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Tori

Let us start with the usual flat metric on the non-commutative
torus. Define a conformally related metric using M = bld, with
b € Ap positive and invertible. Then using a frame (w;) for the
new metric, the curvature is

= wr ® (1= W) (ww) (26°0,(b)b~10,(b) b~ — b*0,0,(b)b™)
+ 3w @ (1= W)(wiw,) (— 260)(b)b~i(b) + bD,Dk(b))

=) wr @ (1= W)(wrwi)bdy(b)d)(b)b .



This is different to what is obtained from the heat kernel analogy.
A careful analysis by lochum and Masson has shown that for
rational tori the second heat kernel coefficient computes the scalar

curvature (divided by 6) PLUS a range of other terms coming from
the non-scalar principal symbol.

We compute the scalar curvature as

> (R(wr, wi)wi, wr)

r.k

=—(n—1)>_ (b0Z(b) + b°D?(b)b™") — n(n— 1) _ bd.(b)d.(b)b*

r

+2(n=1))_ (b°0,(b)b '0,(b)b~ " + b0, (b)b 0, (b)).

r



If 6 =0 and b = e“ we obtain the classical result

> (R(wr, wie)wi, wr)

r,k
— 2(n—1)e2A(u) — (n — 1)(n — 2)e24(V(u))2.



If 6 =0 and b = e“ we obtain the classical result

> (R(wr, wie)wi, wr)

r,k
— 2(n—1)e2A(u) — (n — 1)(n — 2)e24(V(u))2.

Classically the curvature is an antisymmetric 2-form-valued
endomorphism and so the diagonal entries are zero. In the
noncomm case

(wi|R(wi)) = 2(1 — W) (wwi ) (2b°[0k(b), b~ 10 (b)b ]
/

+ b°[b™F,9,0,(b)]).



The curvature tensor for the Podles sphere was computed using
the frame coming from the columns of the matrix corepresentation
t,-} of SUg(2). The metric is g-deformed, and while the junk is
(D_wjwi)A, it is given by

qg O
<0 q_l) A

R=> (-1)"|wi) ® wf Awr @ (wl,

ir

We find



A Weitzenbock formula

Suppose that (A, H, D) = (A°, L?(X4, ¢), D). Nuisance.

Since Cp(A°) = Cp(A)° we can just consider right actions of
Cp(A). Use cg : L2(X4,¢) ®4 Cp(A) — L?(X4, d) to denote this
action.

Given a right connection VX on X4 and a left connection V¥ on
Q1 (A), define a connection Laplacian by

Ax)=Vo(VX®1+10V2)oVX e Xaas3(A).

Recall that in our main examples the junk is just A and so A is a
map on X4.



Given the set-up above, we find a frame (XJ)JN:1 for the module
Xa. This is a (finite) set of generators such that for all x € X4,

X = Zij(Xj|X)A-
Then p = ((xi|xj).4) is a projection and X4 = pAN. Any

(represented) connection is of the form

Vo(x) = > x5 @ [D, (1x)a] + x5 ® Blyw' (xc|x) 4,
J
where (w') is a frame for QL(A), B{;, €A

When J2,(A) = A as in the main examples, we obtain a
Weitzenbock type result.



Proposition
Suppose that JA(A) = A.

If V€ is the Levi-Civita connection then D? — A is A-linear. In
this case the difference is

D2~ A =" g (% ® m(1 = W) ([P, (xilx) AlID, (glxm) Al) (xmlx) )

Jok

+ Z CR (Xk ® d\U(Bjklwl)(ﬁ\X)A)
Py

- Z CR (xm ® m(1— V) (B w,Blw)) (XJ\X)A>
k,/,m,p

Need to relate the curvature to the curvature of Qk(A).
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