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Objective
[

Objective

Let X be a smooth compact manifold. The Universal Coefficient Theo-
rem for K-theory with coefficients in R/Z asserts that there is an iso-
morphism

K°(X,R/Z) — Hom(Ky(X),R/Z).
Using a geometric model of K°(X,R/Z) and Ky(X), we study an ex-
plicit analytic pairing implementing this map of the following form

— /xmodZ.
M

topological term

/d\l
&

analytic term
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The group KY(x, R/
@00

The group K°(X,R/7Z)

Definition (R/Z K°-cocycles)

Let X be a smooth compact manifold. Define a R/Z K°-cocycle over

X as a triple
(9,(d, g7 "dg), n)

where
m g: X — U(N) is a smooth map, i.e. a K'-representative of X ;

= (d,g"dg) is a pair of flat connections on the trivial bundle 7 ;
m € Q%e"(X)/im(d) satisfying

du = ch(g,d) - Tr(g"dg)

Here, ch(g, d) is the odd Chern character defined by

n! _
ch(g,d) = ' m-ﬁ(g 1dg)2n+1-

n
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Definition (R/Z K°-relation)

Let & = (g1, (d, g; ' dgi), i) where g; : X — U(N;), for i = 1,2,3. The
R/7Z KO°-relation is given by & = & + & whenever we have

9> ~ g1 ® gs (i.e. go is homotopic to the unitary matrix Diag(g1, gs))
and

pi2 = 1 + pz — Tch(gy, g2, 93)-

Here, Tch(g1, g2, g3) denotes the transgression form of the odd
Chern character which satisfies

dTch(g1, g2, 93) = ch(g1) — ch(gz) + ch(gs).

Definition (R/Z K°-group)

The group K°(X,R/Z) consists of all R/Z K°-cocycles with zero
virtual trace modulo the R/Z K°-relation.

Johnny Lim  The University of Adelaide Analytic Pontryagin Duality Oct 1, 2019 4/24



The group K9(x, R/
ooe

Baum-Douglas Geometric K-homology

Let X be a smooth compact manifold. The (even) Baum-Douglas geo-
metric K-homology Kp(X) of X is a group generated by geometric K-

cycles
(M.E.f)

where
m M is an even-dimensional smooth closed Spin®-manifold, E is a
complex vector bundle over M and f : M — X is a smooth map

modulo the following relation
m Direct sum-disjoint union :

(M, E & Eo, ) ~ (M, Ey, )i (M, 2, f)
m Bordism : (W, F, ) s.t.
(OW, Flos o) ~ (My, Ev i) U (= Mz, Ez, 1)
m Vector bundle modification :
(M, E.f) ~ (SH, By @ p"E, f o p)

Oct 1, 2019
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Analytic KY -pairing
00000

Analytic term : the Dai-Zhang eta-invariant

Let (M, E, f) be an even K-cycle over X. Leth=gof: M — U(N) be
a K'-representative of M.

m Consider the twisted Dirac operator dg, y acting on L2(SR E®7).
Extend the bundle data trivially to the cylinder M x [0, 1].
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Analytic KY -pairing
00000

Analytic term : the Dai-Zhang eta-invariant

Let (M, E, f) be an even K-cycle over X. Leth=gof: M — U(N) be
a K'-representative of M.

m Consider the twisted Dirac operator dg, y acting on L2(SR E®7).
Extend the bundle data trivially to the cylinder M x [0, 1].

m Over M x [0, 1] consider the Dirac-type operator
,h _
az@T,Mx[OJ] = Jewr + (1 —)h ' [Peg., .
Let PP = Poom+ Pe i L2(S®RE®TIM) = L2o(SRE®@TIM) & L
be the modified APS projection, where £ € Lag(ker(éﬁﬁw)).
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Analytic KY -pairing
00000

Analytic term : the Dai-Zhang eta-invariant

Let (M, E, f) be an even K-cycle over X. Leth=gof: M — U(N) be
a K'-representative of M.

m Consider the twisted Dirac operator dg, y acting on L2(SR E®7).
Extend the bundle data trivially to the cylinder M x [0, 1].

m Over M x [0, 1] consider the Dirac-type operator
h _
az@T,Mx[OJ] = Jegr + (1 = )h [deg,, hl.
Let PP = Poom+ Pe i L2(S®RE®TIM) = L2o(SRE®@TIM) & L

be the modified APS projection, where L € Lag(ker(éﬁﬁw)).
m Equip at both ends respectively with the boundary conditions

po on M x {0}
Id—h—'P?h on M x {1}.

Then, (@qégr,,\,,x[m], P9.1d — h="P?h) forms an elliptic self-adjoint
boundary problem.
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Analytic KY -pairing
[o] Je]e]e}

Its eta function is defined by

Y,h Z sgn(\)

W(aE@me[on]vS) = |>\|s
A#£0,\espec(d)

v,h W, h
for Re(s) >> 0. Take n(aE®7—,M><[O,1]) = 77(35®T,Mx[o,1]70)-
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Analytic KY -pairing
[o] Je]e]e}

Its eta function is defined by

(aE®T Mx[0,1]> ) Z Sg|:|(s)\)

A#£0,\espec(d)

»,h ,h
for Re(s) >> 0. Take n(Pezr wxo,1) = N PEir mx(0,1):0)-

The Dai-Zhang eta-invariant

~ ~ 7h 7h
A(M, E, h) = i{(@mr o)) — SHT b mxio.1) (D} refo]

. ,h ,h
u ﬁ(amr Mx[0,1]) = 3 (dim ker ¢E®T,Mx[o,1] + n(aEQ@T,Mx[OJ]))'
m sf denotes the spectral flow of a}ﬁg’wxlo,ﬂm fort € [0,1].

|
In our case, we take

_ h N
Tipz(Demr o)) = H(M, E, h) mod Z.
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Analytic KY -pairing
[e]e] Jele}

Analytic pairing Ko(X) x K°(X,R/Z)

Theorem

Let M be an even dimensional closed Spin® manifold, E — M be a
complex vector bundle. Let X be a smooth compact manifold, with
f: M — X a smooth map. Let 7 be the trivial bundle acted on by
h=gof: M— U(N). Let aﬁgﬂww,ﬂ be the Dirac-type operator
twisted by E and 7 extended on the cylinder M x [0, 1], defined by

,h _
a"é@T,MX[OJ] = aE@T + (1 —¢)h 1[aE®T’ h].

Let ﬁoz(a}f_igﬂwm) be its reduced eta-invariant. Then, the analytic
pairing Ko(X) x K°(X,R/Z) — R/Z given by

((M,Ef),(9,(d, g "dg), 1))
— 7oz (F mxjo.1)) — /M 1 A ch(E) A Td(M) mod Z

is well-defined and non-degenerate.
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Analytic KY -pairing
[e]e]e] lo}

For the well-definedness, we verify that the analytic pairing formula

is independent of the Riemannian metric of the manifold M and
Hermitian metric and connection on E; (consider the cylinder
connecting M; = (M, g;) and (E;, VE), then take the difference of
the two pairings and apply the Dai-Zhang Toeplitz index theorem
on cylinder and Stokes theorem)

respects the Baum-Douglas K-homology relations ; (For vector
bundle modification, the non-trivial step is to show that the

equality
pz(M, E, f) = fipz(XH, Bz @ p*E, f o p)
holds.)

respects the R/Z K°-relation.
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Analytic KY -pairing
[e]e]e]e] }

Continued.

Idea : apply the argument of the Mayer-Vietoris sequence in K-theory
and the Five lemma for the non-degeneracy. Let X = UU V, consider

—  KNUNV,R/Z) —— KOU,R/Z) & K*(V,R/Z) —— KO (U UV,R/Z) —

| | |

-+ Hom(Ko(UNV),R/Z) + Hom(K,(U),R/Z) ® Hom(Ky(V),R/Z) + Hom(Ko(U UV),R/Z) -
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Analytic KY -pairing
[e]e]e]e] }

Idea : apply the argument of the Mayer-Vietoris sequence in K-theory
and the Five lemma for the non-degeneracy. Let X = UU V, consider

— KYUNV,R/Z) —— KY(U,R/Z) & KO(V,R/Z) —— KU UV,R/Z) —

| | |

-+ Hom(Ko(UNV),R/Z) » Hom(K,(U),R/Z) & Hom(Ko(V),R/Z) - Hom(Ky(U UV),R/Z) -

It suffices to consider the case of U = R" for even n € Z,..

The relevant K-homology is Kp(R") = RO(S”), generated by
(S", 5,1d), where 3 is the Bott bundle.

We verify that the map }N(O(S”,R/Z) — Hom(RO(S”),R/Z)
implemented by
(@ opo) — /S (11— ch(8)) A ch(B) A Td(S") mod Z

is an isomorphism.
Apply induction on the size of open covers.
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Example : The H< case
®00000

Analytic Pairing Ho(X) x H?(X,R/7Z)

m Using the identification H>(X) = Q3"(X), we can consider a
representative in Ha(X) as [S? L X].
m The pairing reduces to Ha(S?) x H?(S?,R/Z) — R/Z.

m Not clear how to twist a Dirac operator by a (flat) gerbe with
connection.

Lemma
An alternative description of H?(S?,R/Z) is given by

H?(S%,R/Z) = H*(S?,R)/H?(S?, Z)

whose representative is a pure Hermitan local line bundle L ala
Melrose [10], with the curvature B/2r.

11/24
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Example : The H< case
O®@0000

m L is only defined locally on some
neighbourhood of the diagonal of
S2. It has a multiplicative unitary
connection V%, compatible with the
multiplication Hermitian structure.

— m The appropriate Dirac operator
is the projective Dirac operator

o € DIff' (8% 8% @ L, ST ® L),
Together with a smooth composi- introduced by Mathai, Melrose and
tion isomorphism over N (Diags) Singer [5,6]. It is an elliptic projec-

tive differential operator given by

L SQL
@Sz,proj =cl- vle:‘? (lﬂd)

whose kernel is supported within
the nbhd where L exists.

H:mjLo il = m5L.
L= ‘ClUIX{Pi} ® L ‘{Pf}XUi over

U; x U; using H.
mult. Herm. struc.

(u,v) = Z(Pi X pi){U, V)i
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Example : The H< case
[e]e] le]ele]

Subtleties

L _
] (?sz,pro]- does not have a spectrum — 77
m S? is even dimensional — projective Dai-Zhang eta-invariant ?
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Example : The H< case
[e]e] le]ele]

Subtleties

L _
] (?sz,p,o]- does not have a spectrum — 77
m S? is even dimensional — projective Dai-Zhang eta-invariant ?

Definition

bz (a;,pmj) = TAPS (a§2><81,proj) o

To calculate the RHS, consider the sharp product

L —
L L ds @1 10D proi
D2 st oo = Va2 proi#t Vst = L P
xS',proj proj 19 as,:pmj e @1

The operator aézx st proj IS €lliptic and self-adjoint, it is still projective
and does not have a spectrum. So, we define

Definition

L Lar
1aps (Vg2 st proj) = INA(P gz prop) - nars(@st)-
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Example : The H< case
[e]e]e] Jele]

m NP5 o) = TH(@sihs Q — 1) — TH(QF 1y — 1) is well-defined.
m naps(Pg) is the usual APS eta-invariant.
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Example : The H* case
[e]e]e] Jele]

= Ind(§%" oroj) = TH(ds oo @— 1) — Qi 'oroj — 1) is well-defined.
® 1aps(@s) is the usual APS eta-invariant.

Since naps(@s1) = 0, S0 is naps (aézxg oroj) - On the other hand, due to
. . L . .
projectiveness, kernel of g, o proj IS not well-defined.

Assumption
(a82x817proj) =dim ker((331) =1.

Its reduced eta-invariant is

>
=

L L
77(a\5‘2><81 ,proj) + h(a32xs1 ,proj)

Z =
5 mod

mod Z.

N =

_ L
77/4F’S(‘?S2 x S ,proj) =
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Example : The H* case
[e]e]e] Jele]

= Ind(§%" oroj) = TH(ds oo @— 1) — Qi 'oroj — 1) is well-defined.
m naps(Pg) is the usual APS eta-invariant.
Since naps(@s1) = 0, S0 is naps (aézxg oroj) - On the other hand, due to

. . L . .
projectiveness, kernel of @ g1 is not well-defined.

;proj

Assumption
(aSZXS17prOj) =dim ker((331) =1.

Its reduced eta-invariant is

>
=

L L
77(a\5‘2><81 ,proj) + h(a32xs1 ,proj)

_ L
nAPS(aSQXS‘,proj) = 5 mod Z = — mod Z.

N =

Then, the analytic PD pairing in H? is

_ L B
nDZ(aSZ,proj) — / 27‘(’ mod Z |.

where B/2r is the first Chern class of L.

Johnny Lim  The University of Adelaide Analytic Pontryagin Duality Oct 1, 2019 14/24



Example : The H< case
0000 @0

Quick Recap

m We propose a geometric model of the group K°(X,R/Z) which
can be incorporated into the construction of the Dai-Zhang eta-
invariant.

m By pairing it with the usual even Baum-Douglas K-homology, we
formulate an analytic pairing

_ h .
nDZ(agQZ)Th,MX[OJ]) - /Mf w A ch(E) A Td(M) mod Z

which is well-defined and non-degenerate.
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Example : The H< case
0000 @0

Quick Recap

m We propose a geometric model of the group K°(X,R/Z) which
can be incorporated into the construction of the Dai-Zhang eta-
invariant.

m By pairing it with the usual even Baum-Douglas K-homology, we
formulate an analytic pairing

_ h .
nDZ(agQ@Th,MX[OJ]) - /Mf w A ch(E) A Td(M) mod Z

which is well-defined and non-degenerate.

m This is a direct (even) analog to Lott's K'-pairing [6], thus closes
the gap. As a result, it is reasonable to believe that this analytic K°
pairing formula describes the Aharonov-Bohm effect of D-branes
in Type-lIB String theory.

m We study one special case of the analytic Pontryagin duality pai-
ring in H?(X,R/Z) in which projective Dirac operators come into
the picture.
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Example : The H< case
O0000e

Thank you for listening !
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Appendix
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Analytic Pontryagin duality in H'
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Appendix
[e]e] le]elele)

Analytic Pairing H;(X) x H'(X,R/7Z)

Classical pairing

Hi(X) x H'(X,R/Z) — R/Z
(1S' 2 X], A) / +*Amod Z.
s

Analytic description

Let #5 be the usual Dirac operator on the circle S'

.d
ds = BT

whose kernel has dimension one. Let
L=Xx,UQ)

be a flat line bundle over X, with connection V4, where
p:m(X) = U(1) is a unitary representation.

Johnny Lim  The University of Adelaide Analytic Pontryagin Duality Oct 1, 2019 20/24



Appendix
[e]e]e] Jelele)

(Continued.)
Passing through ~ : S — X defines (L, V£) over S

L=Rx,UQ), p=rop,
with a generating section v, (0) = exp(27i a#), for a € (0,1).

The twisted-by-L Dirac operator (‘/921 has eigenvalues A\, = n+ a. lts
Atiyah-Patodi-Singer (APS) eta-invariant is 1 — 2a. Then, the analytic
pairing in H' is given by

ﬁ(éf[y) - /31 v*A mod Z.

Remark
This is a special case of the analytic pairing in K :

(8", 7,7) € Ki(X), (L, VE,w) € K'(X,R/Z)
with dw = ¢;(V4) = 0.
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The counterpart : Analytic K'-pairing
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Appendix
0000080

Theorem

Let M be an odd dimensional closed Spin® manifold, let E be a com-

plex vector bundle over M. Let X be a smooth compact manifold with
f: M — X a smooth map. Let a;,,vg’b_ be the twisted Dirac operator,

locally given by

f*VQE SRfF*VRE
M = Zc(ei)ove/® @
i

for an o/n basis {e;}. Then, the analytic pairing
Ki(X) x K'(X,R/Z) — R/Z
given by (Lott [4])

finps(@hy"C5) — /M f*w A ch(E) A Td(M) mod Z

is well-defined and non-degenerate.
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Appendix
000000

Idea : MV sequence in K' + the Five Lemma. Consider the part
— KN UNV,R/Z) ——— KNU,R/Z) ® K{(V,R/Z) ———— K UUV,R/Z) —

| | |

-+ Hom(K1(UNV),R/Z) » Hom(K;(U),R/Z) & Hom(K;(V),R/Z) -+ Hom(K,(UUV),R/Z) -
Consider the case of U = R" for odd n € Z... The relevant
K-homology is Ki(R") = K;(S"), generated by (S”, , Id).

We verify that the map K'(S",R/Z) — Hom(K;(S"),R/Z)
implemented by

(@) / w A ch(r) A Td(S") mod Z
sn

is an isomorphism.

The topological term is dominated by rk(7) [, w mod Z.
The reduced APS eta-invariant is given in the table below.

n_| n(@s:) | dim ker(ds:) | 7(dsn)

1 0 1 1
>3 0 0

(@
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