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Understand symplectic structures along the fibers of
sheaves of derived stacks over a topological space.

Apply to the geometry of the moduli of tame or wild local
systems on a smooth variety over C:

construct (shifted) Poisson structures;
describe their symplectic leaves.
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Sheaves and cosheaves

Sheaves of derived stacks (i)

Problem: Define and construct symplectic structures on the
stalks of a sheaf of derived stacks F over a space S .

Note:

For this to make sense the sections of the sheaf F will
have to satisfy representability conditions.

The non-degeneracy condition on a stalkwise symplectic
form will have to involve some notion of duality for
complexes of sheaves of C-vector spaces on S .
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Sheaves and cosheaves

Covariant Verdier duality (i)

‚ X - locally compact Hausdorff space;

‚ ShpX q - the 8-category of complexes of sheaves of
C-vector spaces on X ;

‚ CoShpX q - the 8-category of complexes of cosheaves of
C-vector spaces on X ;

Theorem: [Lurie] The Verdier duality functor

V : ShpX q // CoShpX q

E // pU Ñ H‚
cpU,E qq

is an equivalence of 8-categories
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Sheaves and cosheaves

Covariant Verdier duality (ii)

Comments:

‚ The duality theorem holds for sheaves and cosheaves with
values in any stable 8-category.

‚ KX
c :“ VpCX q is the Verdier dualizing cosheaf on X .

‚ KX –
`
KX

c

˘_
is the usual Verdier dualizing sheaf
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Sheaves and cosheaves

Covariant Verdier duality (ii)

Comments:

‚ The duality theorem holds for sheaves and cosheaves with
values in any stable 8-category.

‚ KX
c :“ VpCX q is the Verdier dualizing cosheaf on X .

‚ KX –
`
KX

c

˘_
is the usual Verdier dualizing sheaf

p´q_ : CoShpX q Ñ ShpX q is the
pointwise C-linear dual
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Sheaves and cosheaves

Covariant Verdier duality (iii)
Comments:

‚ For a continuous map p : X ÝÑ Y we have a
push-foward/pull-back adjunctions on sheaves and cosheaves

p˚ : ShpY q Õ ShpX q : p˚, p` : CoShpX q Õ CoShpY q : p`
.

After conjugation by V, p` becomes p! : ShpX q ÝÑ ShpY q
and p` becomes p! : ShpY q ÝÑ ShpX q.

‚ When p is proper we have:

´ p! – p˚,

´ p defines a pullback on cohomology with compact
supports which induces a map ocosheaves on Y :

cotr : KY
c Ñ p`K

X
c .
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Sheaves and cosheaves

Sheaves of derived stacks (ii)

‚ X - locally compact Hausdorff space;

‚ dStpX q - the 8-category of sheaves of derived stacks
over X .

‚ For a continuous map p : X ÝÑ Y we again have the
pull-back/push-forward adjunction

p˚ : dStpY q Õ dStpX q : p˚.

If F P dStpX q, then the value of F on an open U Ă X is
itself a functor

FU : cdgaď0
C

Ñ SSets.
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Sheaves and cosheaves

Relative closed forms (i)

If F P dStpX q, then

A
p,cl
X pF q : U pX q // VectC

U // Ap,clpFUq

is a copresheaf of complexes of C-vector spaces on X . Write
A

p,cl
X pF q for the associated cosheaf. It comes equipped with a

canonical map
A

p,cl
X pF q Ñ A

p,cl
X pF q
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Sheaves and cosheaves

Relative closed forms (ii)

Definition: The complex of global relative n-shifted closed
p-forms on F is the complex

A
p,cl
X pF , nq :“ RHomCoShpX q

`
KX

c ,Ap,clpF rnsq
˘
.

Variant: We can also consider forms with values in any
complex of cosheaves E P CoShpX q by taking instead

A
p,cl
X pF qE :“ RHomCoShpX q

`
E ,Ap,clpF q

˘
.
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Sheaves and cosheaves

Push-forward (i)
Suppose p : X Ñ Y is a proper map of locally compact
Hausdorff spaces. We have a canonical map of complexes of
cosheaves

p`A
p,cl
X pF q Ñ A

p,cl
Y pp˚F q

and if ω P A
p,cl
X pF , nq, represented by a map of cosheaves

ω : KX
c Ñ A

p,cl
X pF qrns,

we get a well defined composition

KY
c

cotr //

trp˚ω

33p`K
X
c

p`ω //p`A
p,cl
X pF qrns //A

p,cl
Y pp˚F qrns
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Sheaves and cosheaves

Push-forward (ii)

Get a map of complexes of relative closed forms:

A
p,cl
X pF , nq

trp˚ // A
p,cl
Y pp˚F , nq,

ω // trp˚ω.

Conclusion: A closed n-shifted 2-form ω on F Ñ X induces
a closed n-shifted 2-form trp˚ω on p˚F Ñ Y .

Problem: Understand non-degeneracy and show that trp˚

sends symplectic structures to symplectic structures.
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Sheaves and cosheaves

Non-degeneracy (i)

For the non-degeneracy we need representability conditions on
the stalks of F P dStpX q.

Definition: A sheaf of derived stacks F P dStpX q is
locally formally representable over X if for every open
U Ă X the derived stack FU{C is an unpointed formal
moduli problem, i.e. for each z P FUpCq the restriction of
pFU , zq to augmented Artinian cdga/C is given by a dg Lie
algebra LFU ,z P dgLieC.
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Sheaves and cosheaves

Non-degeneracy (ii)

Fix U Ă X open and a closed point z P F pCq. The
assignment

pV Ă Uq Ñ LFV ,z|V

is a presheaf of dg Lie algebras on U. Passing to foberwise
duals we get a copresheaves of complexes on U:

pV Ă Uq Ñ L
_
FV ,z|V

Let LF ,z P ShpUq and L _
F ,z P CoShpUq denote the

associated sheaf and cosheaf respectively.
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Sheaves and cosheaves

Non-degeneracy (iii)
By formal representability F has a relative cotanget complex
which is naturally identified with L _

F ,zr´1s ñ get a
canonical map

A
p,cl
U pF qrns Ñ

ľp

C
L

_
F ,zrn ´ ps

of cosheaves on U. Any ω P A
p,cl
X pF , nq thus gives a map

KU
c Ñ A

2,cl
U pF qrns Ñ

ľ2

C
L

_
F ,zrn ´ 2s.

Dualizing and composing with the natural map LF ,z Ñ L __
F ,z

gives a map of sheaves on U:

ω5
z :

ľ2
LF ,zr2s Ñ KUrns.

Tony Pantev University of Pennsylvania

Relative Symplectic structures 2



Sheaves and cosheaves

Non-degeneracy (iv)

Definition: An n-shifted closed relative 2-form
ω P A

2,cl
X pF , nq is non-degenerate or relative n-

shifted symplectic if for every open U Ă X and every
z P FUpCq the map ω5

z induces a quasi-isomorphism

LF ,zr1s rÑRHompLF ,zr1s,KUrnsq

in ShpUq.
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Sheaves and cosheaves

Non-degeneracy (iv)

Definition: An n-shifted closed relative 2-form
ω P A

2,cl
X pF , nq is non-degenerate or relative n-

shifted symplectic if for every open U Ă X and every
z P FUpCq the map ω5

z induces a quasi-isomorphism

LF ,zr1s rÑRHompLF ,zr1s,KUrnsq

in ShpUq.

TFU ,z
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Sheaves and cosheaves

Push-forward (iii)

Theorem: [Arinkin-P-Toën] Let
p : X Ñ Y be a continuous map of locally compact

Hausdorff spaces,

F P dStpX q be a locally formally representable sheaf of
derived stacks over X , and

ω P A
2,cl
X pF , nq be a relative closed n-shifted 2-form.

Then

p˚F P dStpY q is locally formally representable;

if ω is non-degenerate, then trp˚ω is also non-degenerate.

Hence

ˆ
pF , ωq - n-shifted
symplectic

˙
ñ

ˆ
pp˚F , trp˚ωq -
n-shifted symplectic

˙
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Constructible sheaves

Closed forms on diagrams of stacks (i)
Fix

‚ I - a finitely presentable 8-category;
‚ C - any category with finite limits.

Notation:

F‚ - a diagram of shape I in C .
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Constructible sheaves

Closed forms on diagrams of stacks (i)
Fix

‚ I - a finitely presentable 8-category;
‚ C - any category with finite limits.

Notation:

F‚ - a diagram of shape I in C .

a functor F‚ : I Ñ C ,
F‚ “ tFα|α P Iu
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Constructible sheaves

Closed forms on diagrams of stacks (i)
Fix

‚ I - a finitely presentable 8-category;
‚ C - any category with finite limits.

Notation:

F‚ - a diagram of shape I in C .
Itw - the category of twisted arrows in I.
pt, sq : Itw Ñ I ˆ Iop - the natural functor.

obpItw q: maps x
γ //y P morpI q;

HomItw

x̃1
γ1��

y1

, x2
γ2��

y2

¸
: commutative diagrams

x1
γ1 ��

x2
uoo

γ2��
y1 v

// y2
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Constructible sheaves

Closed forms on diagrams of stacks (i)
Fix

‚ I - a finitely presentable 8-category;
‚ C - any category with finite limits.

Notation:

F‚ - a diagram of shape I in C .
Itw - the category of twisted arrows in I.
pt, sq : Itw Ñ I ˆ Iop - the natural functor.
FI “ lim

αPI
Fα.
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Constructible sheaves

Closed forms on diagrams of stacks (ii)

Fix E‚ : I //VectC , and F‚ : I //dStC .

Consider the functor

A
p,cl
I pF‚qE‚ : Itw // VectC

γ // Ap,clpFspγqq b Etpγq,

and define the complex of closed p-forms on F‚ with
values in E‚ as the complex

A
p,cl
I pF‚qE‚

“ lim
γPItw

A
p,clpFspγqq b Etpγq.
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Constructible sheaves

Closed forms on diagrams of stacks (iii)

The space of closed p-forms on F‚ with values in E‚ is
defined as

Ap,cl
I pF‚qE‚ “

ˇ̌
ˇDK

´
τď0

A
p,cl
I pF‚qE‚

¯ˇ̌
ˇ

and an E‚-valued closed p-form on F‚ is an element in
π0A

p,cl
I pF‚qE‚ “ H0pAp,cl

I pF‚qE‚
q.

Note: The space of forms comes equipped with a natural
global sections morphism

Γ : Ap,cl
I pF‚qE‚

Ñ A
p,clpFIq b EI.
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Constructible sheaves

Cospecialization and gluing (i)

Suppose

X - nice topological space (e.g. a CW complex);

ı : Z ãÑ X - closed subspace;

 : U ãÑ X - the complementary open

C -an 8-category with all small limits and colimits.
subspace.

For any F P ShpX ,C q write F|Z “ ı˚F and F|U “ ˚F .
Applying ı˚ to the unit of the adjunction ˚ % ˚ yields a
cospecialization map in ShpZ ,C q:

cospZ : F|Z Ñ ı˚˚

`
F|U

˘
.
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Constructible sheaves

Cospecialization and gluing (ii)

The assignment F ÝÑ
`
F|U , F|Z , cospZ

˘
provides an

equivalence of 8-categories:

ShpX ,C q
–

ÝÑ laxop lim

„
ShpU,C q

ı˚˚ //ShpZ ,C q


,

i.e. ShpX ,C q can be viewed as the laxop limit of the functor
ı˚˚.

Key observation: Applying this gluing description to strata
in a stratification leads to a combinatorial picture for closed
forms and symplectic structures on constructible sheaves of
stacks over a space.
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Constructible sheaves

Sheaves on a stratified space (i)

Suppose

‚ X is a nice stratified space (has a finite conical
stratification).

‚ I is the finite poset labeling the strata of X .

‚ Xα Ă X is the stratum labeled by α P I . Xα will be
viewed as a sratified subspace with a single stratum.

‚ ShstrpX q -sheaves of spaces which are constructible for
the given stratification. By definition ShstrpXαq is the
category of local systems of spaces over Xα.

‚ For every α P I , write Fα P ShstrpXαq for the restriction of
F to Xα.
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Constructible sheaves

Sheaves on a stratified space (ii)

Construction: Fix α P I , F P ShpX q, and let

‚ Z Ă X be a closed subset such that the stratum Xα Ă Z

is open.

‚ U Ă X be the complementary open to Z .

‚ Define
˝
Fα :“

`
ı˚˚

`
F|U

˘˘
|Xα

, and let cospα : Fα Ñ
˝
Fα be

the restriction of cospZ to Xα.

Note:
˝
Fα and cospα depend only on α and not on Z .
˝
Fα is the sheaf of nearby (co) cycles of F along Xα, and
cospα is the integral of cospecialization maps over nearby
points.
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Constructible sheaves

Sheaves on a stratified space (iii)

Note: As with gluing, nearby cycles, and integrated
cospecializations make sense for constructible sheaves with
values in any category C that admits finite limits.

Let I be the 8-category of exit paths for the stratification
on X . Then

Under our assumptions I is finitely presentable.

ShstrpX q “ FunpI, SSetsq.

For any category C with finite products we define

ShstrpX ,C q “ FunpI,C q,

i.e. C -valued constructible sheaves on X are I-shaped
diagrams in C .
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Constructible sheaves

Sheaves on a stratified space (iii)

Notation: Fix F P ShstrpX ,C q. Then:

Every x P X gives an object ιpxq P I. The value
F pιpxqq P C is called the stalk of F at x and is denoted
by Fx .

ΓpX , F q :“ limσPI Fσ P C is the global sections object of
F . We have a natural evaluation map
evx : ΓpX , F q Ñ Fx for every x P X .

For α P I the fundamental groupoid Π1pXαq of the
stratum Xα embeds in I as the full subcategory Iα Ă I
spanned by ιpxq for all x P Xα. We define the value of F
on Xα as Fα :“ F|Iα P ShstrpXα,C q.
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Constructible sheaves

Sheaves on a stratified space (iv)

Notation: Fix α P I , and F P ShstrpX ,C q. Then consider:

Iěα “ ta1 Ñ a | a1 P I, a P Iα u

Iąα Ă Iěα - the full subcategory consisting of all a1 Ñ a

which are not isomorphisms.
˝
Fα P ShstrpXα,C q - the right Kan extension of F|Ią

α

along
the natural functor Iąα Ñ Iα.

cospα : Fα Ñ
˝
Fα - the map guaranteed by the universal

property of the right Kan extension.

Terminology:
˝
Fα is the sheaf of nearby cycles of F at Xα,

and cospα is the (integrated) cospecialization map.
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Constructible sheaves

Sheaves on a stratified space (v)

Given a nice stratified space X with strata labeled by a poset
I , and an exit path category I, and
E P ShstrpX ,VectCq “ FunpI,VectCq,
F P ShstrpX , dStCq “ FunpI, dStCq, we get

a complex A
p,cl
X pF qE :“ A

p,cl
I pF‚qE‚ and a space

Ap,cl
X pF qE :“ Ap,cl

I pF‚qE‚ of global closed E -valued
p-forms on F ;

a natural global sections map of complexes

Γ : Ap,cl
X pF qE Ñ A

p,clpΓpX ,F qq b ΓpX ,E q.
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Constructible sheaves

Sheaves on a stratified space (vi)

Let F be a constructible sheaf of locally f.p. derived Artin
stacks. For any point z P ΓpX ,F q the relative tangent
complex TF ,z P ShstrpX ,VectCq is a constructible complex of
vector spaces on X .

Given a point z P ΓpX ,F q, any closed form ω P Ap,cl
X pF qE

defines a map of constructible complexes on X

ω5
z :

pľ
TF ,z Ñ E .

Definition: The induced map Γpω5
zq on global sections is

the value of ω at z .
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Constructible sheaves

Sheaves on a stratified space (vi)

Note: All of this readily sheafifies:

For reasonable open sets U Ă X the assignment

U ÝÑ A
p,cl
U pF|UqE|U

is a presheaf of complexes. Its sheafification A
p,cl
X pF qE is

a sheaf of complexes on X equipped with a natural map

Γ : ΓpX ,A
p,cl
X pF qE q Ñ A

p,clpΓpX ,F qq b ΓpX ,E q.

In terms of diagrams Ap,cl
X pF qE P ShstrpX ,VectCq is

constructed as the right Kan extension of
A

p,cl
I : Itw Ñ VectC along the functor t : Itw Ñ I.
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Constructible sheaves

Non-degeneracy (v)

Setup:

X - nicely stratified space with equidimensional strata.

F P ShstrpX , dStCq is a constructible sheaf of locally f.p.
derived Artin stacks (or just locally formally representable
derived stacks).

E “ KX rns P ShstrpX ,VectCq, where n P Z and KX is the
Verdier’s dualizing complex of X .

Note: The cosheaf notion of shifted closed forms and shifted
symplectic forms has an equivalent reformulation in this
setting.
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Constructible sheaves

Non-degeneracy (vi)
Definition:

(a) The complex and space of relative n-shifted closed
p-forms on F are defined to be

A
p,cl
X pF , nq :“ A

p,cl
X pF qKX rns,

Ap,cl
X pF , nq :“ Ap,cl

X pF qKX rns.

(b) A closed relative n-shifted 2-form ω P Ap,cl
X pF , nq is

symplectic if for every U Ă X and any point
z P ΓpU,F q, the map

ω5
z : TF|U ,z

//LF|U ,z b KUrns

is a quasi-isomorphism.
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Constructible sheaves

Non-degeneracy and nearby cycles (i)

Let F P ShstrpX , dStCq, E “ KX rns, α P I .

Fα and
˝

Fα are local systems of derived stacks on Xα, i.e.
are derived stacks equipped with an action of
Π1pXαq “ Iα.

The fiber of cospEα : Eα Ñ
˝
Eα is equal to the !-restriction

of KX rns to Xα and so we have an exact triangle

(˚) Eα

cospE
α //

˝
Eα

//C rn ` 1 ` dimXαs .

Note: When α P I is maximal we have
˝
Eα “ 0 and so

Eα “ C rn ` dimXαs.
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Constructible sheaves

Non-degeneracy and nearby cycles (ii)

Let ω P A2,cl
X pF , nq “ A2,cl

X pF qE be a relative n-shifted closed
2-form on F . Then ω induces

ωα a relative closed Eα-valued 2-form on Fα, i.e.
ωα P A2,cl

Xα

pFαqEα
.

˝
ωα a closed

˝
Eα-valued 2-form on

˝
Fα, i.e.

˝
ωα P A2,cl

Xα

p
˝

Fαq˝
Eα

.

ωα a closed pn ` 1q-shifted 2-form on
˝

Fα, i.e.

ωα P A2,cl
Xα

p
˝

Fα, n ` 1q “ A2,cl
Xα

p
˝

FαqCrn`1`dimXαs.
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Constructible sheaves

Non-degeneracy and nearby cycles (iii)

Note:

ωα is the pushout of ˝
ωα by the map

˝
Eα Ñ C rn ` 1 ` dimXαs .

Viewing
˝

Fα as a constant derived Artin stack equipped
with a Π1pXαq action, then we can view ωα equivalently
as an absolute pn ` 1 ` dimXαq-shifted 2-form, i.e.

ωα P A
2,clp

˝
Fα, n ` 1 ` dimXαq.
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Constructible sheaves

Non-degeneracy and nearby cycles (iv)

Key observation: Consider the Π1pXαq-equivariant
cospecialization map

cospF

α : Fα Ñ
˝

Fα

of derived Artin stacks.
The exact triangle

Eα

cospE
α //

˝
Eα

//C rn ` 1 ` dimXαs .

yields a natural path hα between cospF˚
α pωαq and 0 in the

space A2,cl
Xα

pFα, n ` 1q or equivalently a path between
cospF˚

α pωαq and 0 in the space A2,clpFα, n ` 1 ` dimXαq.
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Constructible sheaves

Non-degeneracy and nearby cycles (v)

Theorem: [Arinkin-P-Toën] Suppose

F P ShstrpX , dStCq - a constructible sheaf of derived Artin
stacks, locally of f.p.;

ω P A2,cl
X pF , nq - a relative closed n-shifted 2-form on F .

Then ω is symplectic if and only if for every α P I the following
two conditions hold:

(a) ωα is symplectic.

(b) cospF
α : pFα, hαq Ñ p

˝
Fα, ωαq is Lagrangian.

Claim: [Arinkin-P-Toën] Fix β P I and assume that
(a) and (b) hold for all α ą β. Then ωβ is a shifted sym-
plectic form on

˝
Fβ.
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Constructible sheaves

Push-forwards (iv)
Pushing forward also makes sense in this setting. Suppose

f : X Ñ Y is a stratified map of nicely stratified spaces;

F P ShstrpX , dStCq;

E P ShstrpX ,VectCq;

We have push-forwards

f˚F P ShstrpY , dStCq and f˚E P ShstrpY ,VectCq

computed via the right Kan extensions along the functor
between exit path categories induced from f .
The pushforward of ω P Ap,cl

X pF qE then is a closed relative
form:

f˚ω P Ap,cl
Y pf˚F qf˚E .
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Constructible sheaves

Push-forwards (v)

Theorem: [Arinkin-P-Toën] Suppose that f : X Ñ Y is
proper and that ω P A2,cl

X pF qKX rns is symplectic. Then the
pushforward

tr f˚ω P A2,cl
Y pf˚F qKY rns

is symplectic as well.

Remark:

Here tr : f˚KX Ñ KY denotes the canonical trace map.

Most of the standard constructions of shifted symplectic
structures arise as special cases of the above theorem.
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DMS sheaves

Deligne-Malgrange-Stokes sheaves (i)
Suppose X is a smooth surface underlying a quasi-projective
complex algebraic curve and stratified with the following
strata:

a connected open stratum Xin;

a (not necessarily connected) open stratum Xout;

arcs Xe , e P E ;

endpoints Xv , v P V .

We require that the strata satisfy the following conditions:

(1) exactly two arcs meet at each enpoint;

(2) each arc separates Xin and Xout;

(3) Xout retracts onto its boundary.
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DMS sheaves

Deligne-Malgrange-Stokes sheaves (ii)

X

Xe

Xv

Xin
Xout

Figure: Stratified surface
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DMS sheaves

Deligne-Malgrange-Stokes sheaves (iii)

Setup: Consider F P ShstrpX , dStCq - a constructible sheaf of
stacks satisfying:

codim “ 0 Locally on Xin and on Xout, F is isomorphic to
BG for some reductive G .
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DMS sheaves

Deligne-Malgrange-Stokes sheaves (iii)

Setup: Consider F P ShstrpX , dStCq - a constructible sheaf of
stacks satisfying:

codim “ 0 Locally on Xin and on Xout, F is isomorphic to
BG for some reductive G .

typically the groups will be different on
different connected components of strata
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DMS sheaves

Deligne-Malgrange-Stokes sheaves (iv)

codim “ 1 For each point x P Xe , e P E the specialization
of strata

Xin
///o/o/o Xe Xout

oo o/ o/ o/

leads to a cospecialization diagram of stacks:

Fin Fe
oo // Fout .

We require that this diagram must be isomorphic to

BG BPoo // BL ,

where G is a reductive group, P Ă G is a parabolic subgroup,
and P Ñ L is the Levi quotient.
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DMS sheaves

Deligne-Malgrange-Stokes sheaves (iv)

codim “ 2 In a neighborhood of a point tbu “ Xv , v P V ,
the specialization of strata

Xe1

���O
�O
�O

Xin
///o/o/o

==
=}

=}
=}

=}

!!!a
!a

!a
!a

!a
Xv Xout

oo o/ o/ o/

aa
a!
a!
a!
a!

}} }=
}=
}=
}=
}=

Xe2

OO
O�
O�
O�
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DMS sheaves

Deligne-Malgrange-Stokes sheaves (iv)

codim “ 2 In a neighborhood of a point tbu “ Xv , v P V ,
the specialization of strata leads to a diagram of stacks

Fe1

""❊
❊❊

❊❊
❊❊

❊

}}③③
③③
③③
③③

Fin Fv
oo //

OO

��

Fout

Fe2

<<②②②②②②②②

aa❉❉❉❉❉❉❉❉

,
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DMS sheaves

Deligne-Malgrange-Stokes sheaves (v)

codim “ 2 We require that

Fe1

""❊
❊❊

❊❊
❊❊

❊

}}③③
③③
③③
③③

Fin Fv
oo //

OO

��

Fout

Fe2

<<②②②②②②②②

aa❉❉❉❉❉❉❉❉

–

BP1

%%❑❑
❑❑

❑❑
❑❑

❑❑
❑

yysss
ss
ss
ss
ss

BG BpP1 X P2qoo //

OO

��

BL

BP2

99sssssssssss

ee❑❑❑❑❑❑❑❑❑❑❑

,

where G is a reductive group, P1,P2 Ă G are parabolic
subgroups that admit a common Levi, and P1,2 Ñ L are the
Levi quotients.
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DMS sheaves

Deligne-Malgrange-Stokes sheaves (vi)

F

BP

BpP1 X P2q

BG BL

Figure: DMS sheaf
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DMS sheaves

Deligne-Malgrange-Stokes sheaves (vii)

Theorem: [Arinkin-P-Toën] Let F P ShstrpX , dStCq be a
DMS sheaf. Then

(1) The restriction map A2,clpF qKX
Ñ A2,clpFinqKXin

, is a
homotopy equivalence.

(2) The extension ω of a form ωin is non-degenerate if and
only if ωin is non-degenerate.
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DMS sheaves

Deligne-Malgrange-Stokes sheaves (ix)

Remarks:
Fin is a local system of stacks with fiber BG . Hence TFin

is a local system of complexes on Xin with fiber gr1s.

In particular
ˆ
a Π1pXinq ˆ G -invariant
symmetric pairing κ on g

˙

õˆ
a KXin

-valued relative symplectic
form ωin “ ωκ on Fin

˙

õ´
a KX -valued relative symplectic
form ω on F .

¯

When Fin is constant, the form κ exists automatically
since G is assumed to be reductive.
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DMS sheaves

Deligne-Malgrange-Stokes sheaves (ix)
Suppose

X is a smooth projective curve/C;

X “ X ´ tx1, . . . , xku;

I “ tI1, . . . ,Iku, Ii an irregular type at x i .

Then:
‚ I can be recorded equivalently in DMSG ,I P ShstrpX , dStCq;
‚ DMSG ,I classifies Stokes data on X of irregular type I , in
the sense that

LocG pX ,I q “ Γ
´

pX,DMS
G ,I |pX

¯
.

Here pX Ă X denotes the real oriented blow-up of X at the
points xi .
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DMS sheaves

Deligne-Malgrange-Stokes sheaves (x)
Note:

The sheaf DMSG ,I tautologically satisfies the
codim “ 0, 1, 2 properties.

Since the underlying G -local systems are untwisted
DMSG ,I comes with a canonical relative symplectic form
which depends only on a choice of a non-degenerate
κ P pSym2 g_qG .

Because of this we introduce the following:

Definition: ADMS sheaf on X is a sheaf F P ShstrpX , dStCq
that satisfies the codim “ 0, 1, 2 properties and admits a rela-
tive KX -valued symplectic structure.
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DMS sheaves

Deligne-Malgrange-Stokes sheaves (xi)

Suppose

F is a DMS sheaf of stacks euipped with a
KX -valued relative symplectic form ω.

f : X Ñ p0, 1s is the stratified map which collapses X ´ Xout

to 1 and projects each cylinder component of Xout

onto its ruling p0, 1q.

Then f is a proper stratified map and

Pushforward theorem ñ tr f˚ω is a relative Kp0,1s-valued
symplectic structure on f˚F P ShstrpX , dStCq.
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DMS sheaves

Deligne-Malgrange-Stokes sheaves (xii)

Hence

tr f˚ω defines a 1-shifted symplectic structure on
ΓpXout,Foutq.

tr f˚ω defines a 0-shifted Lagrangian structure on the
cospecialization map

ΓpX ´ Xout,F q Ñ ΓpXout,Foutq.
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DMS sheaves

Deligne-Malgrange-Stokes sheaves (xiii)

In the special case when F “ DMSG ,I we get

LocG pX ,I q “ ΓpX ´ Xout,F q

LocrLpBX q “ ΓpXout,Foutq

where rL is the local system of Levi subgroups on Xout for
which Fout “ BrL.
Moreover in this setting the map

rI : LocG pX ,I q Ñ LocrLpBX q

assigns to each Stokes filtered local system its formal
monodromy at 8.
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DMS sheaves

Deligne-Malgrange-Stokes sheaves (xiv)

Since rL is a locally constant sheaf we again have that fixing a
flat section λ P ΓpBX , rLq gives a Lagrangian map

kź

i“1

BGλi
Ñ

kź

i“1

rG{G s “ LocrLpBX q.

The intersection
LocGpX ,I ;λq

of this Lagrangian with the Lagrangian map rI is the moduli
of Stokes data of type I having a fixed formal monodromy at
8 and is therefore symplectic.
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Special cases 2.0

Constant sheaves (i)

Setup:

‚ X - a topological space “ a stratified space with a single
stratum.

‚ F P dStC - a derived Artin stack, locally of finite
presentation.

‚ F P ShstrpX , dStCq - the constant sheaf on X with fiber
F .

‚ ω P A2,clpF , nq - an (absolute) n-shifted symplectic form
on F .
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Special cases 2.0

Constant sheaves (ii)

Note:

ω corresponds to a relative CX rns-valued closed 2-form
ωX P A2,cl

X pF qCrns on F .

If X is an oriented manifold of pure dimension d , then
KX “ CX rds and so ωX P A2,cl

X pF qKX rn´ds.

˜
ω is non-degenerate as
an n-shifted absolute
form on F

¸

ô
˜
ωX is non-degenerate
as a KX rn ´ ds-valued
relative form on F .

¸

Pushforward theorem ñ tr pΓpωX qq is an pn ´ dq-shifted
symplectic structure on ΓpX ,F q “ MapdStCpX , F q.
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Special cases 2.0

Constant sheaves (ii)

Note:

ω corresponds to a relative CX rns-valued closed 2-form
ωX P A2,cl

X pF qCrns on F .

If X is an oriented manifold of pure dimension d , then
KX “ CX rds and so ωX P A2,cl

X pF qKX rn´ds.

˜
ω is non-degenerate as
an n-shifted absolute
form on F

¸

ô
˜
ωX is non-degenerate
as a KX rn ´ ds-valued
relative form on F .

¸

Pushforward theorem ñ tr pΓpωX qq is an pn ´ dq-shifted
symplectic structure on ΓpX ,F q “ MapdStCpX , F q.
This is the mapping stack theorem from [PTVV].
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Special cases 2.0

Lagrangian maps

Setup:

‚ X “ p0, 1s is the half-open interval stratified by the strata
Xin “ p0, 1q and X1 “ t1u, labeled by I “ tin, 1u with
1 ă in.

‚ F P ShstrpX , dStCq ñ specified by F1,Fin P dStC,
and one cospecialization map F1 Ñ Fin.

Note: KX “ pextension by zero of CXin
r1s from Xin to X q.

Thus a relative n-shifted symplectic structure on F consists
of:

‚ an pn ` 1q-shifted symplectic structure on Fin;
‚ an n-shifted Lagrangian structure on F1 Ñ Fin.
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Special cases 2.0

Lagrangian intersections

Setup:

‚ X “ r0, 1s stratified by Xin “ p0, 1q, X0 “ t0u, and
X1 “ t1u, where I “ t0, 1, inu with 0 ă in, 1 ă in, while 0
and 1 are incomparable.

‚ F P ShstrpX , dStCq ñ specified by F0,F1,Fin P dStC,
and two cospecialization maps F0 Ñ Fin and F1 Ñ Fin.

Note: KX “ pextension by zero of CXin
r1s from Xin to X q. A

relative n-shifted symplectic structure on F consists of:
‚ an pn ` 1q-shifted symplectic structure on Fin;
‚ n-shifted Lagrangian structures on F0 Ñ Fin and

F1 Ñ Fin.
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Special cases 2.0

Lagrangian intersections

Setup:

‚ X “ r0, 1s stratified by Xin “ p0, 1q, X0 “ t0u, X1 “ t1u.

‚ F P ShstrpX , dStCq ñ specified by F0,F1,Fin P dStC,
and two cospecialization maps F0 Ñ Fin and F1 Ñ Fin.

A relative n-shifted symplectic structure ω on F consists of:
‚ an pn ` 1q-shifted symplectic structure on Fin;
‚ n-shifted Lagrangian structures on F0 Ñ Fin and

F1 Ñ Fin.

Pushforward theorem ñ tr pΓpωqq is an n-shifted
symplectic structure on ΓpX ,F q “ F0 ˆh

Fin
F1.
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Special cases 2.0

Lagrangian intersections

Setup:

‚ X “ r0, 1s stratified by Xin “ p0, 1q, X0 “ t0u, X1 “ t1u.

‚ F P ShstrpX , dStCq ñ specified by F0,F1,Fin P dStC,
and two cospecialization maps F0 Ñ Fin and F1 Ñ Fin.

A relative n-shifted symplectic structure ω on F consists of:
‚ an pn ` 1q-shifted symplectic structure on Fin;
‚ n-shifted Lagrangian structures on F0 Ñ Fin and

F1 Ñ Fin.

Pushforward theorem ñ tr pΓpωqq is an n-shifted
symplectic structure on ΓpX ,F q “ F0 ˆh

Fin
F1.

This is the Lagrangian intersection theorem from [PTVV].
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Special cases 2.0

Hamiltonian reduction (iii)

Setup:

‚ X “ r0, 1s with strata Xin “ p0, 1q, X0 “ t0u, X1 “ t1u.

‚ G - a linear algebraic group{C, and
O Ă g_ - a coadjoint orbit.

‚ pM , ωq - an algebraic symplectic manifold equipped with
a Hamiltonian G -action.

‚ µ : M Ñ g_ - a G -equivariant moment map.

‚ F P ShstrpX , dStCq given by

F0 “ rO{G s, F1 “ rM{G s, Fin “ rg_{G s “ T_
BG r1s

and maps rO{G s ãÑ rg_{G s and µ : rM{G s Ñ rg_{G s.

Tony Pantev University of Pennsylvania

Relative Symplectic structures 2



Special cases 2.0

Hamiltonian reduction (iv)

Note: The Kirillov-Kostant-Souriau form on g_ induces a
relative 0-shifted symplectic structure ω on F .

Pushforward theorem ñ tr pΓpωqq is a 0-shifted
symplectic structure on ΓpX ,F q “ rRµ´1pOq{G s.
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Special cases 2.0

Hamiltonian reduction (iv)

Note: The Kirillov-Kostant-Souriau form on g_ induces a
relative 0-shifted symplectic structure ω on F .

Pushforward theorem ñ tr pΓpωqq is a 0-shifted
symplectic structure on ΓpX ,F q “ rRµ´1pOq{G s.

This is the Marsden-Weinstein Hamiltonian reduction
theorem.
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Special cases 2.0

Quasi-Hamiltonian reduction (iii)

Setup:

‚ X “ S2 with strata Xin “ S2 ´ tS ,Nu, X0 “ tSu,
X1 “ tNu.

‚ G - a complex reductive group, C Ă G - a conjugacy
class.

‚ pM , ωq - an algebraic symplectic manifold equipped with
a quasi-Hamiltonian G -action.

‚ µ : M Ñ G - a G -equivariant group valued moment map.

‚ F P ShstrpX , dStCq given by

F0 “ rC{G s, F1 “ rM{G s, Fin “ BG

and maps rC{G s ãÑ rG{G s and µ : rM{G s Ñ rG{G s.
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Special cases 2.0

Quasi-Hamiltonian reduction (iv)

Note:

KX “ pextension by zero of CXin
r2s from Xin to X q.

The standard 2-shifted symplectic form ωκ on BG

extends to a natural relative 0-shifted symplectic form
ωX P A2,cl

X pF qKX
on F .

Pushforward theorem ñ tr pΓpωX qq is a 0-shifted
symplectic structure on ΓpX ,F q “ rRµ´1pCq{G s.

Back
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Special cases 2.0

Quasi-Hamiltonian reduction (iv)

Note:

KX “ pextension by zero of CXin
r2s from Xin to X q.

The standard 2-shifted symplectic form ωκ on BG

extends to a natural relative 0-shifted symplectic form
ωX P A2,cl

X pF qKX
on F .

Pushforward theorem ñ tr pΓpωX qq is a 0-shifted
symplectic structure on ΓpX ,F q “ rRµ´1pCq{G s.

This is the Alexeev-Malkin-Meinrenken quasi-Hamiltonian
reduction theorem.

Back
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Sheaves of derived stacks

Sheaves, cosheaves, and functors (i)

X - locally compact Hausdorff space;
U pX q - the poset of opens in X ;
C - an 8-category which admits all small limits.

Definition: A C -valued sheaf on X is a functor
F : U pX qop Ñ C satisfying the sheaf condition: for every
open cover tUαu of an open set U the natural map

F pUq ÝÑ lim
ÐÝ
V

F pV q

is an equivalence in C . Here the limit is taken over all open
subsets V Ă U which are contained in one of the Uα.
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Sheaves of derived stacks

Sheaves, cosheaves, and functors (ii)

X - locally compact Hausdorff space;
U pX q - the poset of opens in X ;
C - an 8-category which admits all small colimits.

Definition: A C -valued cosheaf on X is a functor
F : U pX qop Ñ C satisfying the cosheaf condition: for every
open cover tUαu of an open set U the natural map

colim
ÝÑ
V

F pV q Ñ F pUq

is an equivalence in C . The colimit is taken over all opens
V Ă U which are contained in one of the Uα.

Back
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Sheaves of derived stacks

Representability conditions (i)

Let F P dStpX q be a sheaf of derived stacks. We can
consider F as a functor

F p´q : cdgaC ÝÑ StpX q

from cdga to stacks (of homotopy types) over X .

Note: We can describe the condition that F is locally
formally representable over X in terms of the functor F p´q.
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Sheaves of derived stacks

Representability conditions (ii)
F is locally formally representable if and only if for any
cartesian diagram of local Artinian cdga

B 1 //

��

B

��
A1 // A

where H0pA1q Ñ H0pAq is surjective, the corresponding
diagram

F pB 1q //

��

F pBq

��
F pA1q // F pAq

is cartesian in StpX q.

Back
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Exit paths

Exit paths (i)

Setup:

X be a stratified space with strata labeled by a poset I .

|∆n| “
!

pt0, . . . , tnq P r0, 1sˆn

ˇ̌
ˇ

ř1

i“0 “ 1
)
is the

standard simplex.

Definition: The simplicial set of exit paths of X is the
simplicial subset I Ă SingpX q consisting of those simplices
σ : |∆n| Ñ X that satisfy the condition

(˚)

˜ There exists a chain of elements α0 ă α1 ă ¨ ¨ ¨ ă αn P I

so that for every point pt0, t1, . . . , ti , 0, . . . , 0q P |∆n|

with ti ‰ 0 we have that σpt0, t1, . . . , ti , 0, . . . , 0q P Xαi
.

¸
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Exit paths

Exit paths (ii)

Theorem: [Lurie]

(a) If the stratification on X is conical, then I is an
8-category.

(b) Let X be a paracompact topological space which is locally
of a singular shape, and is equipped with a conical
I -startification. Then the 8-category of I -constructible
sheaves of spaces on X is equivalent to the 8-category
FunpI, SSetsq.

Back
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