|;, RI’:Rz—I—RIS’

be their decompositions into antisymmetric and symmetric components
respectively.

Define WO, := A(h1, hs, ..., hg') @ R[ct, ..., cqlq. Define a differential d
defined on generators by

dci =0, for all J,

dh; = ¢;, for i odd.
Then Mq is a differential graded algebra.
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Characteristic classes

Theorem (Bott-Guegorlet)

The formulae _ _
i Tr ((R”)') € Q¥(P),

1
i f/ Tr (a)(tR2 + R) + (£2 — 1)(a2)) 1) dt € Q¥ ~1(P)
0

define homomorphisms ¢y, : WO, — Q*(P) and i , := 0™ o ¢y, and
the the diagram

o, (P
V

W_Oq o*

o

Vb,o'

Q*(M)

commutes. The induced maps on cohomology do not depend on YV’ or o.

v
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Characteristic classes

In particular, the Godbillon-Vey invariant is represented in WO, by hicf.

We have
bos (hicd) = Tr(a’) A Tr(R’)9

and
Ugs o (h1cf) = o™ (Tr(a”) A Tr(R")9)

=n A (dn)’.

The Godbillon-Vey invariant is closely related to the dynamics of (M, F).
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Holonomy
To study the dynamical behaviour of a general foliation (M, F), we
consider its holonomy groupoid G.

An element of G is an equivalence class u = [] of some smooth immersed
path 7 : [0,1] — M for which ~/(t) € TF for all t € [0, 1].

Two such paths ;1 and v, are deemed equivalentbif they have the same
endpoints and if their parallel transport maps PX : No(yy = Ny

coincide for any Bott connection V”.

The set G of all such u =[] can be equipped with a natural
(non-Hausdorff) differential topology.
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Holonomy

Let r and s be maps on G defined by

r([v]) = (1),
s([v]) = ~(0).

Then we have an inversion
= =0
and a partially defined multiplication

[vil[v2] := [7172]-

So G is a Lie groupoid. It is the natural symmmetry object associated to
(M, F), and it acts naturally (via parallel transport) on the vector bundle
N and, therefore, on the bundle P.
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Characteristic classes for G

Cover (M, F) with foliated charts U;, and for each such U pick a local

transversal T;. Then T :=(J; T; is a g-dimensional submanifold which
intersects each leaf of F, and which is everywhere transverse to F.

One can then study G via the action of a (pseudo)group I on T. In these
terms, we want a commuting diagram

Q*(Pr)xT
¢r
Mq \ o*
,d)l'
Q*(T) xT.

There have been a number of different attempts at such a construction.
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The Connes-Moscovici map

Connes and Moscovici construct a characteristic map
H*(WO,) — HC*(C°(Pr) x T).

In particular they give a formula for the Godbillon-Vey invariant when
T =R. Inthiscase Pr = T x R}.

Theorem (Connes-Moscovici)

The Godbillon-Vey invariant is represented by the cyclic cocycle

V3031:: 1 (o] X = X
gv(°, at) /M (@'a)- 2 (log!(x)) - Tat A d

on C°(Pr) xT.

The Connes-Moscovici formula comes from considering the trivial
connection on T = R. It hard to relate to the geometry of (M, F).
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A characteristic map for G

It is more geometrically meaningful to work with the full holonomy
groupoid G instead of the reduced T xT.
Conjecture

There exist explicit formulae, in terms of V° and its curvature, for maps
d)%b, o* and wgb ., such that the diagram

(z)g , Q* (gf(p*))
-
wo, -

.

e gr(g)

commutes. )
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A characteristic map for G

Theorem (M.)

There exist explicit formulae for a characteristic map
gb%b : WO, — Q*(g;*)) in terms of V° and its curvature. The induced
map on cohomology does not depend on V°.

When (M, F) is codimension 1, the Godbillon-Vey form ¢%b(h1C1) on G
can be used to construct the following cyclic cocycle.

Theorem (M.)
When (M, F) is codimension 1, the formula

1
ST ;:/ 2 (uo)a* (ur) = dt A RS
upu EP t

defines a cyclic cocycle on C°(Gp).
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A geometric interpretation

Recall that u =[] is the class of a leafwise path v in M.

Theorem (M.)

The differential form RY on G can be realised as a path integral of the
Bott curvature R”. More specifically

Rugz/Rb
ol

where 7y is a representative of u.

The Godbillon-Vey cyclic cocycle can now be written
0 .1 0 1 1 b
gv(a’,a’) = a’(y)a (y1)=dtNn | R
Yon€er t "

and is one step closer to the classical representative o’ A R,
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Relationship with noncommutative index theory

The path integrated curvature fv R’ can be encoded in a semifinite
spectral triple.

Theorem (M., Rennie)

There exists a semifinite spectral triple (C2°(Gp), H,B) for C°(Gp)
whose Chern character is the Godbillon-Vey cyclic cocycle. The Chern
character is computed using the semifinite local index formula of
Carey-Gayral-Rennie-Sukochev.

The spectral triple (C2°(Gp), H, B) is constructed using G-equivariant
KK-theory, and exhibits the Godbillon-Vey cyclic cocycle as a
fundamentally noncommutative phenomenon. The idea of using
equivariant KK-theory to access such data goes back to Connes.
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Relationship with noncommutative index theory

@ H = L?(H* x G; gv), where H* is the (co)horizontal bundle over P
determined by V?, and where gv is a G-invariant differential form on

H* determined by a’ A Rb,
@ the action of G on H* is by

© the operator B is Clifford multiplication by the basepoint:
(BE)(h) :=h-&(h), €€ CZ(H"), he H".

Q C2°(Gp) acts on H by convolution, and

B.71, = 1) [ R

~
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The road ahead

The commuting diagram

¢gb & (g’(:))
-
WOq o*

e

Ve Qr(Gg1)

remains incomplete, and has been so for at least 40 years.

Using the global-geometric object G instead of its étale versions, we have
some geometric clues about how to complete it:

© path integrals,
@ ‘parallel transport equivariant” KK-theory.
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End

Thank you for your attention.
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