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0. Intro
Confluence of Gauss Hypergeometric Equation

z(1 − z)
d2

dz2
y + (γ − (α + β + 1)z)

d
dz

y − αβy = 0 Gauss hypergeometric equation

z = εζ, β =
1
ε

ζ(1 − εζ)
d2

dζ2
y + (γ − (α + 1 + ε)ζ)

d
dζ

y − αy

ε → 0

ζ
d2

dζ2
y + (γ − α)

d
dζ

y − αy = 0 Confluent Gauss HG equation

reg. sing. at x = 0, 1, ∞

reg. sing. at x = 0, irreg. sing. at x = ∞

x = 1 x = ∞reg. sing.

x = ∞irreg. sing.



Isomonodromic deformation & Weyl group symmetry
d2

dz2
y + { 1 − κ0

z
+

1 − κ1

z − 1
+

1 − θ
z − t

−
1

z − λ } d
dz

y + { κ
z(z − 1)

+
λ(λ − 1)μ

z(z − 1)(z − λ)
−

t(t − 1)H
z(z − 1)(z − t) } y = 0

t(t − 1)H = λ(λ − 1)(λ − t)μ2 − {κ0(λ − 1)(λ − t) + κ1λ(λ − t) + (θ − 1)λ(λ − 1)} μ + κ(λ − t)

reg. sing. at x = 0, 1, t ∞ x = λ is an apparent sing.

μ is an accessory parameter

Let us move t so that the monodromy is preserved

dλ
dt

=
∂H
∂μ

,
dμ
dt

= −
∂H
∂λ Painlevé VI equation



Set t → (1 − t), λ → (1 − λ),  then

t(t − 1)H = λ(λ − 1)(λ − t)μ2 − {κ0(λ − 1)(λ − t) + κ1λ(λ − t) + (θ − 1)λ(λ − 1)} μ + κ(λ − t)

t(t − 1)(−H̃ ) = λ(λ − 1)(λ − t)μ2 − {(−κ1)(λ − 1)(λ − t) + (−κ0)λ(λ − t) + ( − (θ − 1))λ(λ − 1)} μ + (−κ)(λ − t)

dλ
dt

=
∂H
∂μ

,
dμ
dt

= −
∂H
∂λ

dλ
dt

=
∂H̃
∂μ

,
dμ
dt

= −
∂H̃
∂λ

t → (1 − t), λ → (1 − λ)

These transformations generate D(1)
4  Weyl group (Okamoto)

This transformation gives another Painlevé VI



Confluence & Weyl groups
d2

dz2
y + { 1 − κ0

z
+

1 − κ1

z − 1
+

1 − θ
z − t

−
1

z − λ } d
dz

y + { κ
z(z − 1)

+
λ(λ − 1)μ

z(z − 1)(z − λ)
−

t(t − 1)H
z(z − 1)(z − t) } y = 0

set t → 1 + εt, κ1 → ηε−1, θ → − ηε−1

and ε → 0

d2

dz2
y + { 1 − κ0

z
+

ηt
(z − 1)2

+
1 − θ
z − 1

−
1

z − λ } d
dz

y + { κ
z(z − 1)

+
λ(λ − 1)μ

z(z − 1)(z − λ)
−

tHV

z(z − 1)2 } y = 0

t2HV = λ(λ − 1)2μ2 − {κ0(λ − 1)2 + θλ(λ − 1) − ηtλ} μ + κ(λ − 1)

dλ
dt

=
∂H
∂μ

,
dμ
dt

= −
∂H
∂λ

dλ
dt

=
∂HV

∂μ
,

dμ
dt

= −
∂HV

∂λ

Confluence

Painlevé VI Painlevé V

D(1)
4 A (1)

3

Weyl group



Degeneration scheme of Painlevé equations

P(VI) P(V)

P(VI)

P(III)

P(II) P(I)

We would like to explain this table of Weyl groups via  
moduli spaces of meromorphic connections

D(1)
4 A (1)

3

A (1)
2

(A1 × A1)(1)

A(1)
1 ∅

Degeneration of Weyl group



d
dz

Y = ( A0

z
+

A1

z − 1
+

At

z − t ) Y

A0 ∼ (0 0
0 κ0) A1 ∼ (0 0

0 κ1) At ∼ (0 0
0 θ) A∞ := − (A0 + A1 + At) = (χ 0

0 χ + κ∞)

(μ, λ) :  phase space Accessory parameters of ODE
(moduli)

λ : zero of A12
0

z
+

A12
t

z − 1
+

A12
t

z − t

H =
A11

t

λ − t
+

A11
0 + A11

t − κ0θ
t

+
A11

1 + A11
t − κ1θ

t − 1
+ tr (At ( A0

t
+

A1

t − 1 ))

Previous isomonodromic deformation is equivalent to that of the following 
ODE.

Painlevé equation is defined over the moduli space of the ODE 



Moduli spaces of ODEs and Quiver varieties
𝒞0, …, 𝒞p :  conjucacy classes in M(n, ℂ)

ℳ(𝒞) := { d
dz

Y =
p

∑
i=1

Ai

z − ai
Y (Ai) :  irreducible

Ai ∈ 𝒞i }/GL(n, ℂ) (A0 := −
p

∑
i=1

Ai)
Thm (Crawley-Boevey)

∃Q = (Qvartex, Qedge) : star-shaped quiver
∃α ∈ ℤQv, ∃λ ∈ ℂQv
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defined below is bijective. Let Φξ(A) = (Ma,ψρ) be as follows:

M0 = Cn, Mk = Im
k∏

i=1

(A− ξiIn) for all k = 1, . . . , d− 1,

ψρi : Mi+1 ↪→ Mi : inclusion, ψρ∗i
= (A− ξi)|Mi−1 .

The inverse map is given by (Ma,ψρ)a∈Q0,ρ∈Q1
#→ ψρ1ψρ∗1

+ ξ1.
Furthermore for any M = (Ma,ψρ)a∈Q0,ρ∈Q1

∈ Z and any subspace S ⊂
Cn invariant under ψρ1ψρ∗1

+ ξ1, there exists a subrepresentation N of M
such that N = 0 (resp. N = M) if and only if S = 0 (resp. S = Cn).

By this correspondence, we have the following.

Theorem 1.7 (Crawley-Boevey [8]). Let C0, . . . , Cp be conjugacy classes of
M(n,C). For i = 0, . . . , p, choose ξ[i,1], . . . , ξ[i,di] ∈ C so that

di∏

j=1

(A(i) − ξ[i,j]In) = 0

for all A(i) ∈ Ci. Let ξ = ({ξ[i,1], . . . , ξ[i,di]})0≤i≤p be the collection of ordered

sets {ξ[i,1], . . . , ξ[i,di]}. Set m0 = n and m[i,j] = rank
∏j

k=1(A
(i) − ξ[i,k]In)

for j = 1, . . . , di − 1. Consider the following quiver Q.

0
!"#$%&'( [0, 1]

!"#$%&'(
[0, 2]

!"#$%&'(
[0, d0 − 1]

!"#$%&'(
[1, 1]

!"#$%&'(
[1, 2]

!"#$%&'(
[1, d1 − 1]

!"#$%&'(

[p, 1]

!"#$%&'(
[p, 2]

!"#$%&'(
[p, dp − 1]

!"#$%&'(
!!

⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧""
❥❥❥❥❥❥❥❥##

❄❄
❄❄

❄❄
❄❄

❄❄
❄

$$ $$ $$

$$ $$ $$

$$ $$ $$

Define α = (αa)a∈Q0 ∈ (Z≥0)Q0 by α0 = m0 and α[i,j] = m[i,j] for i =

0, . . . , p, j = 1, . . . , di − 1. Also define λ = (λa)a∈Q0 ∈ CQ0 by λ0 =
−
∑p

i=0 ξ[i,1] and λ[i,j] = ξ[i,j] − ξ[i,j+1] for i = 0, . . . , p, j = 1, . . . , di − 1.
Then there exists a bijection

Φξ :

{
(A(i))0≤i≤p ∈

p∏

i=0

Ci

∣∣∣∣
∑p

i=0A
(i) = 0,

(A(i))0≤i≤p is irreducible

}
/GL(n,C)

→
{
M ∈ Rep (Q,α)λ | M is irreducible

}
/
∏

a∈Q0

GL(αa,C).

Thus Theorem 1.4 solves additive Deligne-Simpson problems.

Theorem 1.8 (Crawley-Boevey [8]). Let C0, . . . , Cp be conjugacy classes
of M(n,C). Let us choose the quiver Q, α ∈ (Z≥0)Q0 and λ ∈ CQ0 as
Theorem 1.7. Then the additive Deligne-Simpson problem for C0, . . . , Cp

has a solution if and only if α ∈ Σλ.

ℳ(𝒞) ≅ 𝔐reg
λ (Q, α)

𝔐reg
λ (Q, α) := {x ∈ μ−1

α (λ) ∣ x : irreducible}/G(α)

μα : Rep(Q̄, α) → ∏
a∈Qv

M(αa, ℂ) μα(x) := ∑
ρ ∈ Qe

t(ρ) = a

xρxρ* − ∑
ρ ∈ Qe

s(ρ) = a

xρ*xρ

Q̄ : double of Q G(α) := ∏
a∈Qv

GL(αa, ℂ)



This picture is valid even for irregular singular case

ℳV :=
d
dz

Y = ( A0

z
+

A1

z − 1
+ B∞) Y irred.

A0 ∼ (0 0
0 θ0), A1 ∼ (0 0

0 θ1)
−B∞z2 + A∞z−1 ∼ (0 0

0 −t) z−2 + (θ∞
1 0
0 θ∞

2 ) / ∼

ℳV ≅ phase space of Painlevé V

QV : Type A (1)
3 (Boalch)ℳV ≅ 𝔐λV

(QV, αV)

ℳIV ≅ 𝔐λIV
(QV, αIV)

ℳIII ↪ 𝔐λIII
(QIII, αIII)

ℳII ≅ 𝔐λII
(QV, αII)

QIV : Type A (1)
2 (Boalch)

QIII : Type A (1)
3 (A1 × A1)(1) ↪ A (1)

3(H.)

QII : Type A(1)
1 (H.-Yamakawa)

Weyl groups of Painlevé equations come from that of quiver varieties. 
(Haraoka-Filipuk, Boalch, Yamakawa)

α* : indivisible null root of Q*, ( * = II, …, VI )



D(1)
4 A (1)

3

A (1)
2

(A1 × A1)(1)

A(1)
1 ∅

Degeneration of Weyl group of Painlevé equations

Want to understand this degeneration sheme as  
a deformation of moduli spaces (quiver varieties) via 
confluence of singular points 

Where do the Weyl groups of Painlevé equations come from ?

From the Weyl groups of quiver varieties (moduli spaces) via  
Isomonodromic deformation !

Q.

A.



Main Theorem
Thm (precise statement will be given later)

ℳ(𝒞) ≅ 𝔐reg
λ (Q, α) ≠ ∅ : a moduli space of Fuchsian equations

∃M : a complex manifold ∃𝔻 ⊂ ℂN : a small polydisc

∃π : M → 𝔻 surjective holomorphic map satisfying the following

For generic c ∈ 𝔻, π−1(c) ≅ 𝔐reg
λ(c)(Q, α)

Every fiber π−1(c) is equidimentional with dimℳ(𝒞)

For every c ∈ 𝔻, π−1(c) ≅ a moduli space of differential equations

For every c ∈ 𝔻, π−1(c)∃ ↪ 𝔐reg
λ(c)(Q(c), α(c)) : open dense embedding

(Q(c), α(c) are piecewise constant)

cf. Inaba for 1-parameter deformation of moduli spaces of meromorphic 
connections on parabolic bundles over Riemann surfaces

Rem. 



ci1 = ci2 = ci3

ℳIV ≅ A (1)
2

ℳVI ≅ D(1)
4 ℳV ≅ A (1)

3

ℳIII ↪ A (1)
3

ℳII ≅ A(1)
1

ci ≠ cj (∀i, j) ci1 = ci2

ci1 = ci2, ci3 = ci4

ci1 = ⋯ = ci4

Painlevé case
π : M → 𝔻 ⊂ ℂ4 = {(c1, …, c4)}

π−1(c) are isomorphic to moduli spaces in the following way



1.Spectral types 
Spectral types of Fuchsian equations

𝒞 : a conjugacy class in M(n, ℂ) f𝒞(t) =
d

∏
i=1

(t − ξi) : minimal polynomial of 𝒞

mj := rank
j−1

∏
i=1

(A − ξi) − rank
j

∏
i=1

(A − ξi), A ∈ 𝒞

m1 := n − rank(A − ξ1)

Then the pair (ξ1, …, ξd) and (m1, …, md) is invariant of 𝒞, namely

B ∈ 𝒞 ⇔ {
n − rank(B − ξ1) = m1

rank∏j−1
i=1 (B − ξi) − rank∏j

i=1 (B − ξi) = mj

The spectral type (m1, …, md) of 𝒞 is defined by



𝒞0, …, 𝒞p :  conjucacy classes in M(n, ℂ)

ℳ(𝒞) := { d
dz

Y =
p

∑
i=1

Ai

z − ai
Y (Ai) :  irreducible

Ai ∈ 𝒞i }/GL(n, ℂ) (A0 := −
p

∑
i=1

Ai)
𝒞j define spectral types (ξ[ j,1], …, ξ[ j,dj]), (m[ j,1], …, m[ j,dj])
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defined below is bijective. Let Φξ(A) = (Ma,ψρ) be as follows:

M0 = Cn, Mk = Im
k∏

i=1

(A− ξiIn) for all k = 1, . . . , d− 1,

ψρi : Mi+1 ↪→ Mi : inclusion, ψρ∗i
= (A− ξi)|Mi−1 .

The inverse map is given by (Ma,ψρ)a∈Q0,ρ∈Q1
#→ ψρ1ψρ∗1

+ ξ1.
Furthermore for any M = (Ma,ψρ)a∈Q0,ρ∈Q1

∈ Z and any subspace S ⊂
Cn invariant under ψρ1ψρ∗1

+ ξ1, there exists a subrepresentation N of M
such that N = 0 (resp. N = M) if and only if S = 0 (resp. S = Cn).

By this correspondence, we have the following.

Theorem 1.7 (Crawley-Boevey [8]). Let C0, . . . , Cp be conjugacy classes of
M(n,C). For i = 0, . . . , p, choose ξ[i,1], . . . , ξ[i,di] ∈ C so that

di∏

j=1

(A(i) − ξ[i,j]In) = 0

for all A(i) ∈ Ci. Let ξ = ({ξ[i,1], . . . , ξ[i,di]})0≤i≤p be the collection of ordered

sets {ξ[i,1], . . . , ξ[i,di]}. Set m0 = n and m[i,j] = rank
∏j

k=1(A
(i) − ξ[i,k]In)

for j = 1, . . . , di − 1. Consider the following quiver Q.

0
!"#$%&'( [0, 1]

!"#$%&'(
[0, 2]

!"#$%&'(
[0, d0 − 1]

!"#$%&'(
[1, 1]

!"#$%&'(
[1, 2]

!"#$%&'(
[1, d1 − 1]

!"#$%&'(

[p, 1]

!"#$%&'(
[p, 2]

!"#$%&'(
[p, dp − 1]

!"#$%&'(
!!

⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧⑧""
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$$ $$ $$

$$ $$ $$

$$ $$ $$

Define α = (αa)a∈Q0 ∈ (Z≥0)Q0 by α0 = m0 and α[i,j] = m[i,j] for i =

0, . . . , p, j = 1, . . . , di − 1. Also define λ = (λa)a∈Q0 ∈ CQ0 by λ0 =
−
∑p

i=0 ξ[i,1] and λ[i,j] = ξ[i,j] − ξ[i,j+1] for i = 0, . . . , p, j = 1, . . . , di − 1.
Then there exists a bijection

Φξ :

{
(A(i))0≤i≤p ∈

p∏

i=0

Ci

∣∣∣∣
∑p

i=0A
(i) = 0,

(A(i))0≤i≤p is irreducible

}
/GL(n,C)

→
{
M ∈ Rep (Q,α)λ | M is irreducible

}
/
∏

a∈Q0

GL(αa,C).

Thus Theorem 1.4 solves additive Deligne-Simpson problems.

Theorem 1.8 (Crawley-Boevey [8]). Let C0, . . . , Cp be conjugacy classes
of M(n,C). Let us choose the quiver Q, α ∈ (Z≥0)Q0 and λ ∈ CQ0 as
Theorem 1.7. Then the additive Deligne-Simpson problem for C0, . . . , Cp

has a solution if and only if α ∈ Σλ.

Then Crawley-Boevey showed that 

ℳ(𝒞) ≅ 𝔐λ(Q, α)

{
α0 := n

α[i, j] := n − ∑j
k=1 m[i,k] {

λ0 := − ∑p
i=0 ξ[i,1]

λ[i, j] := ξ[i, j] − ξ[i, j+1]

Here



Irregular case (unframified only)

H = diag(q1(z−1)In1
+ R1z−1, …, qm(z−1)Inm

+ Rmz−1) qi(t) ∈ t2ℂ[t] Ri ∈ M(ni, ℂ)

H =
Hk

zk
+

Hk−1

zk−1
+ ⋯ +

H1

z

Hi → ξi = (ξ(i)
1 , …, ξ(i)

m(i)), n i = (n(i)
1 , …, n(i)

m(i))

n k > n k−1 > ⋯ > n 1

> : refinement of compositions of n

is called Hukuhara-Turrittin-Levelt normal form 

Then the spectral type of 

is the collection of 

with the monotone decreasing ordering 



Unfolding of spectral type after Oshima

H =
Hk

zk
+

Hk−1

zk−1
+ ⋯ +

H1

z

H(c1, c2, …, ck) :=
Hk

(z − c1)(z − c2)⋯(z − ck)
+

Hk−1

(z − c1)(z − c2)⋯(z − ck−1)
+ ⋯ +

H1

z − c1

for generic c ∈ 𝔻ϵ := {c = (c1, c2, …, ck) ∈ ℂk ∣ |c | < ϵ}

H(c1, c2, …, ck) =
k

∑
i=1

Ai(c)
z − ci

Ai(c) :=
k

∑
j=i

Hj

∏1≤ν≤ j,ν≠i (ci − cν)

where

Irregular normal form

Fuchsian normal form

(perturbation)



Unfolding of spectral type

(ξ1, ξ2…, ξk), (n1 < n2 < ⋯ < nk)H =
Hk

zk
+

Hk−1

zk−1
+ ⋯ +

H1

z

H(c1, c2, …, ck) =
k

∑
i=1

Ai(c)
z − ci

spectral type

perturbation

ξi(c), n i : spectral type of Ai(c)

forget <

Def. (confluent structure of a spectral type)

(ξ1, ξ2…, ξk), (n1 < n2 < ⋯ < nk) :  spectral data of a HTL normal form

(ξ1(c), n1), …, (ξk(c), nk) : spectral data with a confluent structure

unfolding of  
spectral type

unfolding



Example

H =

a
a

a
b

z3
+

c
c

d
e

z2
+

α
β

γ
δ

z

(3,1) > (2,1,1) > (1,1,1,1)

A1(c) =

a
a

a
b

(c1 − c2)(c1 − c3)
+

c
c

d
e

(c1 − c2)
+

α
β

γ
δ

A2(c) =

a
a

a
b

(c2 − c1)(c2 − c3)
+

c
c

d
e

(c2 − c1)

A3(c) =

a
a

a
b

(c3 − c1)(c3 − c2)

A1(c)
z − c1

+
A2(c)
z − c2

+
A3(c)
z − c3

(1,1,1,1)

(2,1,1)

(3,1)

unfolding



A1(c)
z − c1

+
A2(c)
z − c2

+
A3(c)
z − c3

(1,1,1,1), (2,1,1), (3,1)

B(1)
2 (c) =

a
a

a
b

(c1 − c3)
+

c
c

d
e

B(1)
1 (c) = −

a
a

a
b

(c1 − c3)2
+

α
β

γ
δ

(2,1,1) > (1,1,1,1)

B(1)
2 (c)

(z − c1)2
+

B(1)
1 (c)

z − c1
+

A′�3(c)
z − c3

(3,1)

(c1 = c2)

specialize

(2,1,1) > (1,1,1,1)

A′�3(c) =

a
a

a
b

(c3 − c1)2
(3,1)



A1(c)
z − c1

+
A2(c)
z − c2

+
A3(c)
z − c3

(1,1,1,1), (2,1,1), (3,1)

A′�1(c)
z − c1

+
B(2)

2 (c)
(z − c2)2

+
B(2)

1 (c)
z − c2

(1,1,1,1), (3,1) > (2,1,1)

B(1)
2 (c)

(z − c1)2
+

B(1)
1 (c)

z − c1
+

A′�3(c)
z − c3

(2,1,1) > (1,1,1,1), (3,1)

B3(c)
(z − c)3

+
B2(c)

(z − c)2
+

B1(c)
z − c

(3,1) > (2,1,1) > (1,1,1,1)

(c1 = c2)

(c2 = c3)

(c1 = c2 = c3 = c)

holomorphic family of normal forms



2. Deformation of moduli 
spaces of differential equations

Truncated orbit

H =
Hk

zk
+

Hk−1

zk−1
+ ⋯ +

H1

z
∈ M(n, z−kℂ[[z]]/ℂ[[z]]) : HTL normal form

𝒪H := GL(n, ℂ[[z]]/zk+1ℂ[[z]]) ⋅ H : truncated orbit of H

Moduli space of differentia equations with unratified HTL normal forms

Hi ∈ M(n, z−kiℂ[[z]]/ℂ[[z]]) : HTL normal forms i = 1,,2,…, p

ℳ(ℋ) :=
d
dz

Y =
p

∑
i=1

ki

∑
j=1

A(i)
j

(z − ai) j
Y : irreducible

p

∑
i=1

A(i)
1 = 0,

ki

∑
j=1

A(i)
j

zj
∈ 𝒪Hi /GL(n, ℂ)



Embegging theorem (Crawley-Boevey, Boalch, Yamakawa, H-Yamakawa,H)

∃Q, ∃α, ∃λ

ℳ(ℋ) ↪ 𝔐reg
λ (Q, α) : embedding into an open dense subset

(3,1) > (2,1,1) > (1,1,1,1) > (1,1,1,1) (3,1) > (1,1,1,1) (1,1,1,1)

Quiver with the spectral type



Deformation of truncated orbits

(ξ1(c), …, ξk(c)), (n1, …, nk) : spectral data with a confluent structure

H(c1, c2, …, ck) =
Hk

(z − c1)(z − c2)⋯(z − ck)
+

Hk−1

(z − c1)(z − c2)⋯(z − ck−1)
+ ⋯ +

H1

z − c1

family of HTL normal forms

Prop (holomorphic family of truncated orbits)

∃π : ÕH(c) → 𝔻ϵ ⊂ ℂk : holomorphic family

π−1(c) = 𝒪H(c) ∀c ∈ 𝔻ϵ



Example (construction of a family                            )π : ÕH(c) → 𝔻ϵ ⊂ ℂk

H = (
t1In1

t2In2) z−2 + (
α1In1

α2In2) z−1 (n1, n2) > (n1, n2)

𝒪H = GL(n, ℂ[[z]]/z2ℂ[[z]]) ⋅ H

= GL(n, ℂ) × {In + (0 X
Y 0) z ∣ X ∈ Mn1×n2

, Y ∈ M(n2 × n1)} ⋅ H

= GL(n, ℂ) ⋅ (
t1In1

t2In2) z−2 + (
α1In1

(t2 − t1)X
(t1 − t2)Y α2In2 ) z−1

H(c1, c2) =
H2

(z − c1)(z − c2)
+

H1

z − c1
=

A1(c)
z − c1

+
A2(c)
z − c2

c := c1 − c2

A1(c) =
(

t1
c + α1)In1

(
t2
c + α2)In2

, A2(c) = (
t1In1

t1In2)



(g, x(c), y(c)) ∈ GL(n, ℂ) × (
In1

cX
0 In2) X ∈ M(n1 × n2) × (

In1
0

cY In2) Y ∈ M(n2 × n1)

(g, x(c), y(c)) ⋅ H(c1, c2) :=
A′�1(c)
z − c1

+
A′�2(c)
z − c2

A′�1(c) := (gx(c)y(c)) A1(c) (gx(c)y(c))−1 A′�2(c) := g A2(c) g−1

Orbit of H(c1, c2) = 𝒞A1(c) × 𝒞A2(c) ( if c = c1 − c2 ≠ 0)

For

the action is defined by

where

Then 

Stab(A2(c)) = {(G1
G2) Gi ∈ GL(ni, ℂ)}Here we note that 

and {(G1
G2)} × (

In1
cX

0 In2) × (
In1

0
cY In2) ≅ GL(n, ℂ)



A′�1(c) ≡
(

t1
c + α1)In1

(t2 − t1)X

(t1 − t2)Y (
t2
c + α2)In2

(mod c)

(g, x(c), y(c)) ⋅ H(c1, c2) =
A′�1(c)
z − c1

+
A′�2(c)
z − c2

=
A′�2(c)

(z − c1)(z − c2)
+

A′�1(c) − 1
c A′ �2(c)

z − c1

Notice that

and

(g, x(c), y(c)) ⋅ H(c1, c2) = g ⋅
(

t1In1

t2In2)
(z − c1)(z − c2)

+
(

α1In1
(t2 − t1)X

(t1 − t2)Y α2In2 ) + cZ

z − c1

Thus we have

Orbit of H(c1, c1) = GL(n, ℂ) ⋅ (
t1In1

t2In2)(z − c1)−2 + (
α1In1

(t2 − t1)X
(t1 − t2)Y α2In2 )(z − c1)−1

= 𝒪H(c1,c1)

(c1 = c2, (c = 0))



Main theorem
(Hi(ci))ci∈𝔻(i)

ϵi
:  holomorphic families of HTL normal forms, i = 1,2,…, p

πi : ÕHi(ci) → 𝔻(i)
ϵi

: hol. fam. fo orbits of Hi(ci), i = 1,2,…, p

ℳ̃ (ℋ) := { d
dz

Y =
p

∑
i=0

Ãi(ci, z − ai)Y satisfying the following}/GL(n, ℂ)

Ãi(ci, z) ∈ 𝒪̃Hi(ci), i = 1,2,…, p

d
dz

Y =
p

∑
i=0

Ãi(ci, z − ai)Y is irreducible at each (ci)i=1,2,…,p ∈
p

∏
i=1

𝔻(i)
ϵi

∮CR

p

∑
i=0

Ã(ci, z − ai) dz = 0

CR : circle centered at the origin with the radius R > max
i=1,2,…,p

{ |ai | + |ϵi |}

1.

2.

3.



Thm. 

Define π : M̃(ℋ) →
p

∏
i=1

𝔻(i)
ϵi
 as before

Suppose there exists a generic fiber π−1(c) ≠ ∅

Then we have the following

π is surjective with equidimensional fibers

Every fiber π−1((ci)i=1,2,…,p) is isomorphic to the moduli space ℳ((Hi(ci))i=1,2,…,p)

For each (ci) ∈
p

∏
i=1

𝔻(i)
ϵi

,  there exists an open embedding 

π−1((ci)) ↪ 𝔐λ(ci)(Q(ci, α(ci)))

1.

2.

3.

M̃(ℋ) is a nonsingular complex manifold

4.


