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Abstract

This thesis presents a proof of the Atiyah—Singer index theorem for twisted Spin®-
Dirac operators using (geometric) K-homology. The case of twisted Spin®-Dirac
operators is the most important case to resolve, and will proceed as a corollary of
the computation that the K-homology of a point is Z. We introduce the topological
index of a pair (M, E), ind;(M, E) = (ch(F) U Td(M))[M] and the analytic index
ind, (M, E) = dim(ker Dg)* — dim(ker Dg)~ and show that they agree for a “test
computation” on a pair of index 1. The main result is that both ind, and ind; are
well-defined on classes [(M, E)] € Ky(-) and that there exists a representative on
each class for which the analytic and topological indices agree, proving the index
theorem for twisted Spin®-Dirac operators. We also present a description of an
analogue the Atiyah—-Singer index theorem when a compact Lie group action is
introduced to (M, E) and an overview of the steps required prove this result.
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Introduction

It is a truth universally acknowledged that a complicated theorem is in want of a
simplified proof.

Famously, the “quadratic reciprocity” theorem of Legendre and Gauss has over
240. known proofs, with novel expositions being produced every few years since
1788 [Lem]. The quadratic reciprocity theorem is powerful because it is useful, but
the measure of a theorem may be found in the diversity of its proofs. The index
theorem of M.F. Atiyah and I.M. Singer was a landmark result in the nascent field
of index theory, spurring interest in K-theory and leading to a new collaboration
between physics and mathematics. The development of new proofs of the index
theorem often lead to surprising results in other areas, and give new insight into
the technicalities of the theorem.

What constitutes the components of an index theorem is often not entirely ob-
vious, but typically it is presented as an equality between two invariants, typically
an analytic invariantl] of an operator f on a topological space X and a topological
mvam’amﬂ of X. The Euler characteristic of a manifold M is the typical example
of a analytic invariant, and the total curvature is the typical example of a topo-
logical invariant. The classical example of an index theorem is the Gauss—Bonnet
theorem on curvature, which is typically regarded as a result purely in the realm
of differential geometry.

Theorem (Gauss—Bonnet index theorem). Suppose M is a compact Riemannian
manifold without boundary. Let K(z) = kyi(z)ks(x) be the product of the principal
curvatures ky(x), ke(z), for each x € M. Then

/M KdA = 21y (M)

where x(M) is the Euler characteristic of M.

Some explanation is required about this before we continue: the Euler char-
acteristic is usually regarded as a topological invariant for 2-surfaces, satisfying

Imeaning: preserved under addition of a compact operator
’meaning: preserved under homeomorphism

xiil
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X (M) = 2—2g, for g the genus of M, but we can restate this in terms of the analytic
index of d+d* : Q™ (M) — Q°4(M), x(M) = dim ker(d+d*) — dim coker(d+d*).

The first proof of this theorem was published by Pierre Bonnet in the mid-19th
century, although Carl Friedrich Gauss had produced unpublished proofs before
that. With the benefit of hindsight, we now know that this is one of the early
examples of an index theorem.

Motivating problems; differential operators

The principal objects of study in differential geometry are manifolds and vector
bundles over manifolds, and it is well known in physics that manifolds are of enor-
mous importance for describing physicals systems: the Minkowski metric on R*
describes space-time. An area of more immediate practical purpose in physics is
the theory of (and search for solutions to) differential equations. Many physi-
cal phenomena are described by a differential equation, perhaps most famous are
Newton’s second law of motion and the diffusion of heat through a physical sys-
tem. Finding solutions to differential equations is typically very difficult. We can
usually find a solution iteratively using a computational method, but this may be
computationally expensive and in any event, is much less preferable to an exact
solution. The theory of differential equations is more fruitfully presented as the
study of differential operators. The example of a differential operator that we
are all familiar with is the standard derivative, acting on smooth functions on R.
The link between differential equations and manifolds and vector bundles is in the
form of sections of vector bundles, and differential operators typically act on the
sections of a given vector bundle (the author highly recommends [Leel3] as an
introduction to the topic). Index theory is all about using this link to study the
relationship between differential operators and vector bundles. In particular, we
would like to study those differential operators that are so-called elliptic operators.
A little introduction to differential operators is required.

When we calculate the “principal symbol” of a differential operator (Defini-
tion the operator is said to be elliptic if the principal symbol is invertible
whenever a (supplied) cotangent vector £ is non-zero (Definition [1.2.19). The sym-
bol is important because for a given elliptic operator D, the invertibility of the
symbol is sufficient to conclude that D has a finite dimensional kernel and cok-
ernel. Indeed elliptic differential operators D, D’ with the same principal symbol
satisfy dimker D — dim coker D = dimker D’ — dim coker D’. The benefit of this
approach is the symbol is coarse enough to be used in a wide variety of situations,
but still captures the relevant index-theoretic information.
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The index theorem

The Atiyah—Singer index theorem and more modern results rely on the work of
Alexander Grothendieck, who introduced a novel cohomology theory, called K-
theory’] Grothendieck formulated his extension to Riemann-Roch in the language
of morphisms of varieties, which became famous as Grothendieck—Riemann—Roch.
Atiyah and Hirzebruch applied this construction to vector bundles (locally free
sheaves) over a compact manifold M, creating topological K-theory. Atiyah and
Singer then used it to great effect when they proved their theorem on the index of
elliptic operators.

Theorem (Atiyah-Singer, Theorem 2.12 of [AS68c]). Suppose M is a closed
smooth manifold with smooth complex vector bundles E, F — M. Suppose D

is an elliptic differential operator acting between smooth sections of E and F,
D :T*(E) — I'*°(F). Then

/ ch(D) Td(M) = dimker D — dim(I"**(F")/im D).

Some explanation of this theorem: the quotient (I'*°(F")/im D) is the cokernel
of D, ch(D) is the Chern characteif] of D and Td(M) is the Todd class of the com-
plexification of T'"M. The “Chern character of D” is used here purely to illustrate
that the topological index does indeed depend on D, which is not as clear in 2.12
of J[AS68c].

Index theory encompasses an enormous body of work and it would be impossi-
ble to summarise the progress made since 1963 in an introduction with any degree
of completeness. The more prominent results are the work of Atiyah, Patodi and
Singer with their Atiyah—Patodi-Singer index theorem [APST7H, Theorem 3.10],
which establishes the index theorem on manifold with boundary and linked the in-
dex with the spectral invariants of D. Another notable result is the establishment
of the index theorem in the case when M is merely a topological manifold (Teleman,
[Tel84]). For us in particular, the introduction of a homology version of K-theory is
worth mentioning. There are two main flavours of this homology theory: geomet-
ric “Baum—Douglas” K-homology and analytic K-homology. These two homology
theories are non-trivially equivalent ([BHS07]) and indeed, the proof of the index
theorem via K-homology usually proceeds via this equivalence, for which the in-
terested reader may refer to [BD82b] and the related papers [BD82al [BD82¢| (they
deal with extensions of independently interesting results from [BD82al). We will
not be discussing analytic K-homology except in the context of this equivalence.
More recently, there has been work proving the index theorem using only geometric

3the K is from the German word Klasse - “class”
4a modified version of the classical Chern character
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K-homology, as in [BvELS]. We provide a short explanation of the differences be-
tween the two approaches. The work of Baum and Douglas in [BD82b] introduces
the general definition of geometric (they call it “topological” - the nomenclature
having not yet been completely settled) K-homology of a suitable space X in the
form of equivalence classes of triples (M, E, f), where f : M — X is a smooth
map. The main result is that there is a direct isomorphism between analytic and
geometric K-homology, and that the index theorem of Atiyah and Singer pro-
ceeds as a result of this computation. Indeed, “it seems increasingly evident that
index theory achieves both its greatest simplicity and maximum elegance in the
framework of K-homology” and that with some generalisation “all index theorems
known to us appear to fit into this framework” (both from [BD82a], in the intro-
duction). A proof of the index theorem using only geometric K-homology has long
been “generally accepted as valid” ([BvELS, “Introduction”]) but a proof did not
exist in the literature until as recently as 2016 ([BVELS, BvI6lf]). The key remark
is that it is no longer necessary to consider even general geometric K-homology.
Indeed, the novelty (although the authors do not claim the result is novel) of this
approach is the use of the geometric K-homology of a point. In the case that X
is a point we can exclude the smooth map f from our triple (all functions with
codomain a point are equivalent) and we reduce to pairs (M, E). This simplifies
computations and produces a more elegant computation of the index theorem of
Atiyah and Singer.

Main result; an overview of the proof

The aim is to present a complete description of the work done in [BvEIS], substitut-
ing some of the arguments for the bordism invariance of the index with [Hig91] and
using a partition of unity rather than Proposition 17 in [BvEILS| for the proof that
the topological index is preserved by bundle modification. The main application is
the use of the K-homological techniques to prove new varieties of index theorems.
In particular, we can (with some small effort) introduce the action by a compact
Lie group G to Theorem and formulate a new type of index theorem. A brief
outline of some of the technical details are as follows. The proof of Theorem
will proceed as a natural consequence of the computation Ko({point}) = Z. The
group Ky (-) consists of equivalencd’| classes with representatives (M, E), where M
is a compact, even dimensional smooth manifold and £ — M a complex vector
bundle over M (among other things). The idea of the proof is that there are two
homomorphisms from Ky(-), called the topological and analytic index

Sthe first (originally uploaded in to the aryiv in 2016) discusses the proof for a twisted Dirac
operator and the second extends to all elliptic operators by the commutativity of a particular
diagram

6the equivalence relation is defined in Definition



o ind;: Ko(-) = R, [(M,E)]+ ch(E)UTd(M)[M]

e ind,: Ko(-) > Z, [(M,E)]+ dim(ker Dg)* — dim(ker Dg)~

discussed in Definition [1.4.9] and below Definition [1.2.11] respectively. Here, D
is the Dirac operator of M (Definition and Dg is the operator twisted by
the bundle E (Definition . It turns out that the analytic index is actually
an isomorphism into Z and that on a generator of Ky(-), ind; = ind, = 1. The
equivalence relation for Ky(-) is constructed in such a way as to ensure that for a
given pair (M, F) there is always an equivalence [(M, E)| = [(S™, ¢/8)], where [ is
the so-called “Bott generator’ﬂ vector bundle, for ¢ € Z relying on M, E. Both
the topological and analytic indices agree on (S™, ¢f3) and have index ¢, providing
an exact correspondence. In Chapter [ we also establish that the topological and
analytic indices are well-defined on K-homology classes, and most of the technical
details are present in this chapter.

When we introduce a compact Lie group G, we must reformulate the relations
of K-homology to accommodate for this G-action. The conclusion is largely the
same, but the analytic and topological indices require some modification. The
example pair is no longer (S™, §) but now becomes (S™, 5 ® [V]) for a particular
equivalence class [V] of a finite-dimensional irreducible representation V. The G
action is trivial on f — S™ and, (for a fixed g € G) the topological and analytic
indices involve [V](g) i.e. the trace of the representation associated to V' evaluated
at g. This is an outline of a proof using K-homology of Theorem 3.9 in [AS68¢]
for twisted Spin®-Dirac operators.

"Definition
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Chapter 1

The Dirac operator and the index
theorem; ind(D) < o

This chapter serves to introduce the necessary background information to define
the primary object of study: the Spin“-Dirac operator on a manifold M and the
related Atiyah—Singer index theorem for twisted Spin“-Dirac operators. We cover
the definition of the groups Spin(n), Spin®(n), the construction of a Spin® structure
for a manifold M, the related spinor bundles and twisted Spin®-Dirac operators.
For the sake of completeness we also include an abridged proof that the analytic
index is well-defined on elliptic operators of order 1, giving firm foundation for the
work done in the remaining chapters.

1.1 Clifford algebras and spinors

Let V be a vector space over a field K, which we will usually take to be R or C.
Let B be a non-degenerate symmetric bilinear form on V. Let Q(v) = B(v,v) and
defne T(V)=KaVae(VeV)a(VaVeV)®--- as the tensor algebra of V
and I(Q) C T(V) the two-sided ideal generated by

{fv@v+|v|*:veV}.

Set C(Q) = T(V)/I(Q) and define j = 7 o i, where 7 is the natural embedding
of the vector space V into T'(V') and 7 is the projection 7 : T(V) — I(Q). Then
j()2=—-Qv)-1forallveV.

Definition 1.1.1 (Clifford algebra). The pair (C(Q), ) is called the Clifford al-
gebra of V' with respect to Q). Since j is canonical, we may write C(Q) unambigu-
ously.
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By the equation B(v,vs) = 3Q(v1 +v2) — Q(v1) — Q(v2) we lose no information
about B by specifying only the quadratic form Q. If the basis {v;}"; is orthogonal
with respect to the bilinear form B (B(v;,v;) = 0 if i # j) then the Clifford algebra
C(Q) is (linearly) generated by 1 € K and anti-symmetric products of the form

Vi U, Where 1 <4y < - <ig <l <nand 1< <n.

Definition 1.1.2 (C,,C¢). Let C,, be the real Clifford algebra of the form
Q(xy,...,2,) = —22 — - — 22 on R™ and C¢ be the related complezified Clifford
algebra of the form Q.(z1,...,2,) = 21 + -+ + 22.

Remark. The term “complexified” is no coincidence: there is an isomorphism C{ =
C, ®r C [Fri00, Corollary on page 11].

Definition 1.1.3 (Spin(n)). The spin group is Spin(n) = {e;---ez; | &; € R", ||e;|| =
1,7 € Z>o} C C,, where we take j = 0 to correspond to the single element 1.

Remark. Spin(n) is the connected double cover for SO(n). For n > 2 this coincides
with the universal cover of SO(n) and hence is unique.

Definition 1.1.4 (Spin®(n)). Spin®(n) = (Spin(n) x U(1))/Zs where we imagine
Zs = {(1,1),(=1,—1)} as a multiplicative subgroup of Spin(n) x U(1) and have
the equivalence relation (g,z) ~ (—g,—z), for g € Spin® and z € U(1).

Let p : Spin(n) — SO(n) be a group representation given by
p(g)(v) = gvg ' € R* C C,,v € R, (1.1)

where we identify p(g) with the linear map it induces in SO(n) and the multipli-
cation of g on v is the multiplication of the Clifford algebra. This is the projection
map that makes Spin(n) a double cover of SO(n) and we extend it to Spin®(n) by

p(lg,2]) = p(g).

Definition 1.1.5 (Frame bundle). The frame bundle of a vector bundle ' — M,
denoted F(F) is the principal GL,(R)-bundle with fibre at p € M that consists of
ordered bases (“frames”) of the fibre F,.

Equivalently, one can define the frame bundle fibre at p as linear isomorphisms
f:R"™ = F,, because this is essentially just a choice of basis.

Definition 1.1.6 (Spin® datum). Given a smooth manifold M and a smooth real
vector bundle F' — M a Spin®-datum of F' is a pair (P,n) consisting of

e a smooth principal right Spin® bundle P — M
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e a smooth homomorphism n : P — F(F') that is compatible with the rep-
resentation p : Spin‘(n) — SO(n) in the sense that the following diagram
commutes

P x Spin‘(n) ——— P

[ |

F(F) x GL,(R) —— F(F).

Definition 1.1.7 (Isomorphism of data). Given a pair of Spin® data (P,n), (P, 1)
for a vector bundle 7 : F' — M as in Definition |1.1.0 an isomorphism of Spin®
data is an isomorphism of the (associated) principal bundles P, P' that is compatible
(commutes with) the maps n,n'.

Definition 1.1.8 (Spin® structure). An isomorphism class of data for F as in
Definition is a Spin® structure on F.

Remark. Spin® structures are not unique; there can exist more than one isomor-
phism class of data.

Definition 1.1.9 (Spin®(n) manifold). A Spin®(n) manifold is a smooth n-manifold
whose tangent bundle TM has a given Spin® structure.

If it is not necessary to specify the dimension n, we may instead write “Spin®
manifold”

Remark. A Spin® structure on a manifold determines an orientation and a Rie-
mannian metric via the orientation and Euclidean inner product on R®. When M
is supplied with a Riemannian metric, we require that the Spin®-induced metric
agrees with the one provided.

It is also possible to reverse the Spin® structure on the manifold, and it will
become evident why this is important in Chapters [3] and [4]

Definition 1.1.10 (Quotient product). Given a pair of sets X,Y with a group
action G on X XY, define X xXqY to be the quotient

X XgY =(XxY)/ ~,

where for (z,y), (2, y") € X XY we say (x,y) ~ (2',y') if (x,y) =g- (@',y).

Suppose that we have P, F' as in Definition We can act on P by an
element of Spin“(n) and likewise on R™ via the map defined in Eq. . We can
write a right-action on P x R™ as (p,v) - g = (pg, g~ 'v), for g € Spin°(n), p € P,
v € R" and define the quotient P Xgpine(ny R™ as the quotient of P x R™ by this
relation.
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Definition 1.1.11 (Reversed structure). Given a datum (P,n) for F' as in Defini-
tion let F~(F) = F(F) xgr+r GL, R, where we write GL, R to mean those
matrices with negative determinant and GLTR, those with positive determinant.
Suppose that = O (n) — O~ (n) is the connected double cover of O~ (n), where
O™ (n) is the collection of orthogonal matrices with determinant —1. The reversed
datum of (P,n) is then written (P~,1~), where P~ = P Xgpinc(n) O (n) andn~ is
the map induced by taking n x © on pairs in F—(F).

Some commentary before we continue regarding this choice of “reversed” da-
tum. In the original definition (that is, Lemma , we might have chosen to
use F, (F') (those frames which were positively oriented), which would make the
obvious choice for the negative datum those frames which were negatively oriented
(i.e. F_(F)). Since we did not just use those frames which are positively oriented
in the datum, we need a bigger set for the negative datum, and the choice of F~(F')
is motivated primarily by the following fact. If we think of the frame bundle fibre
at p as linear isomorphisms from R" into F}, then the natural map F~(F) — F(F)
(which sends [f, g] € F~(F) to f o g) interchanges F_(F) and F, (F).

Remark. The compatibility of n~ with the representation p : Spin‘(n) — SO(n)
comes from the compatibility of 1, so it is easy to see that (P~,n7) is a valid
datum.

~— —

Proposition 1.1.12. Let F, P as in Definition [I.1.6. There is an isomorphism
P X Spin®(n) R" = F.

Proof. The isomorphism is

¢ : [(p,v)] = [(n(p),v)] € F(F) xcL, g R" = F,
for v e R" and p € P. =

Remark. For a given real vector bundle F' we normally have the isomorphism
F = F(F) Xgr,®) xR™ and the transition functions are invertible matrices. The
Spin® structure of F' changes the transition functions from GL, (R) to Spin®(n) via
Proposition and we may write F' = P Xgpinc() R™. In this sense, P may be
described as the “structure bundle” of F.

Definition 1.1.13 (k,). Suppose n = 2r is even and define k, : CS — End(C*)
as the isomorphism C¢ = End(C?") found in [Fri00, Proposition on page 13.]. If
n = 2r+ 1 is odd, then k, consists of an isomorphism C¢ = End(C?") @& End(C?*)
followed by projection onto the first factor.

There are many isomorphic descriptions of Spin®(n). The description used in
Definition has the advantage of being simple to write down, but hides a key
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fact we would like to use. Indeed, Spin°(n) can be thought of as a subset of CS
(IBvE1S| 2.3]) and &, provides a group representation (we will abuse notation and
also call this ,,) %, : Spin°(n) — End(C?") allowing us to define the spinor bundle.

Definition 1.1.14 (Spinor bundle). Suppose F' — M is a real smooth Spin® vector
bundle over a smooth Riemannian manifold with structure bundle P as in Propo-
sz'tz'on so that F' = P Xgpine(n) R™. Suppose n = 2r orn = 2r+1. Then the
spinor bundle of F is

SF =P X Spin¢(n) CW.

Remark. Of particular note is the case when F' = T'M is the tangent bundle of M.
In this case, we do not write St,; but instead Sy, and say that Sy, is the “spinor
bundle of M”.

Proposition 1.1.15. Suppose Ey, E5 are Spin® vector bundles over a single smooth
manifold X, which are not both odd dimensional. Then the direct sum Ey & Ey
has a Spin® structure with spinor bundle Sg,¢p, = Sp, ® Sk, .

Proof. The statement is from [Hoc09, Lemma 13.6 on page 174].
[

We can define a Spin® structure on the pullback of a vector bundle, but this
requires the pullback of a principal bundle. A principal bundle is in particular a
fibre bundle, and the pullback of a fibre bundle with principal bundle structure is
simple: if 7p : P — M is a principal G-bundle over a smooth manifold M and
f: X — M is a smooth map then f*P = {(z,p) | f(x) = wp(p)} is a principal
G-bundle with action (x,p)-g = (z,p-g),forz € X;p€ P,,g € G.

Proposition 1.1.16. Suppose E — X is a Spin® vector bundle over a manifold
X and suppose that f :Y — X is a smooth map. Then f*E has a Spin® structure
with spinor bundle Syp = f*SE.

Proof. The Spin® structure of f*E is induced from the Spin® structure of E: if
E = P Xgpine(n) R" then f*E = f*P Xgpine(n) R". Recall that pullbacks preserve
rank, so there is no ambiguity in writing the rank of both bundles as n = 2r, or
n = 2r + 1. With this in mind, it suffices to prove that Sy-g = f*P Xgpinc(n) Cc?*
is the same as f*(P Xgpine(n) C*') = f*Sp. The association is

f*P ><Spinc(n) CQT' = [(y:pl)az)] = (yu [phz]) € f*(P XSpinc(n) (CT)
for (y,p1) € f*P,z € C*". This is well-defined because the Spin®(n) action on p;
in f*P Xgpine(n) C*' is the same as in f*(P Xgpine(n) C*).
]
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Definition 1.1.17 (G-Spin® datum). Suppose F — M is a real smooth vector
bundle and there is a compact Lie group G acting on M and F is additionally
a G-equivariant vector bundle. Then a G-Spin® datum for F is a Spin® datum
(for F') (P,n) for which P is also a G-Spin® principal bundle and the action by G
on F, M is compatible with p,n in the sense that the diagram in Definition [1.1.0
accommodates the action by G on P.

Proposition 1.1.18. Let M be as in Definition and suppose P — M s
now a principal G-bundle for G a Lie group. Let'Y be a manifold with a G-Spin°©
structure. Let Syr — M be the spinor bundle of M and suppose E — Y is a G-
equivariant Spin® vector bundle with spinor bundle Sg. Then P Xg E — P XgY
has a Spin® structure with spinor bundle Spx.r = P X¢ SE.

Proof. Let Py — Y be a principal GG x Spin‘(n) bundle such that ' = Pg Xgpinc(n)
R™ i.e. Pg is the Spin®-structure bundle for £. Then the Spinor bundle for F is
SE = Pg Xspinc(n) C?% by definition and P xg E = P x¢ (Pg X gpin¢(n) R™). This is
enough to completely determine the structure bundle for P xg F, i.e.

P xg Sp =P x¢ (Pr Xspinctn) C*) = (P X Pg) Xspinc(n) C¥ = Spxyp-
]

Remark. We will use this construction in Chapter |4 and Definition [1.1.17] will be
used again in Chapter [5]

Proposition 1.1.19. Given a manifold Q) with boundary and Spin® structure, we
can construct a Spin® structure on the boundary.

The proof of this proposition requires the so-called “2-out-of-3 lemma” [BvE1S|
Lemma 5|, which we will write below. First, suppose that we have two Spin®
bundles Fy, Fy, — M that have data (P, m), (P, 1n2), n; : P — F(F). We can
easily form the Spin® structure of F' = F; & F, via Proposition [1.1.15 The 2-
out-of-3 lemma is a stronger statement: given datum for any two of the triple
(Fy, Fy, F') we can recover the datum for the third and moreover, this agrees with
(up to homotopy) the datum we began with.

Lemma 1.1.20 (2-out-of-3 lemma). Let Fy, Fy be two smooth real vector bundles
over M and assume a Spin® datum ezists for both Fy; and Fy ® F5. Then there
exists a unique Spin® structure for Fy such that Fy @ Fy is the given one.

Proof of Proposition|1.1.19. We inject the frame bundle of T'M into the frame
bundle of T2,

j:F(TM) —>.7:(TQ|M) (V1,09 ..., Uy) = (D, 01,09, ... 0,),
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where n is the outward facing unit normal vector. The principal Spin‘(n) bun-
dle P of M is the pre-image of P, under this map in the sense that Py, =
no'(j(F(TM))), where nq is the smooth homomorphism 7nq : Po — F(TQ) as
in Definition [1.1.6] If Nj; is the normal bundle of M then we have the sum
T™M & Ny = TQ| a0 for which we have a structure for the normal bundle and
the tangent bundle of Q restricted to M and hence by Lemma [1.1.20] there is a
structure for T'M. O

1.2 The Dirac operator

To seriously discuss the Dirac operator, we must spend time introducing Clifford
multiplication, which serves as essentially the distinguishing characteristic of the
Dirac operator when compared to other differential operators. In what follows, we
assume that M is a smooth Spin® manifold with Riemannian metric identifying
the tangent and cotangent bundles. Of course, the metric is the one that arises
naturally from the Spin® structure, but we would like to make explicit that the
tangent and cotangent bundles are not distinguished for the purposes of defining
the Dirac operator.

Definition 1.2.1 (Clifford multiplication). The spinor bundle Sy = P><spinc(n)(C2
is equipped with a map ¢ : TM — End(Sy) called the Clifford multiplication

defined by c([p,v])([p,y]) = [p, ku(V)y], for [p,v] € P Xspine(ny R* = TM, [p,y] €
P Xgpine(n) C? and k,, as in Definition .

For a given fibre of 7'M, Clifford multiplication extends to products in C(T, M)
by acting on a product v-w € C(T, M) as ¢(v) o c(w).

r

Remark. Tt is not strictly necessary for Clifford multiplication to be defined on
only the spinor bundle of a manifold (the spinor bundle of the tangent bundle).
Indeed, we can write ¢ : E — End(Sg) for any bundle E, so long as it has a Spin®
structure.

Definition 1.2.2 (Clifford connection). Given a Spin® manifold M with spinor
bundle Sy, let c(w) € End(Sy) be the grading operator of Sy, as in Lemmal[l.2.8
Then a Clifford connection for M is a connection V : I'°(Sy;) — I'*°(S ® T*M)
satisfying the following equality. [V, c(w)] = (VL) : T°°(S) — ['>°(S), where
VL is the Levi-Civita connection.

Lemma 1.2.3. Clifford connections exist.

Proof. This is a consequence of the proposition on page 59 of [Fri00]. The definition
is on page 57, and is written as “V4”, although we will suppress the use of A, as
we do not discuss the related principal bundle connection from which this notation
originates. [
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Definition 1.2.4 (Dirac operator). The Dirac operator of M as in Definition[1.1.9
is D=coV :T%(Sy) = I'°(T*"M ® Sy) = T°(TM ® Syr) — I'™°(Sy) where
¢ 1s Clifford multiplication and V s the connection on spinor bundle Sy, from

Definition

Formally we should say Spin“-Dirac operator, but we will often suppress the
mention of Spin®. It is enlightening to see what happens when M = R". The
Dirac operator on R" is

= 0

where matrices {A;}"_; are 2" x 2" complex matrices that are defined using an
inductive procedure. Write r to mean the greatest integer less than or equal to
n/2 i.e. n = 2r for n even or n = 2r + 1 for odd n. Suppose n is odd. If n =1
then A; = (—i). If n > 1 using matrices A, ..., A, we can construct the matrices

Ary A,

Remark. The tilde is used to distinguish between the 4 matrix for n (which is
A;) and the j™ matrix for n + 1 (which is 4;).

The matrices {A;}7* are

- (0 A - (0 —I
Aj = (AJ O> and An+1 = <—I 0 ) .
—iI 0

When n is even the process is simpler. flj = Ajand 4,41 = < 0 I)’ where

I in the above matrices is the identity matrix of dimension 2"~!. In either either
case (bar n = j = 1) the trace is 0.

Lemma 1.2.5. When n = 2r + 1 is odd we have

(—1)A; = ¢T+1A1...j4;...142r+1_

We use the convention Ay, ... ,;1; -+« Agryq to mean the list Ay, ..., Ay 1 with
the j™* entry removed.

Lemma 1.2.6. When n = 2r is even we have

. I 0

and hence (i"Ay -+ Ap)? = 1.

Lemma 1.2.7. A? = — I,
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Proof of Lemmas to[I.2.7. These are statements from [BvEIS| 2. Dirac op-
erator of R"]. O

Lemma 1.2.8 (Grading Lemma). Suppose M is an even dimensional Spin® man-
ifold with spinor bundle Sy and eq, ..., e, is an oriented orthonormal basis for
T.M with n/2 = r and suppose w = i"ejey. .., 16, € C(T,M). Then there is a
grading on each fibre of Sy given by the involution c¢(w) : (Sar)z — (Suir)z-

Proof. Clifford multiplication acts on the Spinor bundle S,; via k,. Because

the matrices {A;}7_, are just {sn(e;)}7;, we have c(w) = i"A;---A,. From
Lemma [1.2.6] we know this matrix product squares to 1 and hence has eigenvalues
+1, for each fibre of Sy;. O

Definition 1.2.9 (Positive and negative spinor bundles). The positive (S;;) and
negative (Sy;) spinor bundles of M are the bundles obtained by taking fibrewise
the positive and negative eigenspaces of the involution c(w) given in Lemma .

Lemma 1.2.10 (Clifford action decomposition). Suppose E; and E, are smooth
Spin® wvector bundles over M of even rank with a fized structure and suppose E =
Ey ® Ey with Spin® structure obtained from Ey and Ey. Let & € Ey1 and & € Fs.
Define § = fré1,&) € E1@ Es, where fg: Ey® Ey — E is the bundle isomorphism
and fs : Sg — Sg, ®SE, is the spinor isomorphism. If ¢1, co and ¢4 are Clifford
multiplication on the respective spaces, Ey, FEy, E and 7y is the grading operator on
S1 as in Lemma we have

cig2(§) o fs = fsoc (&) @1+ 7 ® ca(&o).

Proof. Let n,m be the rank of E; and E5 and suppose they are even. Let F' =
Kn @ lee + 79 @ Ky for Ky, Ky, as in Definition [1.1.13] Let r, = n/2 and 7, = m/2.
There is a decomposition

ce.  — Ty End(C2TTM

n-+m

e IIC

Cc®C: — — End(C?™") ® End(C2™)

and since Clifford multiplication has active ingredient «, this is enough to conclude
the result in the event that F = E;@® F, as sets (i.e. both fg and fg are the identity
map). This decomposition can be obtained from the definition of x in [Fri00] on
page 14. We can write down a useful interpretation of fs is (non-explicitly) as
f5 (Ip1, 21] @ [p2, 22]) = [p, 2] for 2 € C2™™™ satisfying z = 2, ® 20 € C7" @ C¥™,
p € Pg,p1 € Pg,,pa € Pg,, where Pg, Py, and Pp, are the structure bundles
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for £, E1, Fy respectively. This decomposition is due to Proposition [1.1.15] and
extended linearly. We can then compute

fs o ciae(§)([p, 2]) = fs([p, km(§1)21 ® 22 + 7(21) ® Km(E2)])
= [p1, kn(&1)21] ® [p2, 22] + [p1,7(21)] ® (P2, Fm(&2) 22]

which is exactly (¢1(&) ® 14+ ® c2(§)) o fs([p1, 21] @ [p2, 22]). 0

We can also formulate an extension of the general Dirac operator of a manifold,
which will be most useful when consider Theorem [I.4.13] later. Given a smooth
complex rank vector bundle E over M (for M as in Definition [1.1.9) we can
incorporate part of the information of E into the Dirac operator, so that we may
use it with the index theorem. We would like to construct a map

from D = co V as in Definition [.2.4. We need to extend both Clifford mul-
tiplication and the connection to E. This is quite easy for the Clifford part of
D, we can simply decree that the Clifford multiplication on the E part is trivial.
The connection is slightly more involved. Suppose now that the metric on M is
Hermitian and the connection on E is a Hermitian connection, denoted V¥. The
new connection on Sy ® F is

vSM@E =V® 1E + 1SM ® VE
and using this we can define the “twisted” Dirac operator.

Definition 1.2.11 (Twisted operator). Given a pair (M, E) consisting of a smooth
Spin® manifold M (with Hermitian metric) and a smooth complex vector bundle
E — M we can form the twisted Dirac operator Dg from the Dirac operator D
of M. Suppose that V is the connection on M that defines the Dirac operator
D = coV and suppose that VE as above is the connection on E. We can then
construct Dg : T®(Sy ® E) — T°(Sy; ® E) defined by Dg = (¢ ® 1) o VSuOF,

Remark. The word “twist” is a reference to the tensor product. Given two abstract
bundles F, F', the bundle F ® F is said to be the “twist” of £ by F. Of course,
since there is no distinguishing £ ® F' from F'® E, so we only ever be twisting Sy,
by another bundle, to remain unambiguous.

Definition 1.2.12 (Differential operator). Let M be an smooth n-manifold with
vector bundles Eq and Ey and consider a linear map D : T°°(M, Eq) — I'>°(M, Ey).
We say that D is a differential operator of order k if and only if the commutator
(D, f] is an operator of order k — 1, for each function f € C*(M). An operator
is said to have order 0 if the commutator is 0, i.e. [D, f] = 0. We write D €
Diff*(E,, Ey) if D is a differential operator between Ey and By of order k.
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This is not the standard definition (see [Ebe, Section 2.2 “Differential operators
in general”]), but we prefer it because it is very easy to check if an operator is
order 1.

Example 1.2.13. The Dirac operator is an order 1 differential operator.

Proof. The Dirac operator is the composition of the Clifford action with a con-
nection. A connection is order 1 by the Leibniz rule, [co V, f]s = ¢(df)s, which is
order 0, because the commutator [c(df), g]s is 0. O

Definition 1.2.14 (Principal symbol of an operator). Let D be a differential
operator of order k on a manifold M with between sections of the vector bundles
Eo, Ey. Letw : T*M — M be the cotangent bundle projection and fix y € M,
§€T;M, e € (Ey)y. Pick f e C<(M) with f(y) = 0 and df, = . Choose a
section s € T'°(M, Ey) with s(y) = eq. The principal symbol of D is then the map

op(y, &) : (Eo)y — (E1)y
given by op(y,€)(eo) = L D(f*s)(y) € (Ey),.

Some commentary on the above definition: op accepts as inputs a covector &
and a point y € M, and with that data it becomes a mapping (Ep), — (E1),.
We can also think of op as a map op : 7*Ey — 7*E; by applying op(y, &) to the
second factor: op(&,e0) = (§,0p(y,&)ep). In this sense, op is both a map between
the pullbacks and a vector space homomorphism.

Lemma 1.2.15 (Lemma 2.2.12, page 22 of [Ebe]). This definition does not depend
on [ ors.

Lemma 1.2.16 (Lemma 2.2.20, page 24 of [Ebe]). If D is an operator of order
one, the symbol can be computed as the commutator i[D, f]s.

Proposition 1.2.17. The Dirac operator has principal symbol ic(§).

Proof. This proof is quite straightforward: the only thing we need is that the in-
duced connection V is actually a connection. Let &, f, s,y be as in Definition [1.2.14]
and let D be the Dirac operator. We have

D(fs)(y) = ic(df @ s + fVs)(y)
= ic(df ® 5)(y)
= ic(dfy ®e)

= ic(dfy)(e) = ic(§)(e)-



12 Chapter 1. The Dirac operator and the index theorem, ind(D) < oo

Lemma 1.2.18. Dg has principal symbol op @ 1.

Proof. Much of the work was already done in Proposition [[.2.17, We need only
isolate the symbol of the Dirac operator from the symbol of the twisted operator.
Suppose as in the setting of Definition [1.2.14] we have a point y € M and smooth
function f € C*°(M) satisfying f(y) = 0, with df|y = £. The section s is now a
section of both Sy, and E, so we will write s = sy ® sg € ['°(Sy ®@ E).

iDp(fs)(e) = i(c® 1p) o (VME)(f3)(y)
i(c®1g) o (df ® s + fVMCES)(y)
ilc®1g)(df ® s)(y) (because f(y)
i(c(df)s1 ® sg)(y)-

This is the principal symbol evaluated at (y,&), which gives a homomorphism
ic(§) @ 1p: (Sm)y ® By — (Sum)y ® Ey, which is exactly op ® 1p. O

0)

Definition 1.2.19 (Elliptic differential operator). A differential operator D be-
tween bundles Fy, By — M is said to be elliptic if the principal symbol of the
operator is invertible (as a linear map op(y,§) : (Eo)y — (E1),) whenever £ # 0.

Before we can show the Dirac operator of a manifold M is an elliptic differential
operator, we need the following lemma:

Lemma 1.2.20. If M is a Spin® manifold with spinor bundle Sy; then c(v)?(e) =
—|[o|* (e) for allv € T,M and any e € (Syr),-

Proof. First, remember the identification of TM = P Xgui,c R™ and note that if
[ 7y] S ><Spinc(n) CQT = SM then

c()([p,y]) = [p, kn(v)(y)]-

We can compute the square of ¢(v) as

c(v)*([p, v]) = e(v)(c(v)([p, v])
(0)([p; Kn (V) (y)])

[p, £in(0?) (1))

2
= —lv[|” [p, yl,

where ||v]|* = g([p, v], [p,v]) and g is the Riemannian metric on M induced by the
Spin® structure. H
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Proposition 1.2.21. The Dirac operator is an elliptic differential operator.

Proof. We apply Lemma [1.2.20] to the composition ic(€)(ic(€))(e)and arrive at

ic(€)(ic(€))(e) = —ig(&, €)(e),

where g is the Riemannian metric associated to the manifold M. This allows us
to write down the inverse of the symbol very explicitly, as

1
ig(&,§)

op(y.£) 7' (e) = ic(€)(e).

]

Remark. The twisted operator of D, Dg is an elliptic differential operator for the
same reason D is.

1.3 An elliptic operator is Fredholm

Definition 1.3.1 (Fredholm operator). We say that a linear map (operator) F :
V — W between vector spaces V,W is a Fredholm operator if the kernel of F and
W/im F' = coker(F') are finite dimensional. The (Fredholm) index of F is then
ind(F') = dim ker F' — dim coker F'.

Remark. The Fredholm index of F'is essentially the analytic index ind, discussed
in the introduction, although formally ind, (M, E) is the Fredholm index of the
twisted operator in Definition [1.2.11}]

Checking if an operator is Fredholm is often an onerous affair. To make this
easier, we present the following (powerful) lemma.

Lemma 1.3.2 (Atkinson’s lemma). A bounded linear operator F : V. — W be-
tween separable Hilbert spaces V, W is Fredholm if and only if there exists a bounded
linear operator G : W — V such that FG — 1 and GF — 1 are compact operators.
G 1is called a parametriz for F.

A compact operator is one for which the closure of the image of the unit ball
is compact (there are many other equivalent definitions).

Proof of Lemma[1.3.4 The proof relies on a judicious choice of operators, see
[Ebel, page 11, Theorem 1.5.1] for more detail. O

Fredholm operators are named after Erik Ivar Fredholm, a Swedish mathemati-
cian who is best known for his contributions to operator theory.
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Definition 1.3.3 (L? inner product). Let E be a smooth vector bundle over a
compact Riemannian manifold M with metric g. Suppose that E has a fibrewise
Hermitian inner product and let s1,so € I'°(E). We define

(51, 82) L2(B) :/M<31(m)>52(m)>(E)mdm

and L*(E) to be the completion of T°°(E) in this inner product. The metric g
induces the volume form dm, which is (explicitly, in a chart) integration with
respect to the Riemannian density \/det(g) dxy A - -+ A dxy,.

Definition 1.3.4 (Sobolev space of order 1). Let D be an elliptic differential op-
erator of order 1 between the smooth complex vector bundles Ey, Fy over a compact
manifold M as in Deﬁmtionm i.e. D € Diff'(Ey, E\). The order 1 Sobolev
space of sections of Eqy (defined by D) is the completion of I'°(Ey) with the inner
product

(S1,82) w1 (By) = (51, 82) L2(80) T (D51, Ds2) 12(8,)

for s1, 89 € T®°(Ey). We denote this space W} (Ep).

This is not the standard approach for defining Sobolev spaces, but we show
our Sobolev norm is equivalent to the typical Sobolev norm (and hence does not
depend on the choice of elliptic operator D) in Lemma [1.3.6, below.

Remark. When it is necessary to emphasise the different constructions, we may
write W*(Fp) to mean the Sobolev space in the standard sense, and add a subscript
D as in Definition [1.3.4] to denote our new characterisation.

Lemma 1.3.5 (Garding’s inequality, a slight reformulation of 10.4.4 in [HRO00]).
Let M, E be as in Deﬁm’tz’on and suppose that D € Diff' (E, E) is a first order
elliptic differential operator (for E = Ey = F1) as in Definition m Then there
1$ a real positive constant ¢ such that

[ull + [ Dull = ¢ full, ,

for allu € WY(E). The norm ||-|| is the ordinary L*-norm and ||-||, is the standard
Sobolev norm.

If there is any capacity for confusion we will write the subscript when using
the L2-norm, but the vast majority of all our norms will be L?-norms.

Proof of Lemma [1.3.4. The reformulation is obtained from [HR00, 10.4.4] by tak-
ing M to be compact and K = M to be the whole manifold. O

Lemma 1.3.6. The norm induced by the inner product (-,-)W%)(EO) in Defini-
tion is equivalent to the standard Sobolev norm ||-||,.
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Proof. For any a,b € R with a,b > 0 we have
a® 4+ b < (a+b)* <2(a+0b)?

when s € I'°(Ey), a = [|s][;2(p,) and b= [|Ds|[;2(p,) we have

||5||WI1,(EO) < ||3||L2(E0) + ||DS||L2(E1) < \/§||3||W]5(E0)-

so the norm on W} (Ej) is equivalent to sl 12y T 1Dl L2, - Since the operator
D is bounded as map D : W(Ey) — L*(E) there is a ¢ > 0 such that for all
s € WL(E,) we have the inequality | Dsll 2,y < ¢[Is]l;- The standard Sobolev
norm of s is an upper bound for the L? norm of s by definition, so we have the
inequality

150 2y + 1 D5l 2y < (L4 ) sy -

By an application of Garding’s inequality (Lemmall.3.5) to ||s[| 2z, + [ Ds|| 12,
there is a ¢ > 0 such that

clislly < lsllzamy + 1Psl 2

and hence
cllslly < sl 2z + 108l p2gmyy < (L + ) I8l

which is exactly norm-equivalence of our Sobolev norm and the standard Sobolev
norm. 0

Remark. Tt is now possible to omit D from W} (Fy), although we may include it
to emphasise the characterisation of the Sobolev space used.

Fix an elliptic differential operator D : T'°(Ey) — I'*°(E;) of order 1 as in
Definition [I.3.4] By construction, this is bounded with respect to the Sobolev
norm and L*norm, and I'®°(Ej) is dense in W!(E}) and so it extends to

D : WY (Ey) — L*(E),

which is also bounded. This will be the operator that is Fredholm and later it will
become apparent that ker D = ker(D) and coker(D) = coker(D).

Definition 1.3.7 (Formal adjoint). A formal adjoint of a linear operator F :
V — W between inner product spaces is a map F* : W — V satisfying (Fv,w) =
(v, F*w), for allve V,weW.

Theorem 1.3.8. If D : I'°(Ey) — I'™°(Ey) is an (arbitrary) elliptic differential
operator as in Definition then ker D* = coker D.
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Proof. See [Ebe, Theorem 3.7.4]. O

To prove that an elliptic differential operator is a Fredholm operator, we need
to review some results from functional analysis.

Definition 1.3.9 (Smoothing operator). An operator @ : I'°(E;) — I'*°(Ey) is
said to be smoothing if it is of the form

S (m > /Mli(m,m/)s(m/)dm/)

where k € I'*°(Hom(Ey, E1)) is called the kernel of the operator and depends
smoothly on m/,m. dm is Riemannian volume form. Hom(Ey, Ey) is the ho-
momorphism bundle from Ey to E;.

There is a well-known identification between the sections of the homomorphism
bundle and the bundle homomorphisms:

Lemma 1.3.10. Let E, F be vector bundles over a manifold M. Then there is a
ring isomorphism Hom(E, F') = I'°(Hom(FE, F')), where Hom(FE, F') is the space of
bundle homomorphisms from E to F and I'*°(Hom(FE, F)) is the space of sections
of the homomorphism bundle.

We don’t want to distinguish between sections of the homomorphism bundle
and homomorphisms. Indeed, we will swap between the characterisations as little
commentary as possible.

Proof of Lemma[1.53.10. The map is ['*°(Hom(E, F)) 3 s — A(s) € Hom(E, F),
where (A(s)(e))(z) = s(z)(e), for e € E,x € M. O

Theorem 1.3.11. Let D : T'°(Ey) — I'>°(E)) be an elliptic differential operator.
Then there exists a bounded (with respect to L? norms) linear map Q : T>°(Ey) —
['*°(Ey) such that

S=QD-1

T=DQ-1

are smoothing operators.

Proof. A statement and proof of the theorem (in more general terms) is in [Shu87,
Theorem 5.1]. O

~ The aim is to prove that the operators S and T extend to compact operators
S and T, so that we can apply Lemma and prove that D is Fredholm.
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Theorem 1.3.12 (Rellich’s lemma). The inclusion map W} (Ey) < L*(Ep) is a
compact operator.

Proof. See |[Ebel, Theorem 3.6.3 (3)]. The theorem in [Ebé€] is actually the inclusion
mapping on the regular Sobolev space W (Fj), rather than the one we have defined
in Definition [I.3.4] although this is not a major obstacle. Because of Lemma [I.3.5]
for any s € I'™°(E)y) there exists constant C' > 0 such that

Islly < Cllsl + 1Ds]) < V20 lIslw s

and hence the identity map on I'*°(Ej) extends to a map from our characterisation
W5(Ep) into the standard Sobolev space W(Ey), W} (Ey) — W'(E;). We can
without injury compose this additional bounded map to get a compact inclusion
Wh(Ey) — L*(Ep). O

Lemma 1.3.13. If a linear operator A : T°(Ey) — I'*°(E}) is smoothing then
D o A is also smoothing, for any differential operator D.

Proof. Take the rank(Fy) = k, rank(F;) = [ and dim(M) = n. Suppose m € U
and U is chart that trivialises Ey and E,. Then F;| . = U xR! and Ey| ., = U xR*.

We write, 5
Dly =2 Bay s

la| <k

lv v

for the operator D in its most general form, where (for o € Z%,) B, is a map
U— Mlxk(R)

Now, choose a finite open cover of charts {U;}}_, for M (M is compact) and
require that each U; is a trivialising neighbourhood for Ey, F/. Take a smooth par-
tition of unity {1;}’_, subordinate to this cover. We can write (As)(m) using this
partition of unity. A is smoothing, so it is of the form described in Definition[1.3.9
We write

(As)(m) = Z/Mfi(m, m');(m")s(m")dm’

= Z/U k(m, m ) ;(m")s(m)dm’.

Next, apply D:

(DAs)(m) =YY Bi(m) ga ( /U | m(m,m’)%(m/)s(m/)dm/) .

J=1la|<a
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This integral converges absolutely (supp(v;) is compact and & is smooth), so
the operator 8‘% commutes with the integral sign. We can commute the sums,
because they are finite. Extend the integral over U; to an integral over M by
declaring that the integrand is 0 outside of U; (this is fine, because the support of

1; is contained inside U;). We arrive at the expression

[0}

- N\ RJ 9 / / ’
) Z/M%(W)Ba(m)axan(m,m)s(m)dm,

jaf<a j=1

which at first doesn’t really seem to make sense because we cannot differentiate
sections using %. However, because m € Uj is in a local trivialisation of the
bundle Ey and {U;}_, are coordinate charts for the manifold we have a function
Aj » U; = V; C R™ that associates to m € U; a point ¢ = A(m) € R". We
differentiate with respect to the coordinates on R”, so it makes good sense to write
2L k(m,m’). We hope that rp(m,m’) := 2 lal<a 2j=1 Ui (m') Bo(m) £ k(m, m/)
is the smooth kernel that we are looking for, because then we arrive at the form
required:

/ kp(m,m")s(m")dm’
M
which would show that D o A is smoothing. We have to check that kp(m,m’) is

e a smooth map in m, m’
e a homomorphism between (FEjp),, and (E}),,.

It is clear that xp(m,m’) depends smoothly on m,m’ because it is the sum of
products that depend smoothly on m,m’. What remains to be shown is that
kp(m,m') really is a homomorphism from (Ep),, to (Ey),. We can show this
using the local trivialisations mentioned at the beginning of the proof. For a fixed
x € R" there is a coordinate chart \; : U; — R" that associates x € R" to a point
m € U;. For this fixed x we can associate (local) bundle trivialisations 7y for Ej
and 71 for F;. Consider the following diagram:

Using 7y, 71 we can think of B, as a map from (E())Afl(l,) = (Eg)m to (El))\fl(x) =
J J
(E1)m- In the same way, we can consider 2= r(m,m’) as a map from (Ep), to

(Eo)m, and the composition of these two maps gives a homomorphism (Ep),, —
(E1)m- O
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Lemma 1.3.14. A smoothing operator A : T'°(E;) — T'*°(E)) extends to a
bounded operator A : L*(Ey) — L*(E}).

Proof. This is a relatively straightforward calculation that relies on Cauchy-Schwarz.
Let A : I'*°(Ey) — I'°(FE,) be a smoothing operator with smooth kernel . For
m,m’ € M define as ||x(m,m')|| the operator norm of k : (Ey)py — (E1)m, with
respect to the metric inner product on the fibres. We compute, for s € I'*°(Ej):

2
dm

st = [ | ] s, t)stoyans
R
< [ ([ st m 150y, o)
53@((@meww%m)W(Aﬂawmahmgvjim

2 2
:Lémmmwmmmmy

O

Lemma 1.3.15. A smoothing operator A on I'*(E;) extends to a bounded operator
A: L2<E’]) — Wl(E])

Proof. The proof is straightforward. Let s € '*°(£};). Then
2 2
HASHV[/l(Ej) = HASHH(EJ-) + HDASHLZ(Ej)

2 2 2 2
< 1417 - WIsll 2,y + 1DAN™ - sl 22 (s,)

J/

Lemm;r[m] Lemm;rm
2 2 2
= (1417 + IDAIF) Isl172, -

Proposition 1.3.16. A smoothing operator A extends to compact operators

o A:I*(E;) — LX(E))

o A:WYE;) = WYE;).
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Proof. By Lemmam 1.3.15] A extends to a bounded operator A : L*(E;) — W(E}).
Composing this with the inclusion map W*(E;) < L*(E;) (which is compact by
Theorem [1.3.12) we see that A defines compact operator on L*(E;). Similarly,

A= /_1|W1(Ej) is the compact operator W'(E;) — L*(E;) A WYHE;). O
Proposition 1.3.17. The operator D : W(Ey) — L*(E}) is Fredholm.

Proof. By Atkinson’s lemma (Lemma [1.3.2)), it suffices to show that there exists
an operator () for which the operators

T=DQ-1, S=Q@QD-1

are compact. We first prove that @ : I'°(E;) — I'*°(Ep) extends to a bounded
operator Q : L?(E;) — W(Ep). This is relatively straightforward, given the work
we've already done. Let @) be as in the conclusion of Theorem [1.3.11] then

2 2
1@l () = @5l 12() + 1P| 122,

2 2
<RI sy + 11+ 5)s [ (1.3)
—_—— —
Q is bounded Theorem [[3.11] and Lemma m

Now, [|(1+8) ()l 2y < sl 2y + 1SN 180 12y S0 (Ea. (1:3)) < 2(|Q° +1 +
1S]1%) IIs]/7. 5, and consequently Q extends to a bounded operator Q : L*(Ey;) —

W1(Ey). By Proposition [1.3.16 m 6 the smoothing operators S, T extend to compact
operators S and T on L?(E;) and W'(E,). We apply Atkinson’s Lemma, and so
D is a Fredholm operator. O]

Theorem 1.3.18 (Elliptic regularity). Suppose that D : I'*°(Ey) — T'°(E}) is
an elliptic differential operator. Then if s € W}(Ey) and Ds € T°°(Ey) then
S € FOO<E0)

Proof. The details are in [Ebel, Section 3.5, Corollorary 3.5.2]. We have the same
problem as in the discussion in the proof of Theorem [1.3.12l The original theorem
in [Ebe] is only a statement about the ordinary Sobolev space, but it is again
possible to make good sense of this for our situation. Suppose instead that the
section s instead lies in the Sobolev space defined in Definition [1.3.4, Then by
Lemma s is also in W!(Ep) (i.e. the standard characterisation) and hence if
Ds is smooth then s is also smooth, by the original application of elliptic regularity
in Corollary 3.5.2 of [Ebe]. O

A notable example of elliptic regularity is the operator %. A continuously

differentiable function f : C — C satisfying % = 0 is infinitely differentiable.
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Theorem 1.3.19. An elliptic differential operator D : T°(E,) — I'*°(E) is
Fredholm.

Proof. We know from elliptic regularity (Theorem that ker D C ker D and
so ker D = ker D. By the same reasoning, the result holds for D*. Theorem m
gives the equality ker D* = coker D and Proposition tells us that D has
finite dimensional kernel and cokernel. O]

We have done a lot of the heavy lifting in the unproven lemmas and theorems.
In particular, the elliptic regularity theorem and Rellich’s lemma were key.

1.4 Characteristic classes and the index theorem

Building up the index theorem, and its K-homological proof requires a fair amount
of work. The background information required to state the index theorem is some-
what laborious to perform, but we include it here for completeness.

1.4.1 Characteristic classes

Definition 1.4.1 (First Chern class). The first Chern class of a complex line
bundle L is c1(L) = %Fv, where Fy is the curvature of a connection V on L.

Remark. We could also define this class as the Euler class of the underlying real
vector bundle obtained by discarding the complex structure, and this is the ap-
proach taken in [BT82], which has more information about characteristic classes
generally.

Definition 1.4.2 (Chern character). Let E be a smooth complex rank n vector
bundle over a smooth manifold M with connection V. The Chern character of E
18

ch() = |extexpl - Fe))| € Hin(01),

where Fy := V? € Q*(M,End(FE)) is the curvature of the connection V on E and
the exponential is a formal power series.

Remark. These definitions do not depend on the choice of connection.

To define the A-hat genus, we must perform some setup. For any conjugation-
invariant homogeneous polynomial f : M, (R) — R of degree d, there is a sym-
metric and multilinear map fy : M,(R) x -+ x M,(R) — R (d copies of M,(R))
such that for all a € M,(R) f(a) = fa(a,...,a). Extend f,; to

fa: (VM) @ Mp(R)) x - - x (M) © My (R)) — Q7(M)
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by
falaog ®ay,...,aq @ aq) = falay,...ag)oq A -+ A ag,

for a; € Q*(M) and a; € M,(IR). We can extend fa multilinearly to all of Q*(M)®
M, (R) by the multilinearity of f;. Then f is the evaluation of f; at the diagonal,

(M) M,(R) = Q*(M), f(z)=fa(z,...,z).

If the polynomial is not homogeneous we can apply it separately to each homoge-
neous term. Let p be the polynomial p : M, (R) — R given by

p(a) = det (%)m. (1.4)

Definition 1.4.3 (A-hat genus). Given a real vector bundle E — M over a Spin°
manifold M, the A-hat genus of E, written A(E) is

A(E) = p(R)

where R is the curvature of a fixed connection on E, and p is the map induced
from the polynomial p in (1.4)), described immediately above.

Remark. The A-hat genus of a manifold is by definition the A-hat genus of its

tangent bundle: A(M) = A(TM).

Lemma 1.4.4. The A-hat genus is multiplicative over direct sum, in the sense
tfmt iof El and Ey are Spin® vector bundles over a manifold M then A(E; @ Ey) =
A(Ey)A(E).

Proof. This is due to a comment in [ALM89] on page 138, for Spin® manifolds X, Y
of dimension divisible by 4, we have A(X xY) = A(X) x A(Y’). The full discussion
may be found in Basic Construction 11.12 and Example 11.13 (pages 230 and 231)
of the same text, and they are general statements about vector bundles rather
than just the tangent bundles. O]

In the typical sense of the word, the Todd class is a characteristic class that
can be found for any complex vector bundle. We must instead now work with the
Spin‘-Todd class, which we will call just the Todd class, but it is important to
note that this is a different characteristic class to the standard Todd class.

Definition 1.4.5 (Spin® determinant line bundle). Given a Spin® bundle E of
rank E over a smooth even dimensional manifold M, let det : Spin© — C be
given by Spin®(n) > [p, z] — 2% Then define a relation on P x C by (p,w) ~
(pz~1, det(x)w) for all p € Pp, w € C,z € Spin°(n) . The Spin® determinant line
bundle, written Lg (or just L when E is unambiguous) is the quotient of P x C
by this relation,
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We will unambiguously omit the “Spin®’ from this definition, because we do
not use the standard complex determinant line bundle.

Remark. Without squaring z in the above definition, the map det is not well-

defined

Definition 1.4.6 (Spin°-Todd class). Given E as in Definition the Spin°©
Todd class of E — M 1is

Td(E) = exp(ei(L)/2)A(M)

where ¢y (L) is the first Chern class of the determinant line bundle of the structure
bundle P for E and A(M) is the A-hat genus of M.

Proposition 1.4.7. The Todd class is multiplicative over direct sum; if Ey and
E5 are Spin® vector bundles, then the direct sum Ey @ Eo has Todd class

TA(E, & E») = Td(E,) Td(E»)

Proof. This is a consequence of Lemma [[.4.4] If Lg is as in Definition [1.4.6] is
the determinant line bundle of F = E; @ E, then Ly = Ly, ® Lg, and ¢;(Lg) =
c1(Lg,) + c1(Lg,). The exponential turns the sum into a product, so

TA(Ey @ Ey) = e o)/t ale)2 A(F) & Ey)
= e 21l J(B\)A(E,)  (Lemma [1.4.4)
O

Definition 1.4.8 (Evaluation at the fundamental class). Let w be a class in de
Rham cohomology and let [M] be the fundamental class of a smooth manifold M,
which is a homology class. We can pair w with [M] and the pairing is called the
evaluation of w at M and is integration against w over M,

W[M] = /Mw.

Remark. In the event that w is of mixed degrees (i.e not only top degree), the
integral is by definition integration of the top degree form(s).

Definition 1.4.9 (Topological index). Given a smooth vector bundle E as in Def-
inition[1.4.9 the topological index of E — M is the evaluation ch(E)UTd(M)[M].

Note that the product U here is the cup product of cohomology classes. The
following gives some useful properties of the Chern character as it relates to the
projection above. With the possible exception of Chern Fact 3, they are standard
results.
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Proposition 1.4.10 (Fast Chern facts). Suppose E — M is a smooth complex
vector bundle of rank n with connection V : I'°(E) - I'*(E® T*M).

1. IfE =@, Lj then ch(E) = > 7, exp(c1(L;)), for L; the Chern roots of E.

2. The Chern character of the dual of E differs from the Chern character of E

in component 2r by a factor of (—1)".

Proposition 1.4.11 (Chern Fact 3). Suppose E as in Proposition |1.4.1( If E
is the image of a projection p : M x C* — E (o > n) then the Chern character
of E 1is represented by a differential form whose component in dimension 2r is

r!(g;r)T tr(p(dp)™").

Proof of Fact 1. Define as previously the curvature of the connection V on E as
Fy. The definition of the Chern character is ch(E) = tr(exp(5= Fy)), which we
expand as

=0

— (g (i)j %tr(Fé)) :

It is clear we should investigate the (Fy )’ further. We can assign to E a projection
mapping p : M x C* — E (it is always possible to do this) and write ps to mean a
section of E that we have obtained by applying the projection map to a section s of
M x C“. The connection applied to ps is then Vps = (p(d(ps)) and its curvature is
Fg(ps) = p(d(p(d(ps)))). The placement of brackets here is key, and we would like
to instead write the curvature as p((dp)?(ps)) i.e. the application of the derivative
of p twice to ps followed by the projection. Decompose d(ps) into

d(ps) = ((dps)1, ..., (dps)a)

where (dps); is the j™* component of dps. For each j € {1,...,a} we have
(dps); = d(ps);
= d(z DjkSk)
k

- Z((dpjk’))skpjkdsk

= ((dp)s); + (pds);.
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Thus, there is a Leibniz-like rule, d(ps) = (dp)s + p(ds). We can use this to
further investigate the curvature Fy = V3%,. Take s € (M x C%), i.e a smooth
function s : M — C®. Then ps is a section of E by construction, so we may write

Vi(ps) = Ve(pd(ps))
pd(pd(ps))
pd(p((pd)s + pds))
pd(p(

p

d(p(dp)s + pds)
((dp)(dp)s + pd((dp)s) + (dp)(ds) + pd®s)

The de Rham operator d satisfies d* = 0, p? = p and d((dp)s) = —(dp)(ds) so

Vi(ps) = p((dp)(dp)s + pd((dp)s) + (dp)(ds) + pd*s) = p(dp)*s

This computation will be used in the proof of Proposition but it is impor-
tant note now that if £ = E; @& Es is the direct sum of two line bundles, then
the projection p splits into p; @ po and there is a corresponding splitting of the
connection and hence curvature:

tr(p(dp)™) = tr(pa(dp1)™) + tr(pa(dp2)*)

and we note that because of this the definition of the Chern character splits as a
sum

=2 T (Fv )" + (Fg,)")

k=0
which is exactly the definition of ch(E)) + ch(F2). We have relied on the fact
that the Chern character does not depend on the choice of connection used, so
we may pick the connection on E that decomposes into a connection on £; and
a connection on Es. The cohomology class of %Fv is by definition the first Chern
class of a line bundle, so if £ = @?:1 L; then the Chern character splits over each
line bundle and we have the result

= > explalLy)

]

Proof of Fact 2. The Chern class of the dual of a line bundle is the negative of
the Chern class of the line bundle, so if {L;}}_, are the Chern roots of E as in
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Definition [1.4.2]

3

ch(E") = ) exp(—ci(L;))

1

J

Z (_1')r 1 (Lj)r-

- r
7j=1 r=0

WE

This differs from the Chern character of E in component 2r by a factor of (—1)".
[

Proof of Fact 3. Continue where we left off in the proof of Fact 1. We have Fy =
p(dp)* and

o0

ch(E) = tr exp(%Fv) =y (ﬁ) tr(p(dp)™)

k=1
which has component % tr(p(dp)®) in dimension 2r. Note that this is the rt®
term in the formal power series of the exponential, but the dimension doubles

because of the (dp)? term. O
Lemma 1.4.12. The bundle T'S*" @C is stably trivial and in particular, Td(TS* ®
C)=1.

Proof. The trivial outward facing unit normal bundle N of S*" provides the addi-
tional vector needed; T'S* & N = S?" x R**!. The Todd class is multiplicative
over direct sum so we have 1 = Td((T'S* ® N) ® C) = Td(T'S?) - Td(N) =
TA(TS). O

We are now ready to present the index theorem of Atiyah and Singer. A note
before we begin. When discussing the index of Dg, we must preface it with the
following comment. Formally, because twisted operator is self-adjoint, it has index
0. Fortunately, we can define an associated index that is more than sufficient for
our purposes.

The spinor bundle S); is graded via Lemma [1.2.8] and the operator Dg swaps
the different gradings, so we can decompose the operator into the respective halves:

0 Dg ‘FOO(SJT/I@E)
DE‘FOO(SX',I@JE) 0

which we will denote by D}, and D, respectively. The operator Dy, is the formal
adjoint of D}, (by construction), and ind(D}) = dim ker D}, — dim ker(D})*.

We can abuse notation and write ind(Dg) = dim ker D}, —dim ker Dy. It is not
common to discuss the “proper” index of Dg, which is always 0, and we certainly
do not do it here.
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Theorem 1.4.13 (Atiyah—Singer for twisted Spin°-Dirac operators). Suppose M
is an even dimensional compact Spin® manifold without boundary and E — M 1is
a smooth complex vector bundle over M. If Dg : I'°(Sy @ E) — I'*(Sy @ E) is
the Dirac operator on M twisted by E, then

ind(Dg) = (ch(E) U Td(TM)[M].

It is possible to relax the conditions on Dg. As we mentioned in the introduc-
tion (Atiyah—Singer, 1963), we can instead require it to be merely elliptic rather
than a twisted Spin®-Dirac operator. The results for Dirac operators are the most
important step, the problem for general elliptic differential operators can be re-
duced to the Dirac case using a commutative triangle, which the interested reader
can read more on in [Bv16], but this extension is beyond the scope of our discussion
here.
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Chapter 2

ch(8)[S¥] = ind(Dj)

The main result in this chapter is that that 1 = ch(8)[S*] = ind(Dg), and this
computation will serve as a test case for the proof of Theorem using Baum-
Douglas K-homology. The index theorem of Atiyah and Singer is classically (i.e.
in [AS68D]) presented as a statement about homomorphisms in K-theory. We take
the same approach (although we are working with the homology equivalent): the
analytic and topological indices are both group homomorphisms, and to show they
are equal everywhere, it suffices to show that they agree on the generators of the
group. This is discussed at length in Chapter |3| but the rough outline of this is
that the analytic index is an isomorphism Ky(-) — Z and if it agrees with the
topological index on a generator, they agree everywhere. The pair (5", ) is an
example of a pair of index 1 and is also a generator of the group Ky(-). In this
sense, Chapter [2] contains the most important computation we perform because
all other computations reduce to index of the pair (S, 3).

2.1 ch(B)[S*]=1

Remark. From this point on we will be working almost exclusively with the spinor
bundle of S™. With this in mind, we will introduce the convention of writing only
S to mean Sg». Whenever writing the spinor bundle of a different manifold, we
will be explicit.

Definition 2.1.1 (Bott generator vector bundle). The Bott generator vector bun-
dle B is the dual of the positive spinor bundle S&. on S*". The Spin® structure of
S?" is the one it receives as the boundary of the unit ball.

Recall that in Lemma we could divide the spinor bundle Sy, via the
grading operator c(w). This creates the so-called positive and negative spinor

29
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bundles, which we denote by S}, and S}, respectively. The positive spinor bundle
of S™ can be imagined as a sub-bundle of the trivial bundle by using the projection

2r+1
r 1
e SZr — End((C2 ) e(tl, . t2T+1) = 5 (1 +1 Z tjAj>
7=1

for ¢; € R satisfying Z?TH t* =1 and A; as in Eq. 1}

Theorem 2.1.2. If 3 is the Bott generator vector bundle on S*" then ch(3) U
Td(TS5* ® C)[S*] = 1.

This follows from the following lemma:
Lemma 2.1.3. ch(ST)[S%] = (-1)".

Proof of Theorem [2.1.3. Fast Chern Fact 2 (Proposition|1.4.10)) provides the equal-
ity ch(B3)[S*] = (—1)" ch(S™)[S*"] and from Lemma we conclude that ch(3)[S*] =

(—1)"ch(S™)[S?"] = 1. The Todd class of S?" is 1, and so is not seen when evalu-
ating at the fundamental class. O]

The proof of Theorem will follow the outline in [BvE1S, Propositions 6,7],
with some of the missing gaps filled in.

Proof of Lemma[2.1.3. We know from Chern Fact 3 (Proposition [1.4.11)) that the
Chern character is represented by a differential form with component in dimension
2r given by:

tr(e(de)®).

rl(2m)"

We can write

. i 2r 2r+1
(de) = 5 Z dtjl VANEIEIAN dtijjl s Ajzr
J

150+ J2r=1

for A;’s as in . Because both the A;’s and the wedge product anti-commute
(see [BvELS, 2.1]) and are arranged in the same way, the whole product dt;, A
<o Adtj, Aj -+ A, is invariant under swapping jg, and ji,. The product over 2r
distinct things out of 2r 4+ 1 things is the same as excluding one thing from 2r + 1

things. We arrive at

2r+1
S dty Adty Ao Ndbg N Adtge g Ay Ay Agyyy

j=1

i (2r)!
22'r

(de)* =
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Note the factor of (2r)! because of the rearrangement required to collect the indi-
vidual wedge products (that is to say, there are (2r)! distinct copies of the product
that excludes dt;, (2r)! that exclude dts, etc.).

Next, apply e

i 1 2 2r4-1
€<de)27“ (1 +1 Zt A > 22TT Z JA jdty Ndtg AN+ A dt A Adtarss
1%-%2@!”*1 . -
:E 92r ']Zl(—l)jA]dtl/\dtQ/\/\dt]/\/\dt2r+1
2r 41 . 1(27’) 9t 1 | R
E:tA Toaril D (=1 Ajdty Aty A Adty A Adtapy |
j=1

We have used Lemma [1.2.5) to turn Ay -« A; -+ Ay into (—1)74;. Now, A? =
—I5 (Lemmall.2.7) and because A; anti-commutes with A, when j # k, tr(A;A;) =
—tr(A;A;) = 0 so we have the result:

(9 !2r+1 . e
tr(e(de®)) = tr (ggg D (=17 A%dty Adty A Adtg A A dty
7j=1
1 —~
(=1)7"Yydty Ao Adtj A A dtgs .
1

+

i"(2r)!

2r+1

J

At this point we’re almost there,

" ) T -
t de)?) = — 777 —19_1tdt/\---/\dt-/\---/\dtr )
rl(2m)" r(e(de)”) rl(2m)r2r+ ;( T j 2r+1

The Chern character evaluated at the fundamental class of S?" is the integral
fSQ’I‘ Ch S;Qr

%% /‘gf )i ydty .. dE .. dt Z'QT(M!/ (2r+1)dt; ... dt
2r+17,| g2 4 1- 2r+1 — (27T)T2T+17’! o T 1...002041

by Stokes’ theorem. The volume of the (2r + 1)-ball of radius 1 is,

2r122r T

Vars1 = o,
T (2 4+ 1)
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and using it we can calculate the integral as

i (2r)!
(2m)r2r+ir

P27 (2r)!
/B2 +1(2’f’—|— 1)dt1 dt2r+1 ( )527“421 |(2’f’+ 1)‘/2r+1

=i = (-1)".

For derivation of the volume, see [Joh]. The result in our case can be obtained by
taking the formula in [Joh| and setting n = 2r + 1 and the radius to 1 (it is called

[199%}]

r” in the reference). O

2.2 ind(Dg) =1

Theorem 2.2.1. If D is the Dirac operator of the even dimensional sphere S™
with the Spin® datum it receiwves as the boundary of the unit ball in R™ then,

lHd(D/g) =1.

There are some preliminary steps we must take before we can prove this the-
orem. Let V be a finite dimensional vector space with some quadratic form @
defining a Clifford algebra C(V,Q) and let S, be the permutation group on r
things. Define the isomorphism (see [LM89, page 11, equation 1.11] for more
details) f: A*V — C(V,Q) by linearly extending the mapping

flor A Aw,) = 0 Z&gn O)Vo(1)Vs(2) * * * Vo(r)- (2.1)

UEST

Remark. If V is the fibre of some bundle E over M, then we can abuse notation
and write

F:\ E—C(E) (2.2)

if f is defined for each # € M as amap f : \* E, — C(E,). We will be using this
essentially exclusively for E' = TM.

Lemma 2.2.2 (Useful fact). If e;,,...¢e;, is an collection (with increasing indez,
say) of some orthonormal basis vectors of V' as above, then

fleag Ao Ney) =eq - e,

Proof. We can use anti-commutativity of the basis vectors to change every per-
muted product eq(;,) - - €s(;,) back to e; - --e;,, scaled by (—1)%, where b, is the
number of pairwise swaps required to go from the permuted product back to the
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increasing one. The sign of the permutation is (—1) when b is odd and 1 when b
is even, and the order of S, is r!, so

fleog A Ney,) = Z sign(o)?e;, - - - €,

.O'ES
=€ €.

]

Definition 2.2.3 (Contraction). Suppose X is a set and X™ is the set of ordered
n-tuples of elements of X. Let f: X™ — Y be a map from X into any set Y. The
contraction of f by a pointx € X isx 1 f : X" ' =Y defined by

(flf _ f)(fEl, .. .il?n_l) = f(fE,flfl, . ,I’n_l).

The most common application of the above definition is the contraction of a
differential n-form by a vector field, but we would like to use the notation more
generally.

Lemma 2.2.4. Choose f € C*(M),y € M and s € I°(N\"T*M) with f(y) =
and s(y) = e. Let & = df‘y. If d is the de-Rham operator, then the principal symbol

of d is 04(§)(e) = i€ Ne and in particular, (04(y,&) +oa+(y,£))(e) =i Ne—i€ Je.

Proof. We first note that from Lemmal|l.2.15|the choice of e and ¢ does not depend
on f or s, and we include the mention of them in the statement of the lemma only
as a reminder of the context. Now, principal symbol of the sum is

oara-(y,€)(€) = 0a(y, §)(€) + 04-(y, §)(€) = oaly,§)(e) + aaly, §)"(€)

and thus, we need only compute the principal symbol of d, which is a first order
operator.

aa(y,€)(e) = 1d(fs)(y)
= i(df Ns+ fds)(y)
= idf| Ne=1ifAe.

As a map, the dual of A is Jie. (EA)*(e) =& 1 (e) and the dual of 7 is —i, so

aa-(y,€)(e) = —i§ Je.
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Lemma 2.2.5. Let V' be a vector space with a positive definite inner product
identifying V' and V* and suppose v € V' is fized. If ¢(v) is the map x +— (v Ax —
vax) forz e NV and f is as in (2.1)) then we have the following commutative
diagram.

ANV —L o

bo

ANV —Ls o

Some commentary before we begin the proof. When M is a Spin“ manifold
there is a Riemannian metric on M giving the isomorphism 7*M = TM. We
would like to be able to identify co-vectors and vectors, so that if v is a co-vector
and z is a vector we can treat x as a co-co-vector and evaluate v at x.

Proof of Lemma[2.2.5, The equality is foé(v) = v- f(x). First, fix an orthonormal
(with respect to the inner product) basis {e;}&3%V for V and let {e'}&™V be the
dual basis of V*. For a collection of k basis vectors e;,,...¢e; and a covector €,
we aim to show the following equality

k

e]f(eil AN Ney ) = f(ej A (e, N Nejy) — el (i, Ao ANeg)). (2.3)
o )3

This is at the level of basis vectors, but because f is linear (it is not an algebra
homomorphism) the result holds for linear combinations. Now, we proceed in two
cases. Let us first consider the scenario in which e; = e;, for some [ € {1,...,k}.

Evidently, o = 0 as e;, occurs twice in « and for 8 we have 8 = e/ J(e;, A+ - -Ae;, ):

(ej 2 (eiy Ao Aei)) (e e 1) = (e A--- Ny ) (el e, .. 1)

= (=D ey Ao Neg (el . el el el ediet)
= (1)) sign(o)eq) (€M) -+ eopi (€ )eoq(€) - -
og€ESy,

- eU(il+1)(€jl+1) e 60’(7;]6)(6]'1671)
- (_1>l71(6i1j1) o (6il—1j171)(5’ilj)<5il+1jl)((Sikjk—l)
= (—1)l_1(6i1 A--- A /e\il A A eik>(6jl, o ejk_l)7

ieel J(ey N Ney)isequal to (e A---Ae, A Nei).

The second case occurs when j ¢ {iy, ... }. In this case we do not have a = 0
but instead § = e; 4 (e;; A--- Ae;) = 0 (a similar computation to above) and
a=(—1)'e; A---Ney AejAey,, ). Thus, for either of the two cases the right hand
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side of (2.3)) is eje;, - - - €;,. Now, by Lemma for any collection of orthonormal

basis vectors we have f(e;, A---Ae;, ) =e; ---e;, and hence,
ejf(eil ARERNA eik) = (_1)l€i1 € ey
which is exactly the right side of (2.3) under f. O

_ Before we can prove Theorem [2.2.1] we need to define an auxiliary operator
Dg-.

Definition 2.2.6 (Dg-). Define Dg- by the commutativity of the following dia-
gram.

(N (T*5™)) —— T°(S ® S*)
(A (T*S™)) —— D(S ® S5*).
where h = co f.
Lemma 2.2.7. Dg.(I'™(S* ® (51)*)) € I'°(S @ (ST)*)

Proof. This follows from the compatibility of h with the odd/even and posi-
tive /negative gradings on the wedge products, we have

) (/\ZVEE (T*S”)) — End*(S)
and L (/\i(T*S")> — Hom(S, S%).
]

Now, the proof of Theorem [2.2.1| will proceed from the following propositions.

Proposition 2.2.8. If d : Q*(S™) — Q*(S™) is the de Rham operator on forms
on S™ then the principal symbol of d + d* corresponds to the principal symbol of
Dg-, in the sense that for every covector & and image covector £ = h(§) we have

hoogya(§) = opg. (&) o h.
Proposition 2.2.9. Dg. has kernel C -1 @® Ce(w).

Remark. Proposition [2.2.8 implies that Dg- the same index as Dg- and, more im-

M. T o +
portantly, that Dg := Dg- Pe(5t (S has the same principal symbol as D(s+)* =
Dg.
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Proof of Proposition[2.2.8. The principal symbol of Dg- (i.e. the dual of the whole
spinor bundle) is opg. (§) = ic(§) ® 1s-. We know the principal symbol of d + d*
from Lemma . We have the two principal symbols (evaluated at a generic e
in some fibre of 7'S™)

(Ene—Eae), ic(é)(e). (2.4)

We aim to find an isomorphism h such that ho (E A — £1) = ¢(§) o h. To reduce
complexity, we will consider this as a fibre-wise computation first and write V'
to mean a finite dimensional vector space, with an association V = V* similarly
to TM = T*M for a Riemannian manifold M. For brevity, denote by é(v) the
operator (v A +vd). We aim write down an h satisfying the following diagram:

AV —— End(C?)
lé(v) lc('u)o (2.5)
AV —— End(C?).

The candidate mapping for A is (of course) the one we already have,

AV —L c(V) — End(C?)

l&(v) lu. lc(v)o (2.6)

AV — O(V) —— End(C?)

where c is Clifford multiplication. The commutativity of this diagram is really what
is meant by and indeed the equivalence of the symbols in . Proving that
the outer square of commutes is the same as proving that each inner square
commutes. The right square commutes because c is an algebra homomorphism and
the left square commutes as a consequence of the computation in Lemma [2.2.5, To
modify this to the statement in the lemma, extend ¢(v) to a map ¢(v) : A" TM —
C(TM) by decreeing that ¢(v) : A*TM — C(TM) is the mapping induced by
taking ¢(v) : N*T,uM — N\ T,,M on each fibre. This is the same process that

extended f in (2.2).
O

Before the proof of Proposition [2.2.9] recall the Hodge theorem for differential
forms.

Theorem 2.2.10 (Hodge theorem). The dimension of the kernel of dd* + d*d
acting on the k—forms of a compact oriented manifold is the same as the dimension
of k™ de Rham cohomology group.
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Proof. The statement comes from Theorem 6.11 of [War83]. [

Proof of Proposition[2.2.9. By definition, Dg. has the same index as (d+d*). The
kernel of d 4 d* is the same as the kernel of (d + d*)* = dd* + d*d (d and d* square
to 0), and by the Hodge theorem applied to S™ in degree k = n and degree k =0
the de Rham cohomology of the n-sphere is R. In the case that & # 0,n the
cohomology group is trivial. Hence, the (complex) dimension ker(d + d*) is 1.

A local description of the top degree form on S™ is e; A --- A e, for a local
orthonormal frame {e;}!, of TM = T*M. Recall in Lemma that if w =
i"ejeq - €, then c(w) provided the grading operator for the spinor bundle. Using
Lemma we can associate this to exactly w in the Clifford algebra. Of course,
there is a scaling by the scaling factor of ¢", but this is not seen when taking the
complex span. The smooth function (i.e. 0-form) part of the de Rham cohomology
remains unchanged. The conclusion of this is that the kernel of Dg- is

h(C-1®Cw)=C-16 Ce(w) =C® Ce(w).
[

Proof of Theorem [2.2.1. Define End(S™) = {a € End(S) | a|57 =0,ima C ST}
and likewise for End(S™). Then End(S) splits into four constituent parts,

End(S) = End(S") ® End(S™) @ Hom(S™, S7) @ Hom(S™, S™). (2.7)

The kernel of Dg- is C @ Ce(w) C End(S). We note that, ker(1 & ¢(w)) = ST and
Hom(S*,S7)NC(1+¢(w)) =0 =Hom(S™,ST)NC(1+4c(w)). Splitting CPH Ce(w)
on End(5) via we have a decomposition of C- 1@ C - ¢(w) into

C-(1+ c(w))/@EC (11— c(w))l, (2.8)

C E;dr(sﬂ - Er?dr(S*)
and we note that ind(Ds) = dim(ker Dg-NEnd(S*))—dim(ker Dg.NHom(S*, 57)).
Now, (ker Dg.)™ N End(S*) = C(1 + ¢(w)), which gives dim(ker Dg)* = 1. Note
that we do not see the homomorphism parts of in because there is
nothing in C - 1 & Cc(w) that is a homomorphism from ST to S~ or vice versa
(except for 0). Because of this, the negative part of the kernel of Dy is ker(Dg)~ =
ker(Dg-) N Hom(S*,S~) = 0. Hence, the index of Dy is 1, which is the same as
the index of Dg. O

Corollary 2.2.11 (The whole point of this chapter). When M = S™ and E = 3,
Theorem 18 true.

Proof. By Lemma [[.4.12] Td(5?") = 1 and hence, (ch(8) U Td(S*))[S*] =1 =
ind(Dpg),

]
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Chapter 3

K-homology; (M, E) ~ (5", q5)

This chapter serves to compute the K-homology of a point, and to provide an
explicit series of steps to deduce the relation (M, E) ~ (S™,¢f), which will be
made more rigorous below. We show that the K-homology of a point is Z, and that
Theorem is a consequence of this computation. The chapter concludes with
a proof of Theorem under the assumption that the analytic and topological
indices are well-defined (Chapter [4] resolves this problem).

3.1 K-homology

Definition 3.1.1 (Pair isomorphism). Suppose (M, E) is a pair as in Defini-
tion [1.2.11: M is a smooth, compact, even dimensional Spin® manifold M, and
E — M is a smooth complex vector bundle. We say that (M, E) with datum (P, n)
is isomorphic to (M', E') with datum (P',n') (and write (M,E) = (M',E")) if
there is a diffeomorphism o : M — M’ that preserves the datum, in the sense
that the pullback (¢*P', o*1') is isomorphic to (P,n) (as Spin® data) and that the
pullback p*E' is isomorphic (as a complezx vector bundle on M) to E.

This definition is only an intermediate step for the definition of K immediately
below, and also for the statement Definition [3.1.9, below.

Definition 3.1.2. K is the set of all pairs (M, E) in Definition modulo
pair-isomorphism.

When we write (M, E) without particular reference, we mean (M, FE) € K, or
possibly (M, E) as a representative of a class in IC, but this is not an important
distinction to make, as every statement is valid up to pair-isomorphism. It will be
made explicit when a pair is not an element of /.

39
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Definition 3.1.3 (Ball bundle, sphere bundle). If E — M is a vector bundle with
fibre-wise norm ||-||,, then

e B(E) — M is the fibre bundle with fibre over x € M given by
B(E)s ={v e By | [lv], <1}

e S(E)— M is the fibre bundle with fibre over x € M given by
S(E)e ={v e Ey | |lv]l, =1}

Write R — M to mean the trivial vector bundle of rank o on M, i.e. R* =
M x R* — M, and likewise for C*.

Definition 3.1.4 (XF). Let M be as in Definition and suppose F is a
Spin‘(n) vector bundle on M with structure bundle P as in Definition [1.1.6, with
F having even fibre dimensionn = 2r. Definen : XF — M as the fibre bundle with
fibres oriented spheres of dimension n, XF = P Xgpine(ny S™. The Spin® structure
on XF is fized as the one it receives as the boundary of the unit ball in (F ® R),,
for each x € M.

Remark. The action of Spin®(n) on S™ is via the canonical covering map projection
Tpin(n) © Spin(n) — SO(n) sending [p, z] Spin®(n) to Tgpinm)(p). SO(n) acts on
S™ by considering S™ as a dense open subset of the one-point compactification
R™ U {pt}. Tt would also be possible to consider S™ as the typical subset of R"*!
and acting on it in the usual way, but stereographic projection provides an exact
correspondence between these actions, so the difference is largely academic.

The following lemma illustrates the local structure of ¥ F'| but it will not be
very useful until Chapter [4]

Lemma 3.1.5. Suppose that XF = P Xgpine(ny S™ is as in Definition and U
is a trivialising neighbourhood for P — M. Then

SF| gy = U x 8™

(U

Proof. Suppose (U, T) is a trivialisation for P‘U. The isomorphism is
EF}W_I(U) S [px]— (u,g-2) €U xS" (3.1)

for 7(p) = (u, g) € U x Spin®(n). O

Definition 3.1.6 (8r). Suppose XF is as in Definition and [ is the Bott
generator vector bundle as in Definition|2.1.1. Then define by Br the vector bundle
Br = P Xgpincn) B — XF with projection Bp 3 [p,b] — [p,x] € XF,p € P, € ;.
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Definition 3.1.7 (Ko(-)). Suppose K is as in Definition [3.1.4 Define Ko(-) as

KC/ ~, where the equivalence relation ~ is generated by
e Direct sum - disjoint union (Definition ,
e Bordism (Definition[3.1.9),
e Vector bundle modification (Definition [5.1.11)).

Addition of equivalence classes is disjoint union
(M,E)+ (M'E'Y=(MUM EUE".

The additive inverse is —[(M, E)] = [(—M, E)], where we use —M to denote M
with the reversed Spin® structure, from Definition |1.1.11).

Remark. By generated by, we mean that any finite sequence of the three actions
(not necessarily including all of them) is necessary and sufficient to establish equiv-
alence.

Definition 3.1.8 (Direct sum - disjoint union). We say that (M, E)U(M,E") € K
is equivalent to (M, E & E') € K via direct sum - disjoint union.

Definition 3.1.9 (Bordism). We say (M, E) € K is bordant to (M',E’) € K if
there ezists a pair (W, F') consisting of a compact odd-dimensional Spin® manifold
with boundary OW and a smooth C vector bundle F' over W such that (OW, F’&W)
is pair-isomorphic (in the sense of Definition to (M, E)U (=M E").

Remark. The pair (W, F') is not in K because W is not even-dimensional.

Lemma 3.1.10. The [(—M, E)| in Definition[3.1.7 satisfies, (M U—M, ELE)] =
0 € Ko().

Proof. Including orientations, (ML —M, EUFE) is the boundary of (M x [0, 1], E x
[0,1]), and so it bordant to the trivial element in Ko(-). O

Definition 3.1.11 (Bundle modification). Suppose that F, 3 F over M are as in

Definition and Br as in Definition[3.1.6. Then we say (XF, Br @ T FE) € K
is related to the pair (M, E) € K by bundle modification.

Lemma 3.1.12. Given a pair (M, E) as in Definition and another pair
(N, F) € K the pair (M, E) is bordant to (M, E) U (8N,F}8N).

Proof. The bordism is provided by (M x [0,1] LU N, E x [0,1] U F). O

Remark. Because the index is preserved by bordism (proven in Chapter , this
implies that the topological index of the pair (ON, F | on) 18 0.
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We endeavour to show that for any pair (M, E) € K we can write [(M, E)| =
[(S™, qPB)] € Ko(+), for some q € Z,n € N depending on M and E.

Definition 3.2.1 (¢3). When q > 0 we interpret qf as the direct sum of q copies
of B and when q <0, |q| copies of ¥ := (Sg.)*.

Lemma 3.2.2 (Weak sphere lemma). Given a pair (M, E) as above there exists
a vector bundle ' — S*" such that (M, E) ~ (5%, F).

This is called the weak sphere lemma because later we will see that we can
specify F' more explicitly.

Proof of Lemma[3.2.4. We must dive into the relations of K-homology. By the
Whitney embedding theorem [Leel3, Theorem 6.15] we can embed M into R?",
for some sufficiently large r € N. First, consider the normal bundle v := {(m,v) €
M xR* | v L T,,M}. By the 2-out-of-3 principle of Lemma applied to the

exact sequence
0—=TM — MxR* v —0

a Spin® orientation is determined for the normal bundle. A direct application of
bundle modification (v = F) yields

(M,E) ~ (Xv,5, @ T E). (Step 1)

Our first goal is to construct an explicit bordism between Yv and S?". Because
M is compact, we can scale our embedding to be contained in the interior of the
unit ball. Let B = B(rv ®R) - M and S’ = S(v ® R) — M. The aim is to
show that the ball bundle B(v @& R) (which has boundary ¥v) identifies with a
compact tubular neighbourhood of the embedding of M into R**!. Using the
local diffeomorphism (choose v to be very small) (m,v) — m + v we can identify
v with a compact tubular neighbourhood of (the embedding of) M in R*". We
will be using this association without particular reference for the remained of the
proof, as it tends to obfuscate. The inclusion R?" < R?"*! gives an identification
between the ball bundle B(r @ R) and a compact tubular neighbourhood of M in
R2r+1

Now, write
Vo K =P X Spin®(2r) RQT_H? B<V @ K) =P X Spin¢(2r) B2T+1-

The boundary of is dB(v®R) = P Xgpine(2r) 5" and the Spin®(2r) acts on by 0B(v&®
R) in the same way it does on Yv, which is the same way as in Definition [3.1.4]
and the remark below it.
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Denote by Q the unit ball in R?"*! with the interior of B’ removed. By con-
struction  has boundary that is the disjoint union of ¥v and S?". The union is
disjoint because of the scaling factor applied to M to ensure it is contained within
the interior of the unit ball, and Yv is then entirely disjoint from the boundary S?".
By the bundle extension lemma (Lemma[3.2.3} below) applied to B', 2, S’ = B'NQ
there is a vector bundle L over B’ such that 8, ® 7*E @ L| & (in the statement of
the lemma, the bundle 8, ® 7*E is “E”) extends to a vector bundle F' over (2. By
Lemma [3.1.12f we then have the equivalence in K-homology:

(Sv, B, @ T°E) ~ (Sv, B, @ w*E) U (Sv, L| ;) (Step 2)
Step 3 is a straightforward application of direct sum-disjoint union

(S, 8, © 7" E)U (v, L] ) ~ (Sv, (8, @ 7" E) & L

) (Step 3)

The final step will draw on the bordism (2,

(Xv, (B, @ T E) & L

S’) ~ (S2r7F|52r)' (Step 4)
0

Lemma 3.2.3 (Bundle extension lemma). Let the unit ball in R*" be the union of
two compact sets B', ) and let S’ = B' N be their intersection. If E is a complex
vector bundle on S then there exists a complex vector bundle L on B’ such that
E® L|, extends to Q, in the sense that there exists another vector bundle R on

Q for which the restriction of R to S" is E® L

S

Before we begin the proof of Lemma [3.2.3] we must make a short detour into the
cohomological realm and in particular, K-theory. K-theory plays an outsized role
in the proof of Lemma [3.2.5] but it is largely hidden behind the heavy machinery
of cohomology. They key step is in Lemma which allows us to jump from the
F we found in Lemma to the Bott bundle 8 and indeed, provides us with a
fairly explicit way of proving the index theorem of Atiyah and Singer. We would
not like to spend too much time on the details (the reader is directed to [Hatb]
for a far better treatise on introductory cohomology and [Hata] for some of the
K-theoretic details) but the summary is as follows.

Given X, A, B with X being the union of the interiors of A and B, there is
[Hath, page 203 for the cohomology version, 149 for the homology version| a long
exact sequence in cohomology (with coefficients in a group G)

o= H'(X;G) — H"(A;G) ® H*(B;G) — H* (AN B;G) — H"™(X;G) — - --
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which is called the Mayer-Vietoris sequence. There is [GBVF01, exercise on
page 127] an analogue of this sequence for K-theory, which is only six terms
(because of the famous Bott periodicity) and we must make use of this in the proof

of Lemma [3.2.3
Proof of Lemma[3.2.5. We have the Mayer-Vietoris sequence when n = 0:

s K Q)@ KY(B) —» KYS) - KN (BUQ)=0—---.

Exactness of this sequence implies that the map a : K°(Q)& K°(B') — K°(5’)
is surjective. Thus, for a vector bundle [E] € K°(S’) there exists a pair (I,m) €
7, x 7 such that

[F]-[C" € K°(Q), [L]-[C] e K°(B),

such that a(([F] - [€"]), (1] - [C])) = (F|¢] - [€")) ~ (E| ]~ [C]) = [B). This
gives the equality in K-theory

[E] +[L

- 1C = [F|g] - [C™)

which implies that there exists an isomorphism E & L

D QkJrl ~ B o D Qerl
Sl

for some k. Now, L = L @ C**' — B’ is a bundle over B’ and (F @Qm+l) |S/ =
Eo® L| o+ Finally, (F S) Qm“) is a bundle over 2 and so we have the required
extension. O

Lemma 3.2.4 (Bott equivalence lemma). If E be a complex vector bundle on S*",
then there exists a non-negative integers I, m and an integer q such that

EaC ¢ Cm

Proof. Recall from Definition at the beginning of the section that when g < 0
we define ¢ = |q|8Y. We know that K°(S*") = Z|C]®Z[f] and so if E is a smooth
complex vector bundle over 5" it defines a K-theory class [E] € K°(S%") and hence
there are k,q € Z such that [E] = k[C] 4 ¢[f]. There are four cases we have to
consider.

1. ¢,k >0
2.¢q>0,—k>0
3. —q>0,k>0

4. —q,—k >0
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If &, g > 0 then since equality in K-theory is given by stable equivalence of vector
bundles, we know that there exists m € Zx( such that

EeCr=C'oqsolm
If —k > 0,q > 0 we have [E] + k[q] = q[5] and there exists an m € Zx( such that

If —g > 0,k > 0, we have the initial K-theoretic expression [E]| = k[C] + ¢[3],
which gives [E] — ¢[8] = k[C]. We conclude that there exists an m € Zs( such
that

Ee|qseCr=CMeCm

By adding 3" to both sides and noting that (3 @ Y)* = (ST @ S°)* = C¥,
because it is the restriction of a trivial bundle on R?*"*! to the sphere (this is due
to a comment on page 106 of [BvELS]) we get

EeCeC "2 Ea®lq(BaesY)aCm
= CH & C" @ [gl6". (32)
If —k, —q > 0 then we must combine the cases when —k > 0 and —¢ > 0. We have

the initial K-theoretic equation [E]| = k[C]+¢[3], which gives [E]—q[5] —k[C] = 0.
We conclude that there exists an m € Z>( such that

EoldsecMeoCcr=Cm
so finally we have
Ea|qC” eC"=CMaC™ e lql(57)".
O

Lemma 3.2.5 (Strong sphere lemma). Given a pair (M, E) there ezists anr € N
and q € Z such that (M, E) ~ (5%, ¢p).

Proof. We continue where we left off in the weak sphere lemma (Lemma|3.2.2)) with
the relation (M, E) ~ (S?", F). Choose g,l, m as in Lemma and consider the

following chain of K-equivalences
(M,E) ~ (S*, F)u (5*,C") (Lemma B.I.12)
~ (S F@C') (direct sum-disjoint union)
~ (S* g8®C™) (Lemma 3.2.4)
~ (S*,qB) U (S*,C™) (direct sum-disjoint union)
(5% qB) ((S*,Ch ~ (0, ), via bordism)

~Y
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Remark. This is one of the great triumphs of K-homology. The theory allows us
to reduce computations on a large class (compact, even dimension, Spin®, without
boundary) of manifolds with (smooth, complex) vector bundles to computations
on a sphere with a particular bundle.

A little bit of housekeeping before we get to the main result. Recall in Chapter 2]
(specifically, in the proof of Theorem we constructed Dg- that had the same
principal symbol as d + d* and hence the same index. The proof that ind Dg =1
did not entirely reveal the role of ST (versus say, S7), in 5 = (ST)*. The following
lemma will illustrate how this grading-reversal affect the index.

Lemma 3.2.6. The index of Dav s —1.

Proof. The positive part of the kernel is 0 because ker(Dg.) N Hom(S~, %) = 0
and the negative part is ker(Dg.)~ N End(S~) = C(1 — ¢(w)), so the index is —1.
This is analogous to what we saw in the proof of Theorem except with S+
replaced with S~ in the appropriate (i.e. where S* does not change to S~ when
swapping gradings) locations. O

Remark. We do not yet know if the analytic index of a pair (M, F) is well-defined
on K-homology classes. This will be resolved in Chapter [4

Theorem 3.2.7 (The analytic index is an isomorphism). The map
ind, : Ko(-) > Z, [(M,FE)] ind(Dg)
is an isomorphism of abelian groups.

Proof. Assume that ind, (M, E) = ind(Dg) = 0 for a pair (M, E). Suppose that
q > 0. We have the relation

(M, E) ~ (S*,q8)

and so ind D,g = 0 (assuming the analytic index is well-defined on K-homology
classes). Direct sum - disjoint union allows us to decompose (5>, ¢f3) into | |I_, (S*", B)
and

q
0 =ind(D,5) = ind,( |_| (8%, 8)) = qind(Dg) = q.

This proves injectivity in the non—negatlve case. Suppose that instead ¢ is neg-
ative. By Lemma above the index of the pair (5%, 3") is —1 and we have
ind, (5%, ¢8) = L] 1md (S?,8Y) = |q|(—=1) = ¢q. Note that we have actually

constructed a SurJectlon given ¢ € Z, (S*", qf3) has index gq. O]

We are now ready to prove Theorem [1.4.13;
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Proof of Theorem [1.4.13. We have the two homomorphisms of abelian groups,

ind, : Ko(-) = Z, (M, E)w dim(ker Dg)* — dim(ker Dg)~
ind; : Ko(-) = R, (M,E)+— (ch(E)UTd(M))[M]

and it suffices to show that they agree for one example of index 1 (as then they
agree on 2 = 1 + 1 and so on). By Lemma [1.4.12] Td(T'S*" ® C) = 1 and by
Theorem ch(B)[S?"] is 1, while the analytic index of (S*", 3) is also 1. O

Remark. 1t is an immediate consequence of the theorem that that topological index
is integral. Of course, because we have seen only one calculation of the topological
index (and that index was integral) we do not have any reason to believe the
topological index isn’t integral, but it is not too hard to believe ch(E)UTd(M)[M]
is not prima facie forced to be an integer.
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Chapter 4

Invariance of the index

This chapter serves to verify that the homomorphisms ind, and ind; in the proof of
Theorem [1.4.13| are well-defined i.e. that that analytic and topological indices do
not depend on the choice of representative of the class [(M, E)] € Ky(-). The broad
strokes of this outline are taken from [BvEIS]|, although for specific computations
in the the case of bordism invariance of the analytic index we will refer to some
computations given in the enlightening paper [Hig91] by Nigel Higson.

4.1 Analytic index

A comment on notation before we begin. The analytic index on a K-homological
pair (M, E) is by definition the Fredholm index of the Dirac operator of M twisted
by E, ind,(M, FE) = ind Dg. We will alternate between ind Dy and ind, (M, E)
where it is appropriate to do so, without comment.

4.1.1 Under direct sum - disjoint union and bordism

Theorem 4.1.1 (Invariance under direct sum - disjoint union). The analytic in-
dex is invariant under direct sum - disjoint union. If (M, E),(M,E") are as in

Definition then
ind,((M,E)UJ (M, E")) = ind(Dgep).

Proof. We commit a mild sin with the notation (M, E') LI (M, E’) because it is not
of the form (A, B) € K, leading us to ask: how does one evaluate ind, : K — Z
at (M, E) U (M,E")? What we really mean when writing (M, E) U (M, E’) is
(MUM,EUE), where E LI E' has the bundle structure of the disjoint union of
cach bundle. The sections of E LI E' are I'°(E) @ I'*°(E’) and the spinor bundle

49
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of M U M is the direct sum Sy, @ Sy,. Thus, we have
ISy @(EBE)) =TSy @ E) T™(Sy @ E').

The kernel of Dg g splits in the same way and ind(Dgp) = ind(Dg)+ind(Dg/),
which is exactly the index of Dggpr. ]

Theorem 4.1.2 (Invariance under bordism). Let (M, Fy), (Ma, Fy) be as in Def-
inition |3.1.7 and related by a single bordism. Then the index the Dirac operator
on M twisted by F is the same as the index of the operator of My twisted by F.

The theorem will exist as a corollary of the following result:

Proposition 4.1.3 (Boundary index). Assume that M = OW is a smooth compact
even dimensional Spin® manifold that is the boundary of a compact Spin® manifold
W and F' — M 1s a smooth complex vector bundle with F = E}BW for B —
W another smooth complex vector bundle. Furthermore, suppose that the Spin®
structure that M receives is the one inherited as the boundary of W (see discussion
after Definition . Then the index of the Dirac operator of M twisted by F' is
0.

To see why this would be useful, remember that the index is a additive over
disjoint union. Assume that W is a disjoint union M; U (—M;) as in the definition
of bordism. Denote by Fj the restriction of I’ to M; and F; the restriction of F'
to —Msy. The additivity of the index gives ind(Dg) = ind(Dp,) + ind(Dpg,) = 0.
The reversal of the orientation of the second of manifold has the practical effect of
multiplying ind(Dp,) by —1. We arrive at

ind(F) = 0 = ind(Dp,) — ind(Dg,)

which is bordism invariance of the analytic index. The proof of Proposition
requires some intermediary steps. Assume that we can form a collar of M near
W, so that locally the boundary is diffeomorphic to (—1,0] x M. Define W+ =
W UM x (0,00) and by D the Dirac operator on W+ and Dp the Dirac operator
D twisted by F' (see Definition . The following lemma will be useful in
determining which operators are compact.

Lemma 4.1.4. Let ¢ be a compactly supported endomorphism on S, @ F with
supp(v)) C U, for U C W a relatively compact open set. Then if Dp is the
Spin®-Dirac operator for W twisted by F, the operator 1o (Dp414)~1 is a compact
operator.

Proof. This follows from a small extension of Theorem [1.3.12| For Fy — M as in
the setting of Theorem [1.3.12|and an open subset U of M, define W,%(EO‘U) to be
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the completion of FgO(EO‘U) (compactly supported sections) in the Sobolev norm.
This sits naturally inside I'2°(Ejy) by extending as 0 outside U. The extension of
the lemma is then that if U is additionally relatively compact then the inclusion
map Wé(Eo}U) — L?*(Ey) is compact. We will need to use this inclusion to get a
compact operator, but it is not worth emphasising too much beyond the comment
in the proof.

The composition then becomes

(Dp+i)~

2
L (SW+ ® F>(b unded)

WDF<SW+ ® F) —— Wh ((Sw+ @ F)|,)) s— L*

(compact)

(b unded) <SW+ ® F>

and the composition of a bounded operator with a compact operator is compact,
so ¥ o (Dp +14)~! is compact. O

Now, choose a ¢ € C°(W) such that ¢ =0 on W and ¢ =1 on M X [1,00)
(¢ is a bump function of some sort, although it is not compactly supported). The
important (bounded) operator is

Fy =1—2i¢(Dp +i)"'¢: L? <SW+ ® F\MX[O,OOJ — L? (Sw+ ® F\Mx[o,oo>> ~
(4.1)

Lemma 4.1.5. Fy is a Fredholm operator, having parametric G = 1+ 2i¢(Dp —
i) lo.

Proof. The aim is to first show that FyyG — 1 is a compact operator. This will
naturally extend to the statement that GFy — 1 is compact and hence Fy is
Fredholm by Atkinson’s lemma.

FywG —1=2i¢(Dp —i)"'¢ — 2ip(Dp + 1)~ ¢+ 4¢(Dp + i)' ¢*(Dp —i) "¢
= 2¢(i(Dr - i)"' —i(Dp + i)_11+2(DF +i) ' (Dp —i) o (4.2)

~~
&7

Now, the commutator [a~!,b] (for purely symbolic a,b) satisfies
atb=ba"t + a0 =bat +a b, ala!

and notice that [Dp—1i, @] = ¢(d¢). By Lemmal[t.1.4]the composition of ¢(d¢) with

(Dp 4 4)7! is compact, so K = a~t[b,ala™t is compact. Thus, we can commute

= (Dp+4)7! and b = ¢? so long as we add K. We can combine the difference
=i(Dp —1)"' —i(Dp + 1) into a single expression using the identity

(a—b)"'—(a+b)""=(-2b)(a* - b*)"
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which follows from the fact that when a,b commute we have ((a + b)(a — b))~ =

(a* — b*)~1. Thus,

FwG —1=2¢(—=2(D% + 1)t +2¢*(Dp + 1) Y(Dp — i) Do+ K
=2¢(—2(D7 +1)"' +2¢*(D7 + 1) o + K. (4.3)

At this point we should note that because 1 — ¢ is compactly supported 1 — ¢?
is also, which means that is sum of K and the composition of a bounded
operator and a compact operator and hence is compact. The other composition
is GFy — 1, but computation is completely analogous: the only difference is the
ordering of the composition and we know that this unchanged up to addition of a
compact operator. OJ

The proof of Proposition [4.1.3| will follow from the following three lemmas.

Lemma 4.1.6. Let V' be another manifold that satisfies the same conditions as
W in Proposition[{.1.3. If Fy is the map,

Fy =1-=2i¢(Dp+1i)'¢: L? (SW ® F’MX[O,OO)) — L (SV* ® F’MX[O,OO))

which is exactly the map Fy,, except we replace W by V', then the analytic index
of Fyv is the same as the index of Fyy .

This will allow us to make the choice of a specific manifold which has M as
boundary. Indeed, we make this choice in Lemma [£.1.§|

Lemma 4.1.7. When W is as in Proposition[{.1.9 is compact, ind(Fy ) = 0.

Lemma 4.1.8. When W as above is replaced by V- = M x (—00,0] (the same
replacement as in Lemma so that V., = M x R, the index of Fy equals
the index of the twisted Dirac operator DY, the Dirac operator of M twisted by
E=F|,,.

M

Proof of Theorem[{.1.3. By Lemma [4.1.6] we can consider any manifold that has
M as its boundary and the index will remain the same. Choose V' asin Lemmal4.1.8
and by Lemma[4.1.7] ind Fyy = 0. Finally, Lemma[d.1.8|gives ind(D¥) = ind Fy, =
0, completing the proof of Theorem ]

Remark. We are emphasising the “M” part of DY because M is only the boundary
of W, whereas usually Dg is the Dirac operator of the whole space (i.e. W) twisted
by E. Of course, D twisted by F does not make sense (F is not a bundle over W)
but the emphasis will prevent confusion.
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Proof of Lemma[{.1.6. Let D; and Dy be the twisted (by F') Dirac operators for
V* and WH.

1 N N

2_z'(FV — Fw) = ¢(D1 +1i) "¢ — ¢(Dz +1) ¢

= ¢(Dy+ 1) (D2 +1)6 = (Dy +14))(Dr +1) "¢

= ¢(Dy+1)"(Dap — ¢D1)(Dy +4) '

Now, on M x [0,00) Dy and Dy are the same operator - W and V™ are indistin-
guishable on M x [0, 00), so the expression Dy — ¢ Dy is actually the commutator
[Dy, ¢]. Recall that the Dirac operator is a first order operator (Example
and it has principal symbol ic(d¢). Conveniently, this is [D;, ¢] and d¢ is a com-
pactly supported, so by Lemma m %(FV — Fy) is compact. O

Proof of Lemma[{.1.7. Our aim is to prove that Fy is a compact perturbation of
the operator 1—2i(Dp+1)~! = (Dp—1i)(Dp+i)~!, which is a unitary automorphism
and hence has index 0. For brevity, define A = 2i(Dp +4)~'. We have

Fyw — (1 —-2i(Dp+i)™") = ¢Ap— A
= ¢Ad+ (¢ — (1 = ¢9)A(¢ + (1 - 9))
=—((1=9)A(l = ¢) + 9A(1 — ¢) + (1 — 9)Ad).

Note that (1 — ¢) is compactly supported and so (1 — ¢)A, A(1 — ¢) are compact
operators by Lemma {4.1.4] O]

Before we begin the proof of Lemma there is setup to be done. The
operator DY, is a map I'°(Sy; ® E) — I'™°(Sy; @ E), but we would like to compare
D, with Fy. We can write L*(R) ® L*(Sy ® E) = L*(Sy, ® F) using the
isomorphism

L2(R) & LQ(SM (%9 E) SPYRSE+— Sp € L2<SV+ (%9 F)

where sp(t,m) = ¢(t)sp(m). This isomorphism is really just a statement about
the spinor bundles: the twisting is extraneous. We want to extend our previous
definition of the grading operator from M to M x R. The idea is to define a new
Clifford multiplication that takes into account this extra dimension. Define in the
same way as previously a local oriented orthonormal frame {e;}"_, of TM and
write wy; = i*e; - - e, to mean their product in the Clifford algebra. Define the
extension of Clifford multiplication as

(e;) = {cM(ej) je{l,...,n}

CM(U.)M) ] = O
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where ¢y : TM — End(Sy/) is our already supplied Clifford multiplication on
TM. We can now write down an expression for the operator Dp, namely

u Sy, @F d - Sv, ®F
Dp = Z c(ej)Ve,* = C(eo)a + Z c(e))Ve, "
j=1

§=0
This can be rendered more usefully as

d

We can now compare D¥ with Fy,, by computing their indices.

Proof of Lemma[[.1.8 Write Fyy = 1 —2i¢(Dp +1)"'¢ as before, and notice that
Fy is a compact perturbation of the operator U = 1 — 2i¢(Dp + 1)~ %

U—Fy=0¢(Dp+1i) (1 —¢)
= ¢(1—¢)(Dp+1i)"" — (Dp + i) (—c(dp))(Dp +1) "

which is compact because ¢(1 — ¢) and c¢(d¢) have compact support, so we can
apply Lemma Define ¢ = 2¢) — 1 and write

U= (Dp+i)(Dp +i)"* — 2i¢(Dp +14)"
= (Dp — i) (Dp +1)".

Because (Dr + i) : WAH(Sy @ F) — L*(Sy ® F) is a bijection, the kernel of
U corresponds to the kernel of the operator Dr — i1 and the cokernel is the
kernel of (Dp — iY))* = (Dp + i1)). As earlier, obtain the splitting of the space of
square-integrable sections, L?(Sy, ® E) = L*(R) ® L*(Sy ® E). Let K = ker DY
and define by P the projection P : L*(R) ® L*(Sy ® E) — L*(R) ® K. Given
¢ € Wh(Sy @ F), if §2 is the smallest non-zero eigenvalue of D%, then we have the
following key estimate from Lemma below:

I(Dr £ i)¢|* > 611 = P)C|I*

This is useful because it restricts the kernel of Dr + i1 to L*(R) ® K i.e. the
kernel is a subset of L*(R) ® K.

Now, when we restrict to L*(R)® K the operator Dp it is £ @ (—ic(wa)) L.
If K, is the positive part of the kernel of D¥ and K_ the negative part, then
(4 ® (—ic(w)) £ i) f = 0 is solved by the functions

exp (£ [y ¥(s)ds)v, ve K,

ft) = exp :Ff(f@b(s)ds v, veK._.



4.1. Analytic index 55

Finally, v > 0 so of these only the negative exponentials are square-integrable.
Thus, we have dim(K_) = dimker(Dp + i9)) and dim(K ;) = dimker(Dp — i1)).
Hence, ind D¥ = ind(Dp — i1)). The operator Dp — it has the same index as U,
which is a compact perturbation of Fy, so ind Fy, = ind D¥. O

Lemma 4.1.9. Let 0 be the smallest positive eigenvalue of Dg. Then for all
¢ € Wp,(Sv, ® F) the following estimate holds

I(Dr £ i)¢|72 > 6°[|(1 = P)C|I72 -

Proof. Let ¢ be a smooth compactly supported section of Sy, ® F'. We will extend
the result to ¢ € W},_(Sy, ® F) after verifying that it is true in the smooth case.
In the following, all norms are L?-norms and the inner product is the L? inner
product. Then ||(Dy + i))¢||* satisfies

I(Dr £ )|

(Dr Fi)(Dp £ i)¢, C)
(D¢, ¢) + ((ic(w)d/dt + ih)*(—ic(w)d/dt  ip))¢, )
IDE ¢

v

The operator D¥ does not initially make sense as something we can apply to
¢, (because ( is a section of larger bundle than Sy, ® E) but there is a way to
make sense of D% ¢. The bundle Sy, is essentially R x Sj; and the sections of Sy,
correspond to time-dependent sections of Sy, ¢(t,m) = (t,((t,n)), say. In this
way, D¥ can act on these sections (for each ¢t € R separately) and so it makes
good sense to write down DY (.

To complete the proof, we can write || DY ¢|| = || D¥ (P¢ + (1 — P)¢)|| and note
that DM P¢ = 0, so we have HD%CW = || DY (1 - P)C||2. We can decompose ¢ into
constituent vectors in each eigenspace and write D3/ (1 — P)¢ = D3/ >°.(1 — P)¢j,
with ¢; being the component of ¢ in the eigenspace corresponding to eigenvalue
;. Remember that because eigenvectors across eigenspaces are orthogonal we can

2
write HZJ Gl =22 I¢;]1*. Finally, we notice that

l

for 9; = ¢, the smallest positive eigenvalue. We can extend this to ¢ in the Sobolev
space W _(Sy, ® F) using [Higdl, Theorem 1.1]. The theorem says is that if

2
=) &Pl
j=1

DY Y (- P

> &L= PGl =611 = P)|*
j=1
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we have a pair ((,€) € WL(Sy ® F) x L*(Sy ® F) with Dp( = £ then there is a
sequence of smooth compactly supported sections ¢, such that || — (n||iQ — 0 and
also that || Dr¢, — fﬂiz — 0. Suppose we approximate ¢ by a sequence ((,)nen of
smooth compactly supported sections of the bundle Sy, ® F. Write ¢ = ¢ —(,+(p,
we have the inequality

106 = Ga) + Gall” < MIC = Gall” + 1Gall* + 21 = Gall 1<l

which is the triangle inequality applied to ||(¢ — Cu) + Call*. Apply this estimate
to 6% [[(1 = P)(¢ = G + Ga)|* to get

P N[(L=P)(¢ =G+ Gl <81 = P)(C = I + 0 [|(1 = PYGall” +211¢ = Gall 16l
< & [(L = P)(¢ = GlI” + 0% [|(Dr £ i) Gall® +21C = Gall Iall-

-
«

Now, limy,_ ¢ = € so both [|(1 = P)(¢ — ¢&)|I* and [|€ = Call 1G]l disappear in
the limit. For the remaining term, because Dg(, approximates &, the limit as n
goes to infinity of « is just ||(Dp & i))C||” i.e. as n goes to infinity we get

O [(1 = PYOI* < I(Dr £ i)C]I*
for any ¢ € W (Sy @ F). O

4.1.2 Under bundle modification

Theorem 4.1.10 (Invariance under bundle modification). Suppose (M, E) is mod-
ified to yield (XF, fr @ m*E) as in Definition . If Dg is the Dirac operator
of M twisted by the vector bundle E and Dg,gg 15 the Dirac operator of XF
twisted by Bp @ 7*E. Then

ind(Dg) = ind(DgpemE)-
The proof of Theorem requires a fair amount of setup.

Definition 4.1.11 (Product operator). Let Dy and D be Dirac operators on even-
dimensional Spin® manifolds My, My with spinor bundles S, and Sy respectively,
with v being the grading operator on Si. We define an operator on the product
manifold:

Dl#DQ = D1 ®1+ v & D2 : Foo(Sl & SQ) — FOO(Sl & SQ)

We would like this to be the Dirac operator on the product manifold, i.e. the
one we receive when considering M = Mj x M, independently of the decomposition.
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Proposition 4.1.12. Suppose we fix M = My x M, and write Dy; to mean the
untwisted Dirac operator of M. Then Dy = D1# Dy and in particular, ind Dy, =
lnd(Dl#Dg)

Proof. This follows from Lemma[l.2.10] Indeed, the definition of the Dirac opera-
tor of a manifold M is coV, where ¢ is Clifford multiplication and V is the Clifford
connection on a S)s as described in Definitions [1.2.2] and [1.2.4] The Clifford mul-
tiplication distributes as in Lemma [I.2.10[ and the Clifford connection V,; for Sy,
satisfies Vy;y =V, ® 1+ 1 ® V), where V), is the connection for S; and Vyy,
for S,. O

We could also appeal to their principal symbols being indistinguishable, but
we also need to use the fact the Di# D, really is a Dirac operator (and hence is
self-adjoint) rather than just a statement about indices.

Lemma 4.1.13. For Dy, Dy as in Definition |4.1.11, ker(D1#Ds) = ker D; ®
ker Ds.

Proof. Tt is clear that if s = $1 ® s9 € ker Dy ® ker Dy then s € ker(D;#D3) so it
remains only to show the opposite. Suppose that s = sy ® so € ker(D;#D3). The
key fact about D := (D1#D,) is that D* = D? ® 1 + 1 ® D2. To see why this is
the case, consider (Dy#D5)?,
(D1#D2)281 X So = D%S1 ® 89 + D1781 ® Dasy
+ ’}/Dlsl (%9 DQSQ -+ ’)/252 X DgSQ.
Now, the Dirac operator swaps the grading of Sy, so Dyys; = —yD;s;. Because

7v? = 1 by definition (the grading is the decomposition of S; into +1 and —1
eigenspaces we get from 7? = 1), we get to

D%Sl X So + leysl & D282 + 7D181 X DQSQ + 7252 X DSSQ = D%Sl ®s1+5X® DgSQ.
Now, if Ds = 0 then (using L? norm), || D(s; ® s,)||> = 0 and

ID(s1 ® s5)[|* = ((D1#D2)(s1 ® $2), D1#Ds(s1 ® 52))
= (51 ® S, (Dl#D2)2(51 ® s2)),

which is due to Dirac operators being formally self-adjoint. We have

(51 ® 2, (D1#D2)?s1 ® $3) = (81 ® $2, D51 ® $3 + 51 ® D35)
= (51 ® 89, D51 ® 83) + {51 ® 89, D355)
= (D151, D151) - (S2, 82) + (D282, Dasa) - (s1,51)
= [ Dysi||* lsa]1* + [[ Dasa |l 11|

The above is 0 only when s; sy are in the kernel of D; and Dy respectively. O
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Proposition 4.1.14. Suppose that we have Dy and Dy as in Definition |4.1.11].,
except now twisted by a vector bundle E — M = M x My that restricts to bundles
Ey and E, over My and My. Suppose also that the index of Do is 1. Then
indDM1XM2 = inDl.

Proof. From Lemma we know that the kernel decomposes the kernel of Dy
and the kernel of Dy. The grading on the product S; ® Ss is from the grading on
the constituent spinor bundles S; and S5:

(S ®%)T = (S @S e (S ®Sy)
(S1®8)T = (S ®55)® (S; ®S5).

This is due to the induced tensor grading: even parts correspond to tensors which
have the same grading, odd to those which have opposite. If we intersect these
positive and negative parts with the kernel of D, we get the decomposition of the
kernel:

(ker D)" = ((ker D1)" @ (ker D)) @ ((ker D)~ ® (ker Dy)™)
(ker D)~ = ((ker D;)" ® (ker Dy)™) @ ((ker D;)~ ® (ker Dy)™).

Here we have used the notation ¥ and ~ to denote the restriction to sections that
are in the positive and negative parts of the spinor bundle. The index of D is by
definition the index of the positive part, ind D := (dimker D)™ — (dimker D)™, so

dim(ker D)* — dim(ker D)~ = dim(ker D;)" - (dim(ker Dy)* — dim(ker Dy) ™)
— dim(ker D)~ - (dim(ker Dy)* — dim(ker Dy) ™)
= dim(ker D;)" — dim(ker Dy)~.

O

This construction helps to motivate the construction of the # product, but
it is still not yet clear how this will help us prove that the index is independent
of bundle modification. Before we begin, there is some notational conventions
that need to be discussed. In what follows, we will write Py, : M x S™ — M
for projection to M and likewise Pgsn» : M x S™ — S™ for projection to S™. The
restriction of Py, to a subset U of M will be denoted Py.

Remark. The bundle P§. [ formally consists of triples (u,z,b) € U x S™ x § such
that © = m3(b) (7 is the bundle projection for /), but because b is in the fibre of
[ at x, if we supply b € 3, then we are also giving complete information about .
In light of this, we can write U x 8 = P4, 3, and likewise for PZ}E|U = E’U x S".
We will alternate between these descriptions where appropriate, and only in the
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proof of Lemma does it become more enlightening to use the triple to denote
an element of P§.0 and PjE|,, because keeping track of the basepoints becomes
important.

Recall that from Definition we can construct a sphere-bundle LF from
the bundle F' over M. Then the modification (Definition [3.1.11)) of (M, FE) is

Example 4.1.15 (Motivating example). When F as immediately above is F' =
M x R™ (i.e. trivial), then (SF,7*E ® Br) = (M x S™, EX ) and in particular,
Dr+pep, = De#Dg. Hence, by Proposition|4.1.14 we haveind Dg = ind D+ ggg, -

Proof. Recall that we can write ' = P Xgpine(n) R". When F is trivial, P is also
and, XF = M x S™ and the projection 7 : M x S™ — M is projection to the first
factor, giving 7*E' = Py, E. For fr we have 8p = P Xgpine(n) 3 = M X 3, which is
P§. 5. Since we have (XF,7*E ® fr) = (M x S™, EX (), the operator Dy «gggs,
has the same symbol as Dg#Ds by Lemma The index of Dj is 1, so in
the case when F' is trivial, the (analytic) index of (M, E) is invariant under vector
bundle modification. O]

We aim to show that the index is invariant under bundle modification even
when F' is not a trivial bundle.

Definition 4.1.16 (7). Let M, F be as in Definition let P satisfy F' =
P Xgpine(ny R™. Given an open subset U trivialising P, denote the trivialisation of
P by the map T : P}U — U x Spin‘(n).

Our first use of 7 is for the following local identifications.
U x Spin®(n) Xgpinen) S™ — U x S™, (4.4)

U x Spin‘(n) Xgpincn) f — U X 3, (4.5)

which are given by (respectively) (u,[g,z]) — (u,g - x) and (u, [g,b]) — (u,g - b)
for u e U,z € S™, g € Spin°(n),b € f3,.

Definition 4.1.17 (¢ and ¢,). Let 7 be as in Definition|4.1.16, Define 1, and
wr by the commutativity of the following diagrams:

5F|71-—1(U) = ’ Ps*n(ﬁ)
lll? lue

TXx1 . ¢
P’U X Spin®(n) B —B> U X Spln (n) X Spin®(n) Xﬁa
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= Y(U) o » U x S"

IIC lue

P|U X Spin®(n) Sm M U x Spinc(n) XSpin®(n) xS™.

Remark. Both v, and ¢, are well-defined because 7 is Spin(n)-equivariant. The
map . is an isomorphism of vector bundles by construction.

Recall the setting of vector bundle modification: we have a pair (M, E) consist-
ing a smooth compact even dimensional Spin®(n) manifold with smooth complex
vector bundle £ — M as in Definition B.1.71 The bundle modification (Defi-
nition of the pair (M, E) given smooth real vector bundle F' — M is
the pair (XF,7*F ® fBF), where m : XF — M is the projection for XF and
61:‘ =P XSpin®(n) 6 — XF.

Definition 4.1.18 (¢g). Let 7 be as in Definition|f.1.16. Define ¢r as the map
©Op 7T*E|W71(U) — P[’}(E‘U)

given by

W*E‘ﬂ_l(U) > ([p,z],e) — (u,g-x,e) € Pg(E’U)
forueUpe P,x e S" ec€ B, [p x| € (XF),, if T(p) = (u, g) for g € Spin(n).

Lemma 4.1.19. If ¢ is as in Definition then g is an isomorphism of
vector bundles.

Proof. The inverse is (u,x,e) — ([p,z],e) such that 7(p) = (u, lspincn)). By
construction, p € P, and e € E,. The compatibility between the bases 7=(U)
and U x S™ is given by 1 in Definition 4.1.17] O

Lemma 4.1.20. Let ¥ F be in the Definition|5.1.11. Then
TYF =21 TM @ (P Xgpine(n) T'S™).
Proof. A analogous version of this is in [Hoc09, Corollary 12.3 on page 158]. [

Lemma 4.1.21. The isomorphism in Lemma mduces an isomorphism at
the level of spinor bundles,

G:Sp—785y® (P X Spin®(n) Ssn)

In particular this restricts to the local map

Gl rmswy 5|y = (7l Sualy) @ (Pl Xspineny Ssn)-
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Proof. The statement that G restricts to G’fl ) is immediate if G exists. We

can use our previous results about the spinor bundle in Propositions(1.1.15} [1.1.16
and [1.1.18| to see why these bundles are isomorphic. From Proposition [1.1.15( we
know that

ST(*TM@PXSpiHC(n)TS” = SW*TM X SPXSpmc<n)TS”a

and from Proposition [1.1.16| with f =7 : XF — M we know
Sﬂ-*TM = W*SM.

Finally Proposition [1.1.18 with Y = S™, E = TS", and the Lie group being
Spin‘(n) (acting on S™ via its canonical projection to SO(n)) says that

SPXSpinc(n)TSn - P XSpinC(n) SS”

Ordinarily, to show that a map between bundles is a bundle isomorphism, one
must show the compatibility of the base manifolds. For a bundle ng : E — M to
be isomorphic to 7 : F' — N, we must have both a map f : E — F and a map
g: M — N satisfying gomg = mp o f. It is not necessary to show that the map
between the base manifolds exists here, because this follows from the existence
of such a compatible map for the isomorphism in Lemma although this is
hidden in the reference provided. [

Definition 4.1.22 (C;). Let T be as in Definition . Define
Cr - (W|U*SM‘U) ® (P’U X Spin®(n) SS") — SM’U b9 Sgn
by
([p. 2], 51) @ [p, s2] = (w9 - 2,51 @ g - 52),
where w € U, s1 € (Sy)u,x € S™,p € Py, 59 € (Ssn),,7(p) = g.
We can choose the same p in each part of the product ([p, x], s1) ®[p, s2] because

the tensor product requires representatives to be in the same fibre - which are
related by a group element by the definition of a principal bundle.

Definition 4.1.23 (pg). Let G : Sger_l(U) — W‘U*SM}U ® P|U X Spinc(n) Ssn be
as in Lemma then the commutativity of the following diagram defines pg

SZFLT—I(U) £5 > SM‘U&SSTL
\ /

W‘U*SM|U ® <P|U ><Spinc(n) SS")'
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Definition 4.1.24 (V,).
U, : (Serp@7m"E® Br) Lr—l(U) — (SM‘U X Sgn) ® Pr?(E}U) ® Pga (B)
is given by the product os @ pg ® @, of the three maps
Vs : Sgp}ﬂ,lw) — SM|U X Sgn
pp T E| g = PO(E])
Pr - 5F|ﬂ_1(U) — P (B).
For brevity, write SE’U = SM‘U ® E‘U and Sg = Sgn ® B.
Lemma 4.1.25. In Deﬁnition (Su|, ®Ssn) @ Py(E|,) ® Pin(B) is
(Su ® E)|, K (Ss» ® 8) = Sg,, W S.
Proof. The rearrangement is
£ : (Sul, B Ssn) ® Po(E,) ® Piu(8) — ((Su ® B)|, ¥ (Ss: © 8))
given by
(u,z,81 ® 82)) ® (u, z,e) ® (u,z,b) — (u,x,(s1 ®e) R (sg ® b))
forue Uz € S s1 € (Si)u,s2 € (Ssn)z, € € (E)y,b € (B)s O

Lemma 4.1.26. Suppose that J : (Ssr @ 7™ E ® () ‘ﬂ_l(U) — 7 YU) is the bun-
dle projection of (Sxr @ T E & PBF) Lr*l(U) over m=H(U) and likewise suppose that

K : SE‘U XSz — U x S™ is the bundle projection for SElU X Sz over U x S™.
Then V., is compatible with 1., in the sense that the following diagram commutes:

(Ser ® ' E ® r) |, 1) — Sely 85

[ lf‘ (4.6)

7 Y U) o » U x S™.

Proof. We have already determined all of the necessary components of V. and
Y, to complete this proof. Suppose that p € P,z € 5", [p,z] € (X¥F),,e €
Ey,s1 € (Su)u, 2 € (Ssn)z, b € By. Suppose additionally in the following that
for G as in Lemma and s € (Sup)p.a) we have G(s) = ([p, z],51) ® [p, s2] €
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T U*SM{U ® (P’U Xgpinc(n) Sg») and recall that the if we have a fixed 7 as in the
definition of ¢, we can define 7(p) = (u, g), for g € Spin°(n). Then,

e 0 J(s @ ([p, 2], ) @ [p, b]) = ¥ ([p, 2])
= (u,9- ).

If we compare the other composition:

KO\IIT<S® ([p,x],e) ®[ 7b]) = KOOT(([p,ZL‘],Sl) & [p7 82]) ®90E([ 7x]7€) ®SDT([ )b])
=K((u,g-2,8®9-52)® (u,g-7,e®g-b))
O

Remark. The above proof also demonstrates that C; is a vector bundle isomor-
phism.

Corollary 4.1.27. V. : (Syp ® ™E ® Br) \rl(U) — Sy, B Ssn @ PH(E|,) ®
P&, (B) is an isomorphism.

Proof. Because each tensor factor of ¥, is an isomorphism, and the diagram (4.6))
commutes, ¥, is an isomorphism. O

Definition 4.1.28 (®,). Define

@ T ((Sor @ T E® Br) |, 1)) = T ((Su @ B)|, B (Ss» © 9))

is given by (®,5)(u,7) = U (s(¢7 (u,2)), fors € T ((Ssr @ E 0 Br) | ) )
uelU,xeS".

Lemma 4.1.29. The map
G, I ((SEF RTE® Br)|_, U)> =T ((Su ® E)|, R (S @ B))

in Definition is an isomorphism.

Proof. 1t suffices to show that &, is a bijection, because ¥, is a vector bundle
isomorphism and ¢, provides the basepoint compatibility. We should remark at
this point that there isn’t very much to be done here: everything proceeds from

Corollary [4.1.27| and the definition of ¢,. If 51,89 € ((SZF QT E ® fr) ‘ 1 U)>

satisfy (®rs1)(u,x) = (Prs2)(u,x) then because both ¥, and . are isomor-
phisms, s; = s5. Surjectivity follows from the existence of a right-inverse: if s3 €

> ((SM ® E) ‘U (Sgn ® 6)) then s, := W 1s3eh, € I'™® <(SEF RTE ® Br) ‘rl(U))
is a section for which ®,(s4) = s3. O
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We should note that ®. respects the grading on the sections of the spinor bundle
because the map G in Lemma does so, although this is not immediately
obvious.

Definition 4.1.30. Define

DW*E®6F

) R ((Szp QT E ® Br) }ﬂ.—l(U)> R ((SEF KT E® Br) |W,1(U)>

by

DTI'*E@ﬁF

= ' o (Dg|,#Ds) o ;.

We aim to prove that this does not depend on the choice of trivialisation (U, 7)
of P‘U. Denote by adding a / to the subscript the maps that correspond to ¢g,
©r, s except containing a different trivialisation 7/. Before we state precisely
the next lemma, it is worth referring back to Lemma [4.1.25] Formally, we will
need to conjugate the W-part by £ to make sense of the compositions in the proof
of Lemma although because this is only a re-arrangement we tend not to
emphasise it.

Lemma 4.1.31. Suppose s = sg ® sg € FOO(SE|U ® Sg),u € U and x € S™. Sup-
pose that we define p = 77 (u, Lspine(n)) and define g € Spin® by 7'(p) = (u,97'),
ie. o1 (u, Lspine(n)) = (u,971). Then

Ve oW ls(v) oy (u,2)) = sp @ gsp((u, g - @),

which is by definition the group action by g € Spin®(n) on a section s € FOO(SE‘Uﬁ
Ss).

Proof. Common to all three components is the basepoint-changing isomorphism

w’r’ O¢;17

¢7_/ o lp.r—l (u, x) = ((T/ o 7'_1)<U, 1Spinc(n))7 x)
= (u,[g7",2])
= (u, g_l . :L“) (4'7>

The final step is due to (4.4) and in what follows we will use , without
particular reference. For readability, we will compute W, o \If;,l component-wise.
First, note that the restriction to 7=1(U) of the global isomorphism G : Ssp —
7Sy @ P Xgpine(n) Ssn does not depend on 7 and so does not appear in ¢g o gpg,l.
We can compute the inverse of C'/ as

C;/l : (U,I‘,Sl ® SQ) = ([pa LU],Sl) ® [p7 52]7
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for generic s1 € (Sar),, S2 € (Ssn), and p € Py, 7(p) = (u, Lspinc(n))-
The trivialisations 7, 7" are Spin®(n)-equivariant so if we fix a ¢ as in Lemmal4.1.31
we get

(t Lspine(my) = 97" © 71 (u, Lspine(m) = 7' 0 7 (u, 9),

which is exactly equivalent to 7o(7") ™ (u, lspinc(n)) = (4, 9). Define p1 = (7/) 7' (u, lgpinc(n))
and define the now fixed vectors s; € (Sy), and sy € (Ssn)g by

—l.p

s(u, g7 x) = (u, 97" - 1,51 © 85)
where s is a section of S M‘U Xl Sg». The basepoints are included to aid in compre-
hension. We compute explicitly g o g (s(u, g1 - x)),

(ps0@g ((u,g7" - 2,5 © s3))

=C,(([p1,g7" - 7], 81 ® 82))

= (u,9g7" 2,51 @9 5)

= (u,z,51 ® g - S2). (4.8)
Remember that s, is in the fibre at ¢=! - 2, so g - sy is in the fibre at z. Next,
consider ¢g 0 v, : Pg(E‘U) — P,}(E‘U) acting on (u,g™' - z,e) € P{}(E|U) for a
fixed e € E,,

-1 -1

'33]76)
-z],e) = (u,z,e). (4.9)

-x,e) = ([7(p), g
= (uv [g,g_

¢r 0 g (U, g
1

Finally, consider ¢, o ¢! : P&.(8) — Pi.(8) acting on (u, g - z,b) € Pi.(8) for
a fixed b € By-1.,,

¢r o (u,g " - a,b) = (u,[g,97" - ],b)
= (u,x,b). (4.10)

If we combine Eqs. (4.7) to (4.10):
(s 095 ® 0p o g ® pro @, )s( o (u,7)) = s ® g+ 5597 (u, 7))).
O]

Lemma 4.1.32. If (U,7') is another trivialisation of P
DE‘U#DB commutes with ®, o @;1.

s then the operator
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Proof. By Lemma |4.1.31], we have

Dgp#Dg (9,09 'sp ® s3) = Dp#Ds(sp ® g s5)
= (Dp#tgo Ds)(sp ® sp)

which is exactly @, o (ID;,l(DE#DB)sE ® sg. The final line is because Dg is Spin®-
equivariant. O

Proposition 4.1.33. The differential operator Dﬂ*E®5F

= 87Dl #D):
O, does not depend on the choice of trivialisation (U, T), in the sense that if (U,7")
is another choice of trivialisation of P|,, then

' o (Dp|,#Dp) o @, = &' o (Dg|,#Dgs) o Py
Proof. This follows from Lemma [4.1.32] Write

9! o (Dp|,#Dg) 0 ®p = (B 0 ®;) 0 B (Dp|,#Dg) Brr o (' 0 D)
=0 o (P, 0P o (DE|U#Dﬁ) o (Prod od,.

Now, because of Lemma we can swap (DE|U#D5) and (@, 0 ®71) to get
O 1o (0,09 1) o (P 0@ 1) o (Dp|,#Dgs) 0 @, = &' o (Dp|,#Ds) o ®-.

]

Proposition 4.1.34. ker Dn*E@BF = ker Dp®ker Dg and the isomorphism respects
the grading.

Proof. We will show this is true locally and then rely on a lemma proven below

to extend the result to a global statement. Because &, is an isomorphism and
respects the grading, it suffices to check that the following relations hold

7T‘1(U))

U)) C ker DE‘U ® ker Dg.

1. ker DE}U ® ker Dﬁ Cc P, (DW*E‘&BF

2. &, (ker Dw*E@,BF

= 1(
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To show the first inclusion we need to check that an element sp ® sg €

ker Dp|,, ® ker Dy satisfies ' (sp ® s5) € ker [DﬁF@m*E‘ . We have
Dgpenn| o 27 (58 © 85) = 7 D | # D5 (55 @ 55)
= P (s0)

where sq is the zero section, and so hence ®- sy is also.
We now consider the second point. Let 0 # s € ['*° ((SEF Q7 (E) ® Br) ‘ﬂ—l(U))

and suppose further that s € ker Dﬂ}?@ﬂ'* g. Write @, (s) = sgp ® sz and consider

(Dp|y#Ds) ®7(s) = Da-pasy |

By Lemma below, @, does not depend on the choice of 7 and so defines an
isomorphism
® : ker D;+pgp, = ker Di ® ker Dyg.

O
Remark. Because the index of a twisted operator is a difference of the graded

parts of its kernel (Definition [1.2.11] and below it for details) Proposition |4.1.34
combined with the result of Proposition 4.1.14|implies that ind D+ ggp, = ind Dg.

Lemma 4.1.35. Let E — M be a vector bundle. Then the identity section 1g €
['*(End(E)) defined by M > m +— 1g, € End(E,,) corresponds to the identity
endomorphism 1 € End(E) given by 1g(e) = e, fore € E.

Proof. Denote by ( the isomorphism given in Lemma [1.3.10, Then

C(Lst)(s) = (Ls+(2))(s) = s,
for s € (S7),. O

Lemma 4.1.36. The local isomorphism

®. : ker Dw*E®BF — ker DElU ® ker Dg

~1(U)

does not depend on the choice of T when restricted to sections in the kernel of
D +pep, and hence extends to an isomorphism

d : ker Dw*E®6F = ker D ® ker Dg.
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Proof. Recall that from Lemma that @, o (®,/)~! acts as multiplication by
an element of Spin®(n) on sy ® sz and in particular this is an action only on the
sg part. Now, the key fact about this is that the action of ®, o <I>T_,1 on the kernel
of Dp# Dy is trivial, i.e. when sp ® sz € I'°(Sg) ® ker Dg,

P o® ) (sp @ s5) = 55 ® sp.

The positive part of the kernel of Dg is C- (14 ¢(w)). This is an endomorphism
on ST, and C(1 + ¢(w))|4, = C(2-15+) = C- 1g+. Note that formally 1g+ is not
actually the identity map on ST, it is the identity section i.e. it is the section that
takes v € S™ and sends it to 15+ € End(S™) = ST ® (ST)*. We have not taken any
effort to distinguish between these because as Lemma [l.3.10| makes clear, they are
the same space. By Lemmal[4.1.35|the identity section of the endomorphism bundle
corresponds to the identity endomorphism in the endomorphism ring. Recall that
when T' € End(S™) and ¢ € Spin®(n) the action by g on T is

g-T=goTog™.

Notably, if T'= 1g+ € End(S™) then g does nothing at all. With this in mind,

D, 0 (@) (55 @ 55) = 55 g+ 55
=sp®z2-g-lg,,
=Sp®z- 153+'
Where z € C corresponds to our generic sz € ker Dg via (ker Dg)* = C - 1g+. O

Lemma 4.1.37. Suppose that f = (f1 ® fo) € C*(U) ® C*(S") and that y =

(y1,y2) € UxS™ with f(y) =0. Write sp®s3 = s € I'*°*(SgXSs) and suppose that

s(y) = (e1,e2) € (SE)y ® (S8)y,- Then the principal symbol of T = DE|U#D5 is
ox(df|,)(e) = opg |, (df], )(er) ® s5(y2) + (c(w)s)(y) @ o, (dfa],,)(e2)-

Proof. This relies on the fact that a simple tensor sp®sg € I'*(SyQE)Q[*(S®/5)
is linear over both entries.

(iDg|,#Ds) (fsg @ s5) = i(Dp|, ® 1+ c(w) ® Dp)(fsr @ 55)(y)
= iDp|, (fisp)(y1) @ s5(y2) + (c(w)sp) (1) @ i(Dg f255)(y2)-

Now, because iDE‘U(flsE)(yl) = UDE‘U(dfl‘yl)(sE(yl)) and
i(Dgfasp)(y2) = aDﬁ(dfg‘w)(sB(m)) the end result can be rendered in a more
palatable shorthand (omitting the cotangent vector),

or = 0pg|, ® 1+ c(w) ® op,.
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Lemma 4.1.38. Let Y = (5F®7T*E)}F71(U) and T = DE|U#D5, i.e. suppose

Dy = D(BF®7T*E)‘7T1(U) as in Definition |4.1.30. Then the principal symbol of Dy

18
0p, (&) = U o (§ o Ty, (mytb; )W,
for allme M,§ € T M, and for 1.,V as in Definition |4.1.28

Proof. Recall from Lemma[1.2.16|that the we can compute the principal symbol of
an operator of order 1 using a commutator. Now, fixan s € I'°((S ® fr @ 7" E) ’ﬂ_l(u))

and a smooth function f € C®(x~'(U)), with f(m) = 0i.e. as in Definition|1.2.14}
Then we can compute the principal symbol of Dy,

(TR (f - 5)(m) — [T (s))(m) = q)?l(( V) T (s) + or(d(; ) f) P (s)
— () - XTL(s)) (m)
= (@7 'ox(d(7 1) )@+ (s)) (m).
Conjugation by ®. corresponds to conjugating by ¥
(@7 or(d(W7 ") f)P.(5)) (m) = U o (A7) )W (s(v7 " 0 (m)))
= U lor(d(wr ') f)P-(s(m))

for a particular point m € 771 (U). The de-Rham operator d satisfies (for a generic
smooth function f on 7= 1(U)),

s, ) (V7 1)"f) = df|,,, © Ty myty
If ¢ € T (m1(U)) we conclude that

Op-lve, (&) = \I’;IUT@ ° TwT(m)@br_l)\I’T-
]

Proposition 4.1.39. The principal symbol of DW*EWF 1s the principal symbol of

Proof. Recall from Proposition [1.2.17that OD e pop, = ODy = icsp(§) @1 pR1g,.

From Lemmas4.1.37/and 4.1.38 and we know that the symbol of Dy is U-logyol,.
Define £ = (&pr,&sn) 0 T, as above. Then,

V. (icsr(§) @ Lov(m) ® 1g,) = pslicsr(§)) ® g @ ¢r
= (icr(Em) ®@ s + c(w) ® csn(€sn)) s @ Y @ @r
= UT(&)\IJT7
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which is exactly equivalent to W 'oop, oW, = o5 . Note that the compatibility of
s with the Clifford multiplication is due to Lemma|[1.2.10, where we remark that
the C; part of pg commutes with Clifford multiplication because the multiplication
by an element of Spin‘(n) on sy € Sgn = Pgn Xgpinc(n) C2"? acts only on the
structure bundle (i.e. Pgn) part of Sg» and does not act on the complex part. [

Proof of Theorem[].1.10, Proposition [4.1.34| implies that ind Dy = ind D,- E®fp
and Proposition 4.1.39 implies that ind D+ ggp, = ind Dr+peg,, giving

ind Dw*E@ﬁp = ind DE

4.2 Topological index

Recall that the Todd class of a manifold M is by definition the Todd class of the
tangent bundle T'M. The topological index of a pair (M, E') as in Definition m
is (ch(F)UTd(M))[M] and by Definition this is exactly the integral

/ ch(E) U Td(M).

Theorem 4.2.1 (Invariance under direct sum - disjoint union). The topological in-
dex is preserved under direct sum - disjoint union. Suppose that (M, E)U(M, E") ~
(M,E®FE'"). Then

/ ch(E) UTd(M) + / ch(E') U Td(M) = / ch(E @ E') U Td(M).

Proof. The Chern character is additive across direct sum; ch(E & E’) = ch(E) +
ch(E). O

Theorem 4.2.2 (Invariance under bordism). The topological index is preserved
by bordism. If (M, Fy) is bordant to (Ms, Fy) then

Proof. Recall previously in the proof of Theorem [£.1.2]that the index of a boundary
was 0 was equivalent to the index was invariant under bordism. The same principle
holds for the topological index. Suppose that F' — X is a vector bundle on a
manifold X that restricts to £ on 0X = M. The Chern character and Todd class
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commute with pullback, and ch (E } 5 X) UTd(0X) is the restriction to the boundary
of ch (F) UTd(X). Define by ¢ the inclusion mapping of M = 0X < X. Then,

/ ch(E) UTd(M) = / ch(s*F) U Td( (T X)).

The normal bundle N is trivial and TX | y=ITM® N, so

/ ch(:*F) UTA(TX) = / 2 (ch(F) U Td(TM))

- / d(ch (F) UTd(X))
—0.

The second to last line is due to Stokes’ theorem, and the final line is because
ch(F), Td(X) are closed forms. O

Theorem 4.2.3 (Invariance under bundle modification). Let E, M, Br and m :
YF — M be as in Definition|3.1.11. Then

(ch(E) U Td(M))[M] = (ch(8r @ 7" E) U (Td(EF))[EF].

Proof. We first note that the following proof is another example of remarkable
efficacy of our computation in Chapter [2]

We can use a partition of unity to decompose this integral. Suppose that
{U;}._, is a cover of M and {x;},_, is a partition of unity subordinate to this
cover. Suppose also that these U; are trivialising neighbourhoods for the sphere
bundle 7 : ¥F — M. Recall that in Definition we had a trivialisation
Y Y (U) = U x S™. For each U; in the cover, there is a corresponding 1; :
7 U;) = U;x S™. Let Py, : Ujx 8™ — Uj, Pgn : U;jx S™ — S™ be the projections
to each factor. The decomposition due to the partition of unity is:

!
/ ch(m*E @ Br) TA(SF) = ) / 7*x; ch(r*E @ Br) Td(SF).
XF j=1 Trfl(U]')
For a particular j we have
=1 (Uj)

| @) B @ bl )05 T W),
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which is due to the invariance of integrals under pullbacks of diffeomorphisms.
Because v; is a trivialisation of the bundle XF' there is a commuting diagram,
o zpj_l = Py;. We may write the integral above as

| B B e el ) T ),
3 XS

The aim is to pull back every part of the above integrand by either Py, or
Pg, so that we can split it into integrals over U; and S™ separately. We have the
isomorphism P%, 3 = (wfl)*ﬁp‘ﬂflw) for each j, which is via the map

Pgnﬁ - (¢]'_1)*/BF}7T71(U].)7 (U,J},b) = (uaxa[ 7b])

where 7g(b) = x, 7(p) = (u, lgpinc(n)), for u € Uj,x € S™,b € B. Because 7(p) =
(u, 1gpinc(n)), @Dj_l(u,x) = [p,x]. Using this we can further modify the integral
above:

| PR, (B ()5 ) Tl (V).

J
The only remaining term is the Todd class of 7=(U). The key fact to overcoming
this is the tangent map for the trivialisation (¢; ). T(¢; ") provides a trivialisation
of Tr~'(U;), which is TSF| 1wy This splits 771 (U;) into the direct sum,
4 J

T YU;) = P TU; & Pg.T'S™, which is a local statement of Lemma 4.1.20}
| PP, B, P, (TAW,) P ch(3) P (T(S™)
3 %S

= [ el Tawy) [ (s Taes),

J

Now, from Lemma [1.4.12| we know that the Todd class of S™ is 1 (n is even) and
from Theorem the Chern character of 3 evaluated at the fundamental class
of S™ is 1. We conclude that

/ yh(B],,) TA(U)) /S ch(B) Td(") = /U ; h(B],,) TA(U)

Finally, the whole integral may be written as a sum:

ch(m*E ® Bp) U Td(SF))[SF] = Z /U X; ch(E[, ) Td(U;)

_Z/ij ch(E) Td(M)

= (ch(E) UTd(M))[M],
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which is invariance of the topological index under vector bundle modification. []
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Chapter 4.

Invariance of the index



Chapter 5

A group-equivariant index
theorem

We formulate a suitable notion of group-equivariant K-homology of a point and
see how the introduction of a group action by a compact Lie group G changes
the topological and analytic index. The aim is to present an outline of how a
suitable analogue of Theorem holds when we consider M as a G-manifold

and ¥ — M a G-equivariant vector bundle.

5.1 Group-equivariant K-homology

The structures of Spin® manifolds adapt well to the introduction of a Lie group, and
much of the introduction is merely in writing down where one must incorporate
the action by G.

Definition 5.1.1 (G-Spin® datum). Let M be as in Definition[1.1.17. If (P,n) is
a G-Spin® datum for T M then an isomorphism of G-Spin® data is an isomorphism
of the relevant Spin® data except where the isomorphism respects the group action.
A G-isomorphism class is then a G-Spin® structure for T'M, which is by definition
a G-Spin°® structure for M.

Remark. Specifying the decomposition T'M = P Xgpine(n,y) R is equivalent to spec-
ifying a Spin® structure, and this is also true in the case of the G-Spin® structure.
The action by G on TM or Sy = P Xgpine(ny C? is an action on the P-part.

The K-homology of a point extends to the case when we introduce a group,
because we can decree that the action of G on M lifts to an equivariant action
on a smooth complex vector bundle £ — M. If it is important to emphasise the
existence of the G-Spin‘-structure on (M, FE) we may write (M, E)g.

75
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Definition 5.1.2 (Pair G-isomorphism). Suppose we have an isomorphism of pairs
(M, E), (M',E") as in Definition and both M, M' have G-Spin® structures
as in Definition with B, E' being G-vector bundles. Suppose additionally
that the isomorphism of those pairs satisfies the following conditions. The diffeo-
morphism ¢ : M — M' and bundle isomorphism E — E’ respects the group action
and preserves the G-Spin® datum, in the sense that (¢*P’, ¢*n’) is G-isomorphic
to (P,n) (as G-Spin° data as in Definition[5.1.1) and that the pullback ¢*E' is iso-
morphic (as a complez vector bundle on M ) to E and the isomorphism respects the
group action. Then we say that (M, E)q is now pair G-isomorphic to (M', E')q

Definition 5.1.3 (K¢). Define analogously to Definition the set Kg which
consists of pairs all pairs (M, E)g modulo the G-respecting isomorphism described

in Definition [5.1.9

Remark. Essentially, a pair (M, E) € Kg is a pair in K that incorporates a G-Spin®
structure on M and the G-action is compatible with £ — M.

We can proceed with the incorporation of the G-action into the relations de-
scribed in Definitions [3.1.8] [3.1.9| and [3.1.11]

Definition 5.1.4 (Direct sum - disjoint union). Suppose two pairs (M, E")g and
(M, E)g are in Kg. Then (M, E)g U (M, E')q is related to (M, E ® E')¢ and the
action by G on the direct sum E @ E' is gle +¢') = ge + ge, for g € G, e € E,
e e (E)m.

Suppose that as in the setting of Definition we have a pair (W, F') that
satisfies (OW, F|,,,) = (M, E)U(—M', E'). We must first say what it means to get
a G-Spin® structure on the boundary of W. At each stage in the construction of the
Spin® structure on the boundary in Proposition [1.1.19] insert a group action and
ensure that it respects the structure provided. The important fact is that we must
require that the orbit of each connected component of the boundary is entirely

contained within that connected component. In the case of W with boundary
(M,E)U (—M', E') we require that G(M) C M and G(M') C M".

Definition 5.1.5 (G-bordism). Let (W, F) be as in Definition providing
(without considering the G action) a bordism between (M, E) and (M’ E"). Sup-
pose additionally that W is a G-Spin® manifold and that the two connected com-
ponents of OW are preserved by the G action as above. Then if (aW,F}aw)G 18
pair G-isomorphic (in the sense of Definition to (M, E)c¢U(—=M', E")g then
(W, F)¢ is said to provide a G-bordism from (M, E)q to (M', E')q.

We remark that once again that the pair (W, F')¢ is not in Kg.
Vector bundle modification incorporates a G-action in a similar way. Fix a G-
Spin® structure for a given vector bundle F' — M as in Definition [3.1.11] This has
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as datum a principal Spin® bundle P that also has a G-action and a G-respecting
homomorphism 7 as in Definition [I.1.17} The datum defines a G-Spin® structure
for F'. The associated bundle is XF' = Pr Xgpine(n) S™ which inherits the action by
G on the Pgp-part and is a G-Spin® manifold because of it. The vector bundle Sr
becomes G-Spin® by the action on the Pr part.

Definition 5.1.6 (Vector bundle G-modification). The bundle G-modification of
a pair (M, E)g € Kg is the pair (SF,7*E ® fr), where G acts on 7*E ® Br as
described immediately above.

The G-equivariant K-homology of a point defined similarly to the normal K-
homology of a point.

Definition 5.1.7 (G-Equivariant K-homology of a point). Define K§(-) to be
equivalences classes of pairs (M, E)g € Kg where the equivalence relation is the

one generated by Definitions to[5.1.6

In the same way that Theorem [1.4.13| was a consequence of the computation
of the K-homology of a point, there is a notion of a G-index and a related G-index
theorem.

5.1.1 Equivariant indices

Recall that given a group G there is the representation ring of G.

Definition 5.1.8 (Representation ring). The representation ring of a compact
group G is the Grothendieck group of formal differences of isomorphism classes of
finite dimensional representations p : G — GL(V) of G.

Remark. Tt is an unfortunate consequence of inertia that it is standard to omit
the representation py : G — GL(V') and instead write or [V] — [W] (or just [V]
when appropriate) to mean a class in R(G). When it is necessary to speak of the
representation specifically, it will not be omitted.

Definition 5.1.9 (Analytic G-index). Suppose F' is a G-equivariant Fredholm
operator F' : Hy — Hy between representation spaces Hy and Hy of G. Then the
analytic G-index of F is the element indg(F) = [ker F| — [coker F| € R(G).

Here we note that the representation for each part in the formal difference
[ker F'] — [coker F] arises as map that sends g € G to A € GL(V) (V is either ker F
or coker F') given by (for hy € Hy) As = g - h, and the action by g on classes in
coker F'is g - (hg +1im F') = g - hg +im F. This action is well-defined, because if
h € im F'| then because F' is equivariant (by definition) g - h € im F'.
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Remark. Similarly to the non-equivariant case, we will define the analytic G-
index on K§-homology classes as the analytic G-index of the associated operator,
ind¢,((M, E)¢) := indg(Dg).

In the event that we have a twisted operator Dg then the G-index becomes a
formal difference of the graded parts as in Definition [1.2.11]

This new definition of an index corresponds with the old in the following sense:
given a fixed g € GG, we can obtain a complex number from a formal difference by
first evaluating at a group element g € G and taking the trace of the resultant
linear map. Denote this composition indg(F)(g) i.e. ind(F)(g) = [ker F|(g) —
[coker F](g).

Lemma 5.1.10. indg(Dg)(g) does not depend on the choice of group G which
contains g. In particular, we may assume that G is the topological closure of the
subgroup generated by g € G.

It is important to note that we may still evaluate the G-index at any group
element before we made this assumption (i.e. at g ¢ (g)) but it allows us to write
indgy(Dp)(g) rather than indyy(Dpe)(g), which will be useful later. From now on
we will abuse notation and write G' to mean the topological closure of the group

generated by g.

Proof of Lemma[5.1.10. If G is a subgroup of some larger group G’ then given a
representation p : G' — GL(V'), we have p‘G :G — GL(V) so p|G(g) = p(g) and
hence they have identical trace. O]

Remark. The topological closure is for technical purposes. It is of course possible
to not include closure in the definition, but there are some issues that arise when
considering particular pathological examples. The main problem we would like
to avoid is the one that arises from irrational rotations: given a single irrational
rotation generates a (nasty) subgroup of U(1), but the topological closure of said
group is U(1), which is comparatively benign.

Lemma 5.1.11. For any trivial G-space M there is an isomorphism
K2(M) = K%(M) ® R(G).

Proof. The isomorphism is easy to write down but the details lie in establishing
the ancillary details. It is K%(M) ® R(G) 2 [E]® [V] — [E@ V] € KX(M).

O

Remark. If ¢ € G does not act trivially on M, then the fixed point set MY
{r € M | g-z = x} is a trivial G-space and hence we can write KX (M?9)

K°(M9)®R(G). Note that this is only true because of the assumption that G = (g).

Without it, we can only conclude that MY is (g) invariant, which is (at worst)
merely a subgroup of the original group in which g resides.

e 1l
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We can therefore evaluate the class [E’Mg] € K (M) at a point g € G and
take the trace of resulting GL(V)-part to get a complex number, [E‘Mg](g) €
K(M9) ® C. We can evaluate K-theory classes using the Chern character
ch : K°(M?9) — H*(M?) and hence it makes good sense to consider ch([E|, ,](9)).

Definition 5.1.12 (A N¢). Let N be the union of normal bundles on each of the
connected components of M. Define by [\ N¢| the class

@

2j

[Amd:kBAN®C

€ Kg(MY).

J

J

Similarly to the Chern character, we can evaluate this Kg-theory class at an
element g € G and obtain an element of K°(M?) @ C. The final step is to note
that because the Chern character is a homomorphism and the class [\ N¢|(g) is an
invertible element of the ring (JAS68a, Lemma 2.7]) it makes good sense to write
down (non-explicitly) the (multiplicative) inverse

1
ch([A Nc] (9))

€ H*(M%) ®C.

Definition 5.1.13 (Topological G-index). Given a fized group element g € G, the
topological G-index of a pair (M, E) € K¢g evaluated at g is

»  (B],,)(9) TA(TM)
(B o) = [ (AN (9)

Remark. Tt does not make sense to consider ind, (M, E) independently of a choice
of group element g.

With this in mind we can formulate an appropriate analogue of Theorem [1.4.13

when introducing a group action.

Theorem 5.1.14 (Atiyah-Segal-Singer, Theorem 3.9 in [AS68c|/Theorem 2.12
in J[AS68a)]). Suppose that (M, E) is a pair in K. Then

- eh([E],,)(9)) TA(TM9)
indg (M, B){g) = /M (AN (@)

In the case that G = {e} is trivial Theorem [5.1.14| reduces to Theorem [1.4.13]
Indeed, when G is trivial, all representations are identical and the trace gives
exactly the dimension of (ker Dg)*, so

indg(Dg)(e) = ([(ker Dg)"| — [(ker Dg)7])(e) = dim(ker Dg)* — dim(ker Dg) .
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For the topological index, let us first consider the numerator,
ch([E|,,,)(9)) TA(TM?).

The class | E|M6 [F®C] € K&(M) decomposes into [E] ®[C] € K°(M)® R(G)
via the isomorphism in Lemma [5.1.11] because G is trivial. The Chern character
of this class evaluated at e is then ch([E‘ME](e)) = ch([E}Me]) ® [C](e) = ch(E) ®
dim¢ C = ch(F)® 1. The Todd class of T'M*€ is then Td(T'M¢) = Td(T'M), so the
numerator is just ch(£) Td(T'M).

The denominator is
ch([/\ Nel(9))

and the normal bundle N is 0 because TM® = T'M. Hence, the the denominator
is ch(]A\ N¢l(e)) = ch(C) ® dim C = 1 (under the isomorphism of Lemma [5.1.11)).

In summary, when G is trivial we have:

([E],1,)(9) TA(T M) )
/Mg ch([A Nel(9)) —/M h(E) Td(TM).

The idea of the proof

In the proof of Theorem [1.4.13| we saw that the result followed from the compu-
tation Ko(-) = Z. We will present an outline of a similar proof here for Theo-
rem [5.1.14] although naturally there will be some modification. The K-homology
is no longer Z, but instead is R(G) and the representation ring is isomorphic to
K§(+) via the analytic G-index.

Let G be the set of equivalence classes of irreducible representations of G.
Two representations p; : G — GL(V) and ps : G — GL(W) of G are said to be
equivalent if there is a linear isomorphism ¢ : V' — W such that pop;(g) = p2(g)op
for all g € G. We can write the representation ring of G as

= {@ ny[V] | ny € Z, only finitely many ny non-zero},

which is the free abelian group generated by the (equivalence classes of) irreducible
representations.

Theorem 5.1.15 (A special case of Theorem 3.11 in [BOOSWI0]).
ind% : K§(-) = R(G)

is an isomorphism of groups.
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Proof. Some clarifying comments for how this particular case is obtained: when
X =Y is a point the “natural isomorphism” « in [BOOSWI10, Theorem 3.11] is
the analytic G-index. O

Remark. We can offer some justification for surjectivity: Given [V] € R(G) the
candidate pair is (My, Ey) = (S*,8 ® V), where the integer r is the same one
obtained in Lemma and the action by G on S*, @V — S* is only on
the V-part. Because of the computation in Theorem the positive part of the
kernel of Dggy is ker Dg @ V = C® V =V and the negative part of the kernel is
0. Hence, the G-index of such a pair is ind% (S*, 3@ V)(g) = [V](g) = tr(pv(9)).

We hypothesise the following conjecture, which the author thinks is probably
true, but unfortunately did not have enough time to properly investigate.

Hypothesis 5.1.16. The topological G-index is a well-defined group homomor-
phism on K%-homology classes.

Remark. This is clearly true for direct sum disjoint union, because the Chern
character splits and the denominator is common to both integrals in ind, ((M, E) U

(M, E")).

The two analytic and topological G-indices must now agree on a generator that
can be found for each (M, E') € K. This is a similar to the proof of Lemma |3.2.5|

Proposition 5.1.17. Suppose G is a compact Lie group acting on a K% -homological
pair (M, E) € Kg. Then for each V € G there exists a pair (My, Ey) defining a
class [(My, Ey)] € K§(-) that satisfies

indg([(Mv, Ev)]) = [V] = indg([(My, Ev))),
in the sense that inds(My, Ev)(g) = indg(My, Ev)(g).

Proof. We have already seen in Theorem that the analytic G-index is a well-
defined isomorphism, and in the remark below saw that we can find a candidate
pair for surjectivity without much difficulty. We now only need to verify that the
topological G-index of (S™, 8 ® V) is [V](g).

Our first aim is to show ch([®V](g)) = ch(B)®[V](g). We rely on Lemmal5.1.11]
to decompose [f®@V] into f&®[V]. The evaluation at G of the product is evaluation
of the representation part, and the Chern character only sees the (non-equivariant)
K-theory part.

The end result is a tensor product (interpreted as an actual product), ch(3) -
tr(py(g)). This completely extracts the representation from the pair (S?", 3@ V),



82 Chapter 5. A group-equivariant index theorem

so we can rely on the computation from Chapter [2| to compute the topological
G-index,

o L (e V() TAT(ST)Y)
indg(S™, 6@ V){9) = /(W (A No)lg)

[ (B TAT(STY)
- /(smt (v )= AN @)

Because G acts trivially on S?" the denominator is 1 (the normal bundle to
T(S™)9 =TS™is 0) and (5?")9 = S?". Thus the integral reduces to

tr(pv(a) [ (9 TATS) = ().
— indg (5", 4 V)(o)

where [, ch(8) Td(T'S*") = ind,(S™, 3) = 1, from the computation in the proof
of Theorem 2.1.2]
O

Proof of Theorem[5.1.14. By Theorem|5.1.15] if (My,, Ey) as in Proposition|5.1.17]
the classes {[(Mv, Ev)]}yce generate K§'(+). Assuming Hypothesis[5.1.16|it makes

good sense to consider the topological index on (My, Ey ) and by Proposition[5.1.17]
the G-indices agree on generators. O]
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