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Numerically generated axisymmetric black hale spacetimes:
Numerical methods and cede tests
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We develop a Bexible computer code to study axisymmetric black hole spacetimes. The code
is currently set up to evolve the fully nonlinear Einstein equations in azimuthal and equatorial
plane symmetry. The initial data for this code generally consists of a combination of one black hole
and an arbitrary amplitude, time symmetric gravitational wave. We present a discussion of the
mathematical framework for the problem, various coordinate and time slice choices, and a battery
of code tests.

PACS number(s): 04.25.Dm, 04.30.Db, 95.30.Sf, 97.60.Lf

I. INTRODUCTION

A. Overview

In this paper we report on a computer code developed
to study the fully nonlinear Einstein equations for ax-
isymmetric spacetimes. This code represents an essen-
tial step in a longer term program to develop codes for
solving the Einstein equations in the absence of any sym-
metries. The motivation for such a project is severalfold.
(1) Such codes will be required to perform calculations of
fully relativistic sources of gravitational waves. Calcula-
tions of this nature will be important for a theoretical
understanding of gravitational wave astronomy, which
promises to provide a new window on the astrophysi-
cal Universe [1]. Currently there exist no analytic tech-
niques for computing waveforms expected &om promising
sources of strong gravitational waves, such as the coales-
cence of rotating black holes. Computational methods
are currently our only recourse for computing such wave-
forms. (2) The study of general relativity itself as a fun-
damental theory of physics is a difficult undertaking, due
in part to the complicated, nonlinear nature of the equa-
tions. Of all the analytic solutions found in the past 75
years of study only a relatively small number correspond
to astrophysically interesting situations and these are
usually very idealized, e.g. , the Schwarzschild and Kerr
solutions. The study of these solutions and their pertur-
bations has been extremely fruitful, helping to shape our
understanding of the theory as a whole. However, not be-
ing strongly dynamical, they represent only a small part
of the "solution space" of general relativity. The study
of the strongly dynamical regions should provide new in-
sights into the nature of the Einstein equations. (3) In

'Present address: Department of Mathematics, Statistics
and Computing Science, University of New England, Armi-
dale, NSW 2351, Australia.

the past decade the power of the fastest single proces-
sor vector computers has increased by perhaps an order
of magnitude, while the next 5 years should witness an
increase of 1000 times in overall power due to the de-
velopment of massively parallel machines. If the current
state of numerical relativity is used as a guide, this ac-
celeration in the power of supercomputers should make
possible the computation of complex, strongly dynami-
cal, astrophysically realistic spacetimes. It is hoped that
the study of the Einstein equations, a complicated set
of hyperbolic and elliptic equations, can act as a driving
force to develop accurate numerical techniques suitable
for this new generation of machines.
In this paper we discuss a suite of codes which has been

developed at NCSA over the past 5 years. The codes are
specialized for the computation of axisymmetric, equato-
rial plane symmetric spacetimes and have been applied to
systems consisting of a single oscillating black-hole and
the head-on collision of two equal mass black holes. Over-
all the metric, numerical methods, and spacetime analy-
sis tools used to compute and analyze the data for these
two systems are exactly the same. Where the codes dif-
fer is in the boundary conditions, initial conditions, and
the computational grid used to match the geometry of
the diff'erent topologies. Here we will refer to this suite
of codes as "the code" with the understanding that the
results obtained by one code are not signi6cantly diH'er-
ent from those obtained by the other codes. (A mod-
i6ed version of this code has been used to evolve the
collision of two equal mass black holes, as described in
Ref. [2].) The emphasis in this paper is on the numerical
algorithms used and various tests of the code's accuracy,
convergence, and stability. Companion papers [3,4] are
devoted to other aspects of this system. In [3,5,6), we
discuss many details of the initial-value problem for this
system, which consists of a time symmetric gravitational
wave superimposed on a black hole. For completeness,
some details of the distorted black hole initial data are
provided in Secs. IIC and IID, but a full discussion ap-
pears in Refs. [3,5]. In another paper [4] we discuss the
evolution of low and moderate amplitude gravitational
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and the most general extrinsic curvature tensor is

~a.y' a.q'z,, =y'z;, = a.y' a, q'
o o

0
0

HqQ sin 8)

The kinematic variables include the lapse function o. and
the shift vector with two nonzero components:

spatial and temporal variables. The equations were de-
rived &om a package written in the MAcsYMA language.
The most general three-metric for an axisymmetric

nonrotating system is given by
y4 &y4

b4"
o o

APPENDIX A: THE COMPLETE SET OF
EINSTEIN EQUATIONS

This appendix presents the "3+1"form of the Einstein
equations used in our code. All the equations are writ-
ten explicitly in terms of the kinematic and dynamical
variables and their partial derivatives with respect to the

With the addition of the notation

8 = ab —c

the intrinsic Ricci curvature tensor for the three-
dimensional spacelike hypersurfaces is determined from
the three-metric and has the nonzero components

cotg 2ac—cote a—' coteBe Bn Bn a —cot0 2aBn Be Be~
2h 2b bg

28' (~)' 4~C 8 ~8e

$/2 b Q2

28d Q acad MB
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82/4ac 8 Be 2~b(~8)' 6(8 )'
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bdg
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Bc ag
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Bn Bn Be
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Oe Bn Bn Bn Bn
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an ae an ae a Be Be an~ ~an~
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8 b
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ab—c coteae ag
26 26

2bc "~ay~

+(Bb)2 &

4/2

cotg 2ab ~8 cot0 2 ~a cot8

ad ~8 2 8, ~8 ~g~ ~a 2a ab &0 &~b~a 2 2bac 8+
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2abc —~ a abc~ a ~~bc~a a b—~ a89 Be a Be c ae a ae c Be Bn ae Bn Be
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4bc 8 + 2b2(M812 bcBd ~8 b2 Bd ~8 2b 8c ~8 ab ca~Be ~ B~ ~ ae 8& a~ a~ ae 8& ae 8&
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8g Bg ae Bg Bg Bg ae Bg Be Bg 8g Bg
62@ 62@ 62@ 62@ 62$

+a, 8, ae. + (Be) cae ae+ 8 c—„+a„„
b g 2d 4d 2hd 46'd 4bd
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sin 0
4ad ~ae cot0 4cd a„cot0 a Be cot0 c B„cot0 Be d cot0 ac Be d cot0

ab —d cot0 a—cd cot0 —bcd cot0 02 8 d cot0 a 8 bd cot0an Bn Bn Be ae Be~
h2 2h2 2h2 2b2 2h2 hg

2ad(&~&)2 4cdp I 2al I 2cl &~ 2 &&dQ 2ac&&d I
Bn Be Bn Be Bn Be a ae ae a Be ae Bn22ab 8' d ~ a Bb cd ~ Ba bcd ~ a2 Bb d ~& a Ba bd + 2bd
h2$ h2$ b2@ h~g h2$ hQ

4cd ~ 2bd( ~) 2c~" ~ 2b~ —" 2 —d—~ 2ab —'d~Bnae Bn Be Bn Bn Bn Bn Bn Be Bn

(ad)2 c Bd Bd Ba Bd Bc Bd ab Bc Bd a Bb c Bda(aej Bn Be Be Be acae Be Bn Be an Be
4$d 2$d 2$ 2/2 2/2 4/2

8 d 8 d

4b2 4b2 4h2 2b h 4hd
ab —— bc—— a—c— —bc— ab —— —6Bb Bd Bc Bd Bc Bd Bb Bd Ba Bd Bb Bd Ba 2 Bd

an Bn Be Bn Bn Bn Be Bn Be Bn Bn an Bn an
2P 2b2 2/2 4/2 4/2 4/2 4/2

The Hamiltonian constraint written explicitly in terms of the extrinsic and intrinsic curvature components is

R~y 2R e c Rnn a Ree 6 2H, 4cHd H, 2H Hb 2aHd Hb 26Hd Ha
dg4sin28 h$4 hg4 hg4 h hd h hd hd

Explicitly evaluating the curvature scalar R of the 3D hypersurfaces yields

8a ~ cot0 8c 8 cot0 2a —cot0 2c 8 «t0 2—cot0
hdg4 hdg4 hg4

ac 8' cot0 2ab —' cot0 a—c cot0 —bc cot0 a 8 cot0 a 8 6 cot0Be Bn Bn Bn Be + Be
h2 g4 h2 g4 h2 g4 h2 @4 h2 $4 h2 g4
aa ~ 4aad &g 4c 88a ~a 8acBae& ae ae Bn Be ae ae ae ae an Be
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4a —c~ 4—bc ~ 4 2 Bb ~8 4 8 6& 86 ~ 16can Be Bn Be a Be Be a Be Be Bn2 anae
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4c—— 46—~ 8—— 8ab —— 86c—— 4a—c-ad ag Bd ~a~i~ Bb Bg Bc 8$ Bc Bg Bb
Be Bn Bn Bn Bn an Be Bn Bn Bn Be Bn
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2 @5 h2 Q b2 $5 hd'i(4 2$d2 $4 hd2 g4
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hd$4 h2dg4 $2dg4 2h2dy4 2h2dy4 + 2h2dg4
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Bn Bn Be Bn Be Bn Bn Bn Bn Bn Bnae

$2dq4 2h2dy4 2h2dy4 2h2dy4 2h2dy4
8 b Bc Bc Ba Bc Ba 6 BcBn Be2 2 G Bn Be ae Be Bn Be
hg4 h$4 hg4 h2 g4 $2 g4 $2 g4

h2 g4 $2 y4 2h2 q4 2h2 q4 2h2 g4 2h2 y4

z„b I (~z) b 2H2 4cHqH, 2H Hq 2aHqHq 2bHqH
2h2@4 2h2@4 h hd h hd hd
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and the two components of the moment»m constraint become, for Hq ——0,

a 8',8g
h

aH cot8 cH cot8 4cH ~+& 14aH ~8e 8abcH ~+&

h 6 6@ 6$ 62@
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and, for H2 ——0,
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cH cot8 aHb cotg Hg cot/ 6cH Be 8aH~a ~8
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The evolution equations for the conformal three-metric components are given as follows. The metric evolution for
Yxx = a-



50 NUMERICALLY GENERATED AXISYMMETRIC BLACK HOLE. . . 5023

The metric evolution for p22 ——b:
Bb 4bP Bvj 4bP" 8$ BP~ BPB Bb g Bb
Bt 88 g 8 88 Be 88 8

The metric evolution for pq2 ——c:
Bc 4cPg 8@ 4c+ 8@ g Bc Bc BP BP" BP BP"

The metric evolution for j33
Bd 4dPg 8$ 4dP" 8$ Bd „Bd2aH—, +2Pgd cot8+ + +P —+P"—.

Finally the equations that govern the evolution of the extrinsic curvature components are the metric evolution for
Kgg ——H:
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