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DATA OF WILD NON-ABELIAN HODGE THEORY
(NAHT)

Simpson '90, Sabbah '99, Biquard—Boalch '04: fix
» C: smooth projective curve over C
» r = 2rank (i.e., G =Gl (C))

> p1,...,pn € C irregular singularities (with local charts z;), and
for each p;:

» a parabolic subalgebra p; < gl, with associated Levi [;

» parabolic weights {aj’:};

> an unramified irregular type Q; € t® C((z))/C[[z]] with
centralizer b;

> an adjoint orbit O; in [; N b;.
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HITCHIN’S EQUATIONS AND WILD NAHT

The space of solutions of Hitchin's equations

D*'9 =0
Fp +[0,0™] =0

for a unitary connection D on a rank r smooth Hermitian vector
bundle (V, h) and a field 6 : V — V ® Qg° having prescribed
irregular part and residue in O; near p; ~ hyper-Kahler moduli
space Myoq.
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DE RHAM AND DOLBEAULT STRUCTURES

Two Kahler structures on Mpyoq have a geometric meaning:

» de Rham: Myr parameterising certain poly-stable parabolic
connections with irregular singularities

» Dolbeault: Mp, parameterising certain poly-stable parabolic
Higgs bundles with higher-order poles.
By non-abelian Hodge theory, Myr and Mp, are diffeomorphic to
each other (via Myod).
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IRREGULAR RIEMANN—HILBERT CORRESPONDENCE

» Birkhoff, Mebkhout, Kashiwara, Deligne, Malgrange,
Jimbo—Miwa—-Ueno...: equivalence between the categories of
irregular connections and Stokes-filtered local systems.

» Boalch '07: algebraic geometric construction of wild character
varieties Mp parameterising Stokes data.
» Irregular Riemann—Hilbert correspondence (RH): bi-analytic

map
RH : Mgr — Mp.

Conclusion: Myr, Mpo and Mg are all diffeomorphic to each
other (and to Myoq), in particular

H*(Mpo, Q) = H* (Mg, Q).
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PAINLEVE SPACES

From now on, we set C = CP! and we assume r = 2 and
dimg MHoq = 4. There exists a finite list

PI, Pil, PIII(D6), PIII(D7), PIlI(D8), PIV, PVeg, PV, PVI

of irregular types with this property, called Painlevé cases. From
now on, we let

X e {1, 11, 111(D6), 11(D7), 11|(D8), IV, Vgeg, V, VI}

and we write PX to refer to one of the above Painlevé cases. We
therefore have smooth non-compact Kahler surfaces

PX PX PX
MdR ) MDoI? MB

diffeomorphic to each other (and to M[X,) for any fixed X.
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SINGULARITY TYPE OF PAINLEVE CASES

‘ X ‘ D= Z n;p;
Vi p1+ p2+p3+ pa
v 2p1 + p2 + p3
111(D6) = Vieg | 2p1 + 2p2;i3p1 + P2 + p3
111(D7) 3p1+2p2
111(D8) 2p1+3p2
v 3p1 + p2
I 4py; 2p1 + p2
/ Ip
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EXAMPLE: NILPOTENT PVI

» n =4, logarithmic singularities: 0,1, t, o0

» for each j € {0,1, t, 00} parabolic algebra p; = b; a Borel, with
[; a Cartan,

» generic parabolic weights,

> Q=0

> eigenvalues of res, (f) in [; equal to 0 (i.e., nilpotent residue).
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ExampLE: PIII(D7)

n = 2, singularities:

» Poincaré-Katz invariant % at z =0, i.e. of the form

(0 0)dz 0 b\ dz
with b; # 0 fixed;

» Poincaré-Katz invariant 1 at z = o0, i.e. of the form

a o0 b 0) dz dz
e_<0 _a)dz+<0 _b)z+o<1>z2
with a # 0, b € C fixed.
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MIDDLE PERVERSITY t-STRUCTURE

Given an algebraic variety Y, consider the derived category
DP(Y,Q)

of bounded complexes of Q-vector spaces K on Y with
constructible cohomology sheaves of finite rank.
Beilinson—Bernstein—Deligne '82: truncation functors

p,réi : Db(Y7Q) _)ngi(Y7Q)

encoding the support condition for the middle perversity function,
giving rise to a system of truncations

0—>—> pTgpr—> pT<,p+1K—>"'—>K
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PERVERSE FILTRATION ON DOLBEAULT SPACES

Hitchin '87: for Mpe a Dolbeault moduli space there exists a
surjective map
h:Mpe — Y =CN.

Consider
K = Rh,Q, € D°(Y,Q).

The perverse filtration P on
H*(Y,Rh,Q, ) = H*(Mpol, Q)
is defined as
PPH*(Y, Rh*QM) = |m(H*(Y,pT<_pRh*@M) — H*(Y, Rh*@M)).
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PERVERSE LERAY SPECTRAL SEQUENCE AND
PERVERSE POLYNOMIAL
There exists a spectral sequence
pEk/ ka(Y pR h*Q ) Hk+/(MDo|7Q)
degenerating at page 2. With this, we have
PPH* (Y, Rh,Q, ) = ®1<p) E5.
We define the perverse Hodge polynomial of Mp, by

Zd.mQ Gr? HK(Mpor, Q) gt~
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WEIGHT FILTRATION ON BETTI SPACES

As Mg is an affine algebraic variety, Deligne’s Hodge II. ('71)
shows that H* (Mg, C) carries a weight filtration /. We derive a
polynomial

WH(q.t) = Y dimc Grl} H*(Mg, C)q't*.
ik

Hausel-Rodriguez-Villegas '08: WH is indeed a polynomial in g, t.
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P = W CONJECTURE

THEOREM (DE CATALDO-HAUSEL-MIGLIORINI ’12)

If C is compact and r = 2, then for the Dolbeault and Betti spaces
corresponding to each other under non-abelian Hodge theory and
the Riemann—Hilbert correspondence, the filtrations P and W get
mapped into each other. In particular, we have

PH(q,t) = WH(q, t).

CONJECTURE (DE CATALDO-HAUSEL-MIGLIORINI "12)

The same assertion holds for any rank r.
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NUMERICAL P = W IN THE PAINLEVE CASES

Let us set
PH™ (q,t) = ) dimg Grf H*(MEY,Q)q't",
ik
WHPX (g, t) = ) dim¢ Gryf H*(MEX,C)q't*.
ik

THEOREM (Sz '18)
For each

X e {l,1I,111(D6), 1I(D7), I11(D8), IV, Veg, V, VI}
we have PHPX(q,t) = WHPX(q, t).

v
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SIMPSON’S GEOMETRIC P = W CONJECTURE

We assume X = VI, with nilpotent residue condition on 6. Let
MEV! be a smooth compactification of MEY by a simple normal
crossing divisor D and denote by NV the nerve complex of D.

THEOREM (Sz '19)

For some sufficiently large compact set K — Mgv’ there exists a
homotopy commutative square

P
MBI \K —— MEY\K
hJ/ J{qﬁ
DX |NPVI|‘

Here, D* = C — Br(0) © Y and ¢ = RH o NAHT.
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GEOMETRIC P = W CONJECTURE IMPLIES P = W IN
PAINLEVE CASES

In 2015, L. Katzarkov, A. Noll, P. Pandit and C. Simpson
conjectured in higher generality a similar homotopy commutativity
property. In 2015, A. Komyo proved that for a complex
4-dimensional moduli space of logarithmic Higgs bundles over
CP1, the body of NPX is homotopy equivalent to S3 (and that for
two complex 2-dimensional moduli spaces it is S*). Still in 2015,
C. Simpson generalized the homotopy equivalence assertion to
logarithmic Higgs bundles of rank 2 over CP*, and called the
homotopy commutativity assertion “Geometric P = W conjecture” .

Fact
For all Painlevé cases, the Geometric P = W conjecture implies
the (highest graded part of) P = W conjecture.
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HITCHIN FIBRATION

Irregular Hitchin map

THEOREM (IVANICS—STIPSICZ—SZABO '17)

For generic parabolic weights, there exists an embedding

MEX < E(1) = CP2#9CP"
and an elliptic fibration
h:E(1) - CP?

extending h.

GEOMETRIC P = W

Denote by F/X the non-reduced curve E(1)\MEX = h~* ().
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EULER CHARACTERISTIC AND PERVERSE POLYNOMIAL

PROPOSITION

We have

dimg Gr§ HO(MEX, Q) = 1
dimg Grf H?(MEX, Q) = 10 — x(FEX)
dimg Gry H?(MEX, Q) = 1.

In other words, we have

PHPX(q,t) = 1+ (10 — x(FEX))qt? + ¢*t2.
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TABLE OF PERVERSE POLYNOMIALS

| X
VI D!
% o)

3
PN

0 PHPX(qa t) ‘

V114 4qgt2 + g2
114 3qg82 + g2
Vieg DM | 1+ 2qt2 + P2
1(D6) | DIV | 1+ 2qt2 + ¢2¢2
m(o7) | DIV | 1+ q2 + P2

)

)

)

)

1(os) | Dt 1+ g2t

% EY | 1+ 2qt2 + 212
Il EN | 14 gt + g2t2
/ £ 1+ ¢°t?
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IDEA OF PROOF OF PROPOSITION

Analysis of perverse Leray spectral sequence ’ZE;’I of h:

k=2 0 0 0
k=1 0 HY(Y, R'h,Cy,) 0
k=0 C cx™0 C

1=0 I=1 /=2

Standard algebraic topology shows that
» biy(M) =0,
» dime HY(Y, R*h,Cy() = 10 — x(FLX),
» for a generic point Y_; € Y, the following map is surjective

H?>(MEX,C) — H*(h~}(Y_1),C) = C.
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END OF PROOF OF THE PROPOSITION

We get

Grh H*(MEX, C) = Im(H?(Y,Rh,C) — H?(Y_1,Rh,C|y ,))
~ C,

Gr{ H*(MG%, C) = Ker(H*(Y,Rh,C) — H*(Y_1,Rh.Cl|y ,))
~ CLO—X(F&).
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BETTI SPACES AND AFFINE CUBIC SURFACES

P. Boalch (2007): General construction of wild character varieties
using quasi-Hamiltonian reduction.
Fricke—Klein 1926, ... , van der Put-Saito '09: for each X there

exists a quadric
Q" e Clx1, %2, x3]

such that
MEX = (FP) =3
where
PX PX
77 (x1, X2, X3) = x1x2x3 + Q77 (x1, X2, X3).
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COMPACTIFICATIONS OF BETTI SPACES

Let
FPX ¢ Clxo, x1, X2, x3]3
be the homogenization of fPX and set
Mg = Proj(Clxp, x1, X2, x3]/(FPX)).
Projective cubic surface (possibly) with singularities at
Py =[0:1:0:0], P,=[0:0:1:0], P3=[0:0:0:1].

Let ox
MBPX — Mg
denote the minimal resolution of singularities.
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TOTAL MILNOR NUMBER AND WEIGHT POLYNOMIAL

. : ~=PX
Define the total Milnor number of Mg" as

where 1(P}) is the Milnor number of ﬁBPX at P;.
PROPOSITION

We have

WHPX(q,t) = 1+ (4 — NPX)qt? + ¢°t2.
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TABLE OF WEIGHT POLYNOMIALS

‘ X ‘ Singularities of MQX WHPX(q, t) ‘
Vi %] 1+ 4qt> + ¢°t°
% A 1+ 3qt? + ¢°t?
Vieg Ao 1+ 2qt% + ¢°t?
111(D6) | A 1+ 2qt% + ¢°t?
(D7) | A3 1+ qt? + ¢*t?
111(D8) | A4 1+ ¢°t?
v A1 + A; 1+ 2qgt° + g°t°
I Al + A1 + A 1+ qt? + ¢°t?
/ As + A + A; 1+ q°t?
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COMPACTIFYING DIVISORS

The divisor at infinity of Mg is
D=Liul,uls

where L; are lines pairwise intersecting each other in Py, P2, Ps.
The nerve complex of the divisor at infinity of ng is

1
NPX = AGLe = Inexya.
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THE FIRST PAGE OF THE WEIGHT SPECTRAL
SEQUENCE

Deligne: spectral sequence w E, abutting to H*(MEX, C) with
E—n,k+n .
wE; given by

K4n=4 @penpxH(p.C) @onpxHA(L,C)  H* (NEX,C)
k+n=3 0 0 0
k+n=2 0 @uoapxH(L,C) H? (MEX,C)
k+n=1 0 0 0
k+n=0 0 0 HO(J%QX,C)
—n=-2 —-n=-1 -n=0
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THE FIRST DIFFERENTIALS OF THE WEIGHT
SPECTRAL SEQUENCE

The only non-trivial differentials dy on  E; are:
Dperpx Ho(p, C) 2> @yopypx H2(L,C) 2 H* (WX, cc)
®pexpr HO(L,C) & H2 (JVEBPX, c) .
Algebraic topology of cubic surfaces shows that
64 Dyorpx HA(L,C) — H* (J\7[§X, c)
02t Dpexpr HO(L,C) — H? (NMEX,C) = C7.
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DIMENSIONS OF GRADED PIECES FOR THE WEIGHT
FILTRATION

We derive
Grg’ HO(MgX) =C
Grl¥ H2(MEX, C) = Coker (52 L @;H(L;,C) — H? (J%gx,c))
~ CA-N

GrlV H2(MEX, C) = Ker(6)
~ C.
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HITCHIN BASE AND STANDARD SPECTRAL CURVE
(Sz. 1906.01856) We have tr() € HO(CP!, K) = 0, Hitchin base:

HO(CPY, K?(0+1+t+®)) =C,

spanned by
(dz)®?
zZ(z—=1)(z—t)
Set L = K(0+ 1+ t+ o), and take the canonical section
dz
Cz(z —1)(z—1t)

of pjL over Tot(L). In Tot(L) we consider the curve
Xi0={(z,¢): C+z(z=1)(z—1t) =0}
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RESCALING OF SPECTRAL CURVE
For R >> 0,0 € R/2nZ let (g, Or,,) be a rank 2 logarithmic
Higgs bundle over CP! with
det(fr,) = —ReV~1¥ € HO(CP!, K2(0 4+ 1 + t + ).

Its spectral curve is

X, = {(z, ¢): det (e,w - cz(z_f)z(z_t)> = o} < Tot(L),
with natural projection given by
p: )?R,«J — CP?
(z,() — z.
We have
(2,¢) € Xrp = (2, V=1R2e V120 ¢ X0
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ABELIANIZATION
Set
dz
2(z—1)(z—1t)
T. Mochizuki (2016): on simply connected open sets
U < C\{0,1, t} there is a gauge e1(z), e2(z) of € with respect to

which
VReV—1¢/2 0
Oree(2) = 0 _JReV-Te2 | YT 0

as R — oo, and the Hermitian—Einstein metric h is close to an
abelian model h,},.

Observe that as w has ramification at 0,1, t, o0, along a simple
loop 7y around these points, the local sections e;(z), e2(z) get

interchanged.
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NON-ABELIAN HODGE THEORY AT LARGE R

The connection matrix associated to (g o, OR,,) is

ary(2,2) = Opy(2) + Orp(2) + bry,

V=1p/2 —V=1¢/2
e w+e w 0
~ VR ( 0 —eVT19/2, ele%TJ)

+ bR

where d + bg , is the Chern connection associated to the
holomorphic structure of € and hyy,.
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MONODROMY MATRICES AT LARGE R

The monodromy matrices of the connection d + ag ,, along a
simple loop ~; around j € {0, 1, t} are

Bj(R,¢) = eXpi—aR,@(z, Z) = TA(R, ¢)
Vj
_oV1p2 . o=V =Tp/2 0
e T — e M
ep VR ( 0 eV1e/2y 4 eﬁﬂ%)

where we have set
7Tj = fﬁw,
j
T is the transposition matrix and A;(R, ) € SU(2) is the

monodromy of the Chern connection.
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PRODUCTS OF MONODROMY MATRICES AT LARGE R

Setting -
eV 0
Ai(R, o) = ( 0 e_\/fl#j>

and
dor (R, ) = exp (V=1(u1 — pio) + 2/ RR(e¥ 12 (my — m)) )

it follows that

SZILARD SZABO SZILARD SZABO, BUDAPEST
P = W FOR PAINLEVE SPACES



HODGE THEORY, RIEMANN-HILBERT FILTRATIONS DOLBEAULT BETTI GEOMETRIC P = W

AFFINE COORDINATES ON THE BETTI SPACE

Let us set

Fricke—Klein cubic relation:
X1XoXx3 + x12 + x22 + x32 —S51X1 — Soxo — S3x3 + 54 =0
for some constants s1, s, 53,54 € C. We embed C3 — CP3 by
X1,X2,x3 — [1:x1 1 x2 1 x3].
Compactifying divisor:
D = (x1x2x3) < CP2.
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DUAL BOUNDARY COMPLEX

The nerve complex N of D has vertices vi, v», v3 corresponding to
line components

Li=[0:0:x:x3], Ly=[0:x1:0:x3], L3=1[0:x1:x2:0]

of D and edges
[vive], [vaws], [w3w]

corresponding to intersection points
[0:0:0:1], [0:1:0:0], [0:0:1:0]

of the components.
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SIMPSON’S MAP
Let 7; be an open tubular neighbourhood of L; in 3\7[3 and set
T=TLiuTyu Ts.

Let {¢;} be a partition of unity subordinate to the cover of T by
{T;}. Define the map

6: T >R
$1(x)
x — | da(x)
$3(x)
Then,
Im(¢) = [viva] U [vavs] U [vag] = ST
SZILARD SZABO SZILARD SZABO, BUDAPEST
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ASYMPTOTIC OF RIEMANN—HILBERT
CORRESPONDENCE AT LARGE R

Fix R >> 0 and let ¢ € [0,27) vary. Need to show: the loop

H(ERp, OR )

generates 71 (Im(¢)) = Z.
Key fact: for d € C with |R(d)| >> 0 we have

|2 cosh(d)| ~ el
This implies
ba(R, )| ~ exp (2VRIR(eV 92 (m0 — m)) ),
ba(R, )| ~ exp (2VRIR(eV 92 (m; — m0))])
ba(R )| ~ exp (2VRIR(eV 92 (my — 7))
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ROTATING TRIANGLE

Let A < C be the triangle with vertices mg, 71, ¢, assume A is
non-degenerate. Denote its sides by

a=mg—m, b=m—my, C=m1— Tt

Let us denote by eV=1P2A the triangle obtained by rotating A by

angle /2 in the positive direction, with sides
eﬁwﬂa’ eﬁ@/ﬂ,’ eV—1¢/2
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CRITICAL ANGLES

LEMMA

For each side a, b, ¢ there exists exactly one value
©Va, b, pc € [0,2m) such that eV—1wa/25 (respectively
eV—1es/ 2h, eV—1ve/2¢ ) is purely imaginary. The function

%(edjlw/2 b) — §R(e‘/jl“p/2c)

changes sign at ¢ = ,. Similar statements hold with a, b, c

permuted.
DEFINITION
Pa, b, Pc are the critical angles associated to the sides a, b, ¢
respectively.
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ARC DECOMPOSITION OF THE CIRCLE

The critical angles decompose S! into three closed arcs
S'l=huhubh

satisfying:

max(|R(e¥ 172 (mo—m)) |, [R(e¥ "1 (me—mo)) | [R(e¥ T2 (m1—me)))

is realized
> by |R(eV 12 (g — m1))| for p € I,
> by |R(eV =12 (ry — mq))| for g € by,
» and by [R(eV~1/2(my — m,))| for ¢ € Is.
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LIMITING VALUE OF RIEMANN—HILBERT MAP

We deduce
» for p € Int(l1), we have

[X0:x1:Xx2:x3] = [0:1:0:0],
» for ¢ € Int(h), we have

[0 :x1:x2:x3] > [0:0:1:0],
» for ¢ € Int(f3), we have

[X0:x1:Xx2:x3] = [0:0:0:1].
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LIMITING VALUE OF SIMPSON’S MAP

Applying Simpson’s map ¢ to the previous limits we get that

» for p € Int(/1), we have

P(ERps OR ) € [vavs],

» for ¢ € Int(h), we have

(R, ORp) € [vavi],
» for ¢ € Int(f3), we have
A(ERp, OR,p) € [V1Va].
Thus, ¢ sends a generator of 71(S}) into a generator of 71 (Im(¢)).

SZILARD SZABO SZILARD SZABO, BUDAPEST
P = W FOR PAINLEVE SPACES



HODGE THEORY, RIEMANN-HILBERT FILTRATIONS DOLBEAULT BETTI GEOMETRIC P = W

IMPLICATION BETWEEN THE CONJECTURES

Recall:
s PLH2(MEX, Q) = Ker (H2(Mg§,,@) , H2(h—1(v_1),<@)>
> Wsz(MEX,(C) >~
Coker (8 : @;H°(L;, C) — H? (NEEX,C)).
“P=W" < NAHT maps H? (JVEEX,(C) isomorphically onto
Ker(j*) < the composition

I'*

H? (J\7[PX,(C) L HMEX, C) = HAMEX, C) 25 H2(h1(Y_4),C)
is the O-map <
[hY(Y_1)] = 0¢€ Hs (MBPX, z) .
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MATCHING SINGULAR CYCLES

Let the components of the compactifying divisor DX of JV[BPX be
denoted by L; (j understood (mod 3)), and set

pj = Lj N LJ'+1.

Let
z1 = I’le‘_lel, zy = I‘ge‘_]ﬂ2
be local coordinates defining the two divisors crossing at p;. We

define a 2-cycle C; by
Ge)={n=e=nr}

for some sufficiently small 0 < ¢ << 1. Then, by Geometric
P = W conjecture, for ¢ € Int(/1), we have

[ (Y-1)] = [G(e)]-
On the other hand, we obviously have [Ci(¢)] = 0 € H, (J\N/EE’X,Z).
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