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ABSTRACT. We analyse the problem of assigning sign choices to O-planes in orientifolds of
type II string theory. We show that there exists a sequence of invariant p-gerbes with p > —1,
which give rise to sign choices and are related by coboundary maps. We prove that the sign
choice homomorphisms stabilise with the dimension of the orientifold and we derive topological
constraints on the possible sign configurations. Concrete calculations for spherical and toroidal
orientifolds are carried out, and in particular we exhibit a four-dimensional orientifold where not
every sign choice is geometrically attainable. We elucidate how the K-theory groups associated
with invariant p-gerbes for p = —1,0, 1 interact with the coboundary maps. This allows us to
interpret a notion of K-theory due to Gao and Hori as a special case of twisted KR-theory,
which consequently implies the homotopy invariance and Fredholm module description of their

construction.
CONTENTS
(I.__Introductionl 2
[2. Sign choices for invariant p-gerbes| )
I3.  Real bundle gerbes and their connections| 7
13.1.  Real bundle gerbes| 7
[3.2. Connective structures on Real bundle gerbes| 8
[3.3. Holonomy of orientifold B-fields| 10
|4.  Geometric constructions of sign choices| 13
|4.1. Sign choice tfor Real functions| 13
|4.2. Sign choice for equivariant bundles| 13
|4.3.  Sign choice tor Real bundle gerbes| 14
[5. Sign choices for spherical orientifolds| 17
|5.1. The three-sphere 53’1| 17
[5.2. The n-sphere S™| 19
[5.3.  Sign choice for equivariant bundle 2-gerbes| 19
15.4.  Constraints on geometric sign choices| 20
|6.  Sign choices for toroidal orientifolds| 21
6.1. The circle S 21
[6.2.  The two-torus S=~ x S 22

The authors acknowledge support under the Australian Research Council’s Discovery Projects funding scheme
(project numbers DP120100106, DP130102578 and DP180100383), the Consolidated Grant ST /P000363/1 from
the UK Science and Technology Facilities Council, the Marsden Foundation (project number 3713803), and the
Action MP1405 QSPACE from the European Cooperation in Science and Technology (COST).

We thank David Baraglia and Jonathan Rosenberg for helpful discussions.
1



2 P. HEKMATI, M.K. MURRAY, R.J. SZABO, AND R.F. VOZZO

16.3.  The three-torus S°' x S5 x S5 23
[7. KR-theory with sign choices| 25
[r.1. The Gao—-Horil constructionl 25
[7.2. Twisted K-theory| 26
[References 28

1. INTRODUCTION

In this paper we study the Real Brauer group and related structures on orientifolds, that is,
pairs (M, T) consisting of a manifold M equipped with an involution 7: M — M. The fixed
point set of the involution is M " and its connected components will be called orientifold planes
or O-planes for short. Orientifolds are more commonly refered to as Real manifolds in the
mathematics literature; the present terminology is borrowed from string theory where these give
backgrounds which are important for model building and understanding T-duality [I], [].

O-planes can carry a positive or negative Ramond-Ramond charge, which for consistency of
the string background must be cancelled by the inclusion of suitable D-brane charges; conversely,
string backgrounds with D-branes require inclusion of suitable orientifold planes. The collection
of discrete O-plane charges for a given orientifold background is specified mathematically by a
sign choice, which is an assignment of an element + 1 of Z, to each O-plane, or equivalently a
cocycle in H O(M " Zy). The sign choices determine the projection of the U(n) gauge groups of
the Chan—Paton factors when n coincident D-branes are placed on top of an O-plane: this is
O(n) for sign choice +1 and Sp(n) for sign choice —1.

A general condition for the allowed distributions of sign choices for a given orientifold (M, 7)
is not presently known. A related open problem is to define a suitable variant of KR-theory
classifying D-branes on orientifolds for an arbitrarily given sign choice which is not necessar-
ily constant over the different O-planes. The K-theory and cohomology classification of the
spectrum of O-plane charges for a given orientifold is discussed in [22] 12} [14] 19l [5, B]. Real
continuous trace C”-algebras and their sign choices were discussed in [7], where a corresponding
version of K R-theory was also proposed. The purpose of this paper is to provide some detailed
answers to these questions from a geometric perspective.

In orientifolds of type II string theory, the behaviour of fields in the NS-NS sector influences
the allowed sign choices. At the lowest level there is the dilaton field, which is a function on
spacetime M. Next, a globally defined Neveu—Schwarz B-field plays the role of a magnetic field
on a D-brane and so is naturally associated to a line bundle on spacetime. More generally, a
B-field with non-vanishing H-flux is associated with a bundle gerbe on spacetime; a non-trivial
2-torsion H-flux on an O-plane reverses its sign choice, as will also follow by our geometric
considerations below.

We therefore wish to consider the mathematical problem of assigning a sign choice to certain
geometric objects over (M, 7). For instance in the simplest case of a Real function, that is, a
function f: M — U(1) which satisfies f o7 = f, we have f(m) € Z, at a fixed point m € M so
it defines a sign choice. More generally, we show that there is a sequence of natural geometric
objects on M to which sign choices can be allocated. We also address the fundamental question
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of whether every sign choice can arise from one of these geometric objects, particularly those
that encode the data of a string compactification.

Of particular interest, from the string theory perspective, will be the first three classes of
these geometric objects: Real functions as discussed above, Zs-equivariant line bundles, and
Real bundle gerbes. These have characteristic classes in the equivariant sheaf cohomology groups
HO(M; Zs, Z/ll), Hl(M; Z2,Z/lo) and HQ(M; ZQ,Z/Il), respectively, that we will discuss below. Each
of these groups comes equipped with a sign choice map which is a homomorphism ¢; mapping
into H O(M " Zy). There are connecting homomorphisms 9; between these cohomology groups
giving rise to the commutative diagram

H(M;Zy,u")
8 2
HY(M; Zo,u%) -2 HO(MT,Z,)

8, / (1.1)

H*(M;Zo,U")

2

As the vertical arrow 03 suggests, this is part of a more general story. We denote by X;(M)
the image of the sign choice homomorphisms o; in H 0 (M7, Zy) and call such elements geometric
sign choices. If M has dimension d, we find that these groups coincide in degrees d — 1 onwards.
As a result,

So(M) S S (M) C -+ C Xy (M) =Zy(M)=---C H'(M",Zy) ,

and thus the geometric sign choices are precisely X;_;(M). We show that not all sign choices
are geometric sign choices by exhibiting a four-manifold M where X3(M) # H°(M", Zy).

In Section we derive some constraints on the possible geometric sign choices, that is, on
the images X;(M) for i = 0,1,2. For a Real bundle gerbe (P,Y’) over a 2-connected orientifold
M with vanishing complex Dixmier—-Douady class DD(P), we prove that the sign choice is
generically constant. More generally, we show in Proposition that the sign choice map o5 is
completely determined by the periods of the complex Dixmier—Douady class and the sign at a
single fixed point by the formula

DD(P)),5%)

o3(P)(m) = (—1)¥man' oo (P)(m')

where the map [T S% — M is constructed from the 7-action and the fixed points m, m’ €
MT". This kind of construction depends only on knowing the sign choices for spheres and the
formula extends to all invariant p-gerbes under appropriate connectedness conditions on M. In
particular for the sign choice homomorphisms oy and ¢; on connected respectively 1-connected
orientifolds, the Dixmier-Douady class is substituted by the winding class respectively first
Chern class.

We proceed to consider some concrete examples of orientifolds which appear in conventional
string theory backgrounds. An important class of compactification spaces arising in string theory
with background fluxes are spheres. Recall that S c R *7 denotes the p + ¢ — 1-dimensional
sphere with the involution 7 which changes the sign of the first p coordinates and leaves alone
the remaining ¢ coordinates. We also carry out explicit calculations involving tori, which play



4 P. HEKMATI, M.K. MURRAY, R.J. SZABO, AND R.F. VOZZO

an important role in flat compactifications of string theory and provide examples of multiply
connected orientifolds. The results are summarised in the following table:

(M, 7) g3:1 gLl | ghl o gLl | gLl gl gll
dim (M) 3 1 2 3
HY(M",Zy) 72 | 72 75 75

So(M) Z, | 73 Z; Z;

H (M;Zo U™ | 7y, | 75 | ZioZ VALY A
Zy(M) Z, |73 Z z;
H*(M;Zo, U | 2o ®Z | 25 | ZayZ VARY/
5(M) z; | 73 Zj Z

Note that Yy(M) = H oM, Z4) in these special cases. In particular, the three-dimensional
examples show that, generally, for all sign choices to arise one must consider Real bundle
gerbes which have non-vanishing complex Dixmier-Douady class in the Real Brauer group
H 2(M s Lo, U 1). We also consider higher-dimensional spheres S™! with n > 4, where the sign
choice map o, is not surjective. In the case of tori, our geometric sign choice groups X (M)
reproduce the classification of O-plane charges from [5] using the Borel equivariant cohomology
group H%z(M ,Z) to determine the allowed globally defined B-field configurations on M.

The possible sign choices for orientifolds were also considered from a geometric perspective by
Gao and Hori in [9] using constructions based directly on type II string theory in backgrounds
with topologically trivial H-flux. In Section [7| we show how to interpret their geometric data in
terms of our constructions, and demonstrate that their version of K R-theory can be understood
as being twisted by either a Real function or an equivariant line bundle. We show that in either
case it is equivalent to the K R-theory twisted by a corresponding Real bundle gerbe constructed
by repeated application of the connecting homomorphisms

HO(M; Zo, 1Y) 25 HY (M 20, U°) 225 H2(M; 20, U4 .

In these cases the KR-theory classes are twisted by a Real bundle gerbe with trivial complex
Dixmier—-Douady class, whereby the possible Real structures on the bundle gerbe are given by
equivariant line bundles (it is a torsor under H 1(M : ZQ,Z/{O)). The spectrum of O-plane charges
is then determined by the fact that, on the connected components of the fixed point set of the
orientifold involution, the KR-theory becomes KO-theory when the restriction of the bundle
gerbe has sign +1 and so is Real trivial, or KSp-theory when the restriction of the bundle
gerbe has 2-torsion Dixmier—Douady class with sign —1 corresponding to non-trivial torsion
H-flux [13]. However, in general there are sign choices that cannot be achieved in such a way
unless the complex Dixmier-Douady class (or H-flux of the string background) is non—trivialE]
in which case the more general geometric realisation of twisted KR-theory from [I3] contains
the appropriate sign choices.

1 This seems to be at odds with the result of [7] who used C*-algebra methods to show that any sign choice could
arise, whereas we have found constraints. This raises the possibility that the correspondence between continuous
trace C*-algebras and groupoids for the Real case is not a straightforward generalisation of the complex case.
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A summary of the contents of this paper is as follows. In Section [2] we introduce invariant
p-gerbes for p > —1 and define their associated sign choice homomorphisms at the level of coho-
mology. We derive some general properties of the sign choice maps and show that they stabilise
at degree dim(M) — 1. In Section 3| we restrict our attention to the case p = 1, and explain how
to incorporate the orientifold B-field and its holonomy. As an application, we obtain sufficient
conditions for the existence of Real structures on bundle gerbes when M is 2-connected. We
proceed to give geometric constructions of the sign choice maps in Section [4 for Real functions,
equivariant line bundles and Real bundle gerbes. We further derive a general characterisation
of the kernel and image of the sign choice map o4 in terms of the sheaf cohomology of the space
of “physical points” M /7 of the orientifold, which exhibits obstructions to the possible sign
choices. In Sections [f] and [6] we carry out detailed calculations for some spherical and toroidal
orientifolds. Under certain connectedness conditions on M, we obtain a geometric constraint on
the sign choices in terms of the periods of the complex characteristic classes of the p-gerbes. Fi-
nally, in Sectionmwe recast the orientifold data of Gao and Hori [9] in the language of the present
paper and prove that their notion of K -theory twisted by an equivariant line bundle L is nothing
but KR-theory twisted by the Real bundle gerbe 05(L) under the connecting homomorphism

in .

2. SIGN CHOICES FOR INVARIANT p-GERBES

In this section we develop some general theory of sign choices for invariant p-gerbes. This is
followed in subsequent sections by a discussion of the cases of particular geometric interest. Let
(M, 7) be an orientifold and let M™ C M denote the fixed point set of the involution.

Definition 2.1. A sign choice is an element of the group H*(M", Zsy).

In other words, a sign choice assigns to every O-plane, that is, every connected component of
M7, asign £1 in Z,.

We are interested in various geometric objects that determine a sign choice on an orientifold.
For instance, Real functions, equivariant line bundles and Real bundle gerbes form the first
three examples of invariant p-gerbes corresponding to the cases p = —1,0,1. The case p = 2
would correspond to equivariant bundle 2-gerbes which we briefly consider in Section [5.3] For
p > 2 the geometric theory of p-gerbes is not well understood, but we can work instead with
the corresponding cohomology groups that classify them since the sign choice maps factorise
through these groups.

There are two natural Zy-sheaves on the orientifold which in [L3] we denoted by ¢(1) and U(1).
They are the equivariant sheaves of smooth functions into U (1), where the first is endowed with
a trivial Zy-action on U(1) and the second has the Zy-action induced by complex conjugation. In
the present paper it will be useful to change notation and denote these by U with € € Z, = {0, 1},
where U° = U(1) and U' = U(1). We will continue to use the symbol U(1) for the sheaf of
smooth U(1)-valued functions. With this notation it follows that p-gerbes, up to appropriate
equivalence, are classified by HP*'(M,U(1)). We denote by H*(M;Zy,U) the Grothendieck
equivariant sheaf cohomology [11] of the equivariant sheaf U{°.

An invariant p-gerbe is a p-gerbe on an orientifold that is Real if p is even and Zs-equivariant
if p is odd. They are classified up to appropriate equivalence by H” H(M i Lo, U lp +2]), where [k]
denotes the reduction modulo 2 of k € Z. Thus the first three types of invariant p-gerbes are:

e p = —1: Real functions from M to U(1) classified by H(M;Zy,U").
e p = 0: equivariant line bundles on M classified by H 1(M ; Z2,Z/{O).
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e p = 1: Real bundle gerbes on M classifed by HQ(M; ZQ,Z/{l).
Physically, for p > 1 the invariant p-gerbes correspond respectively to backgrounds with Ramond-—
Ramond fields on O-planes of dimension p’ = p — 2 and p’ = p — 1 modulo 4 [3, [15].
In particular when M is a point we have [13]
H" (pt: Z,, U = 7,
and
HY (ot 2o, U ) = 0.
In other words, over a point there are exactly two equivalence classes of invariant p-gerbes.
These are equalities as the group Z5 has no non-trivial automorphisms.

If m € M" is a fixed point, then the inclusion ¢,,: {m} < M is a morphism of Real
manifolds and we can use the corresponding pullbacks to define restriction maps. If £ €
HP (M Zo, tPH?)) we define

opi1(§)(m) = 0,(6) € H' ({m}: 2o, U"™?) = 2,
Consider a continuous path C' in M joining m to m'. Then if p is odd we have
HP () 2o, UPH?) = HPPH(C3 2, U2 = HPP ({5 20, U2
which shows that o,,,1(§)(m) = p+1(§)(m/) and thus o,,,(§) € H°(MT,Z,). We call this the
sign choice of the p-gerbe &.

From this construction it follows that the sign choice map
Opir + HPP (M 2o Uy — HO(MT, 25) (2.2)

is a homomorphism that commutes with pullbacks. In fact, it follows easily that any sign choice
map that is a homomorphism and is compatible with pullbacks must be this one. This will be
useful when considering more geometric constructions of the sign choice map below.

We showed in [13] that there exist long exact sequences relating the equivariant sheaf coho-
mology of U° and U". For e € Zq we have

1x7r*

0 —— HYM;Zy, Uy —— H(M,U(1)) HO(M; Zy, U (2.3)

L HY (M Z,U) —— H'(MLU) T 1 (M; 2,0

Q H2(M; 70, US) —— H2M,U(1)) T H2(M; Zo, ) —— ...

The connecting homomorphisms yield a sequence of maps

HO(M; Zog Uy 2 H (M 2o, U°) 25 H2(M; 2y, ") -2 H3 (M Z,,u°) 2 .. L (2.4)
Note that there is no reason to expect that 0y ; 0 9 = 0. Indeed for M = pt, the sequence
becomes

7, 27, g, Byg, Oy (2.5)

and by the long exact sequences it follows that these are all isomorphisms, and in fact
equalities. Since ¢, is a Real map, the induced maps between the long exact sequences
and commute. But 0,,1(£)(m) = t,,,(€), so it follows that the connecting homomorphisms
commute with the sign choice maps and we have
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Proposition 2.6. 0,900,159 = 0,41 forp=-1,0,1,2,....

In particular, this begins with the commutative diagram from Section [T}

HO(M; Zy,U™)

a, &
1 'Z 0 g1 0 T Z
H (M7 272/{ ) — H (M ) 2)

By / (2.7)

H*(M; Zy,U")

O3

Let M be a d-dimensional manifold. Then H*(M,1(1)) = H*™(M,Z) = 0, so the long exact
sequences degenerate, and it follows that J, is surjective and 0, is an isomorphism for
k > d. Let X,(M) = im(0,) denote the image of the sign choice homomorphism and call its
elements geometric sign choices. We conclude that

Zo(M) C Zy(M) C -+ C 5y 4 (M) = y(M) = Syyy (M) = - € HY(M", Z,) .

In the sequel we consider geometric constructions of sign choices in the particular cases of
interest, and the general question of what sign choices on an orientifold can arise as geometric
sign choices.

3. REAL BUNDLE GERBES AND THEIR CONNECTIONS

We are particularly interested in the higher structures provided by invariant p-gerbes with
p = 1, as these are the geometric data encoding the string orientifold backgrounds with NS—
NS H-flux. In this section we consider this case in more detail and describe how to properly
incorporate the B-field into the picture.

3.1. Real bundle gerbes. We begin by recalling some basic facts about Real bundle gerbes,
referring the reader to [13] for more details.

Let M be a manifold and Y 5 M a surjective submersion. We denote by Y the p-fold fibre
product of Y with itself, that is, Y) = ¥ x,; V" x, -+ x,, Y. This is a simplicial space Y
whose face maps are given by the projections 7, : v yP=U which omit the i-th factor. Let
Qq(Y[p}) denote the space of differential g-forms on Y and define

P

gy — iy by 5= (1) A
i=1
These maps form an exact complex for all ¢ > 0 called the fundamental complex [17]
0 — QUM) " Q1Y) s vy 2y gy Bly 2,
For any function g: Y?~1 — U(1), we define 6(g): vl U(1) by 6(g) = >0, (-1)"tgom.
Similarly, to every U(1)-bundle P — YP~ ! we associate a U(1)-bundle 5(P) — Y by
o(P)=m (P& (my ' (P)) @5 (P) &+
One easily checks that §(d(g)) = 1 and that §(5(P)) is canonically trivial.
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Definition 3.1. A bundle gerbe (P,Y') over M is a principal U(1)-bundle P — Y together
with a bundle gerbe multiplication defined by a bundle isomorphism over Y[3],
—1 —1 —1
T3 (P)®@m (P) — gy (P),

which is associative over Y. If Py, y,) denotes the fibre of P over (y;,y,) € Yp], then asso-

ciativity means that the diagram

Y1,Y2

P(y17y2) ® P(y27y3) ® P(y3,y4) P(ylvyS) ® P(937y4)

i |

Ply) @ Plyyy) — Py w0

commutes for all (yq,ya, Y3, Ys) € vy,

Bundle gerbes are classified up to stable isomorphism [I8] by their complex Dixmier—Douady
class in the degree two sheaf cohomology

DD(P) € H*(M,U(1)) .

Following [16], if M is endowed with an involution 7: M — M we define a Real structure on
a bundle gerbe (P,Y") to be a pair of maps (7p, 7y ), where 7y: Y — Y is an involution covering
7: M — M, and 7p: P — P is a conjugate involution covering 71[,2} Y o yBland commuting
with the bundle gerbe multiplication. Here conjugate involution means that 7p(p z) = 7p(p) Z,
for p € P and z € U(1), and 7'123 = idp. In the sequel we will suppress the subscripts on 7p

and Ty

Definition 3.2. A Real bundle gerbe over M is a bundle gerbe (P,Y) over M with a Real
structure.

In [I3] we proved that Real bundle gerbes are classified up to Real stable isomorphism by
their Real Dizmier—Douady class in the degree two equivariant sheaf cohomology group:

DDy (P) € H*(M;Zy,U") .

3.2. Connective structures on Real bundle gerbes. Recall from [I7] that if (P,Y) is a
bundle gerbe, a connection A on the U(1)-bundle P — v is called a bundle gerbe connection if
it respects the bundle gerbe multiplication. If A is a bundle gerbe connection, then the curvature
FyeQ? (Ym) satisfies 0(F4) = 0. Then the exactness of the fundamental complex implies that
there exists B € Q*(Y) such that F, = §(B). This two-form is called a curving and the pair
(A, B) is a connective structure on (P,Y); in string theory parlance, a connective structure is
a B-field. As § commutes with the exterior derivative d, we have §(dB) = d§(B) = dF4 = 0.
Hence dB = 7*(H) for some H € Q*(M); in string theory the three-form H is called an H-flux.
Moreover, ©*(dH) = dn*(H) = d>B = 0, so the 3-curvature H is closed and defines a de Rham
representative for the complex Dixmier-Douady class of the bundle gerbe:

DD(P) = [, H] € H*(M,Z) .

2mi

Next let us consider the dual bundle gerbe (P*,Y). This is defined by the same manifold P
but with the conjugate U(1)-action, (p,z) — pz. If A is a bundle gerbe connection on P, then
—A yields a bundle gerbe connection on P*. Indeed if £ € iR, let t,(§) € T,P be the vertical
vector generated by the action of U(1), and similarly let 1, (£) € T,,P". Since 1,(§) = —1,(£) and

A1, (€)) = —&, we conclude that —A is a connection on P* with curvature —F,4. For any choice



SIGN CHOICES FOR ORIENTIFOLDS 9

of curving B € QQ(Y) for A, it follows that —B is a curving for —A and the 3-curvature of the
connective structure (—A, —B) for (P*,Y) is given by —H.

Let (M, 7) be an orientifold and (P,Y) a Real bundle gerbe over M. Then 7: P* — P is a
bundle gerbe isomorphism.

Definition 3.3. A Real connective structure for (P,Y) or orientifold B-field is a B-field (A, B)
satisfying 7°(4, B) = (—A, —B).

Proposition 3.4. Real connective structures for (P,Y) exist.

Proof. The existence of bundle gerbe connections is shown in [I7]. Real bundle gerbe connections
exist because if a is any bundle gerbe connection, then

A=La+3(-7"(a)

is a Real bundle gerbe connection. Any convex combination of connection one-forms is also a
connection one-form. It follows that the curvature F, € Q7 (Y[Q]) also satisfies 7°(Fy) = —F}y.
Consider a choice of curving B € Q*(Y) satisfying 6(B) = F4. Hence

6(t°(B)) =7"(Fy4) = —F4 =6(—B) .

It follows that 6(B+7"(B)) = 0 and thus there exists 1 € Q' (M) such that B+7*(B) = 7" ().
Applying the involution we obtain 7*(B) + B = 7" 7" (¢), and since pullback of forms along m
is injective, we find 77(¢)) = 1. Hence

B—}n' () = —r(B) + 37 (r' (W) = =" (B- 7" (W) |
and moreover
Fy=0(B=37 ()

because dom* = 0. We conclude that a curving B for a Real bundle gerbe connection can always
be chosen such that 7°(B) = —B. O

If (A, B) is an orientifold B-field, it follows that the H-flux satisfies 7" (H) = —H, so it gives a
de Rham representative for the Real Dixmier-Douady class in the Borel equivariant cohomology
with local coefficients H>(EZ, Xz, M,Z(1)) [13]:

DDg(P) = [ H] € Hj (M,Z(1)) .

omi

Ezample 3.5 (Real bundle gerbes on S Ly 52). If G is a compact simple Lie group with maximal
torus T then there is a map, called the Weyl map, T' x G/T — G defined by (¢,97T) — gtg !
fort € T and g € G. This is a finite covering with fibre the Weyl group over the open dense
subset of G of regular elements. In particular, if G = SU(2) we get a map S ''x 5% 5 8% which
is a double covering over S? minus the north and south poles which are the points I and —T1
in SU(2), the only elements of SU(2) whose eigenvalues are not distinct. Under this map the
basic bundle gerbe on S?’, whose complex Dixmier-Douady class generates H 3(53, Z) = Z, pulls
back to a bundle gerbe on § ' x §? whose complex Dixmier-Douady class is twice a generator
in H?’(S1 X S2, Z) = Z. This is because its integral over 53 s equal to 1 but the Weyl map is
two-to-one on a dense open subset, so the integral of the pulled back form is equal to 2.

The generator of H 3(5 b x SQ,Z) = Z is given by a bundle gerbe which is a cup product
of a function and a line bundle; we call it the cup-product bundle gerbe on St x §%. Let
L — S? be the Hopf bundle; the pullback of its Chern class generates H2(S1 X 52, Z)=17. Let
Y =R x S? = S' x $% be the covering space where st = R/Z. Then V@ can be identified with
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the set of points (z,y,u) € R x R x U(1) where z —y € Z. Define P — v by Py = Ly Y.
The bundle gerbe multiplication is immediate from

Ployu) ® Pyeuy =Ly " @ Ly~ =Ly " =Py -

x?y?""’

It is straightforward to construct a connection and curving whose 3-curvature is H = d(2716) A
volgz, where 6 € [0,1) is a local coordinate on S ! and vol 2 is the unit area form on 52,

The Weyl map in this case also has a simple description as
Stx§? — 5%, ((a, b), (:L‘,y,z)) — (bx,by,bz,a) . (3.6)

There is no line bundle on S® which pulls back to the Hopf bundle on S 1'% 5? because all
line bundles on $° are trivial. We give the three-sphere 5% the Real structure (z,y,z,w)
(—z, —y, —z,w) making it S Tt is then immediate from that there are two lifts of this
Real structure to S* x $%: either to ((a, b), (z,y, z)) > ((a, =b), (z,vy, z)) making it Sshl 50’3,
or to ((a, b), (w,y,z)) — ((a, b), (—z, —y, —z)) making it 5§92 % 630 Here S™! is the circle S
with the conjugation action on complex numbers of modulus one and 530 is the two-sphere 52
with the antipodal map. These are quite different Real structures; on 5§92 % 530 the involution
is free whereas the involution on $7 x $%% gives two orientifold planes {1} x S*. By [I3] the
only line bundes on S ? which admit a Real structure are those with even Chern class. Then using
either the long exact sequence or the spectral sequence for the Grothendieck equivariant
cohomology one can characterise the Real bundle gerbes in these two cases. The calculations
are straightforward and so we only summarise the results:

e The Real Brauer group of S 0.2 g%0 equals Z and the Real Dixmier-Douady class is given
by n + 2n. So the pullback of the basic bundle gerbe on S whose complex Dixmier—
Douady class is twice the generator of H 3(51 x 5%, Z) admits a Real structure, but the
cup-product bundle gerbe whose complex Dixmier—Douady class is the generator and
whose H-flux is H = d(2mi6) A vol2, satisfying the necessary condition (H) = —H,
does not.

e The Real Brauer group of § Ll g9 equals Zy @ Zy & Zo & 7Z and the Real Dixmier—
Douady class is given by (n,m, k,l) — [. So the cup-product bundle gerbe whose com-
plex Dixmier-Douady class is the generator and whose H-flux is H = d(2mi6) A volz,
satisfying 7" (H) = —H, admits a Real structure.

3.3. Holonomy of orientifold B-fields. Let (P,Y’) be a bundle gerbe over a closed oriented
surface ¥ and choose a connective structure (A4, B). As H?(3,7Z) = 0, the bundle gerbe is
trivial. Fix a trivialisation R — Y with isomorphism §(R) ~ P and let a be a connection on R.
Then A and §(a) are both bundle gerbe connections for (P,Y). Their difference is a one-form
A—6(a) € QI(Y[Q]) satisfying (A — 6(a)) = 0. Hence there is a one-form « on Y satisfying
A = 6(a) + d(a) = d(a + ). In other words, we may choose a connection a on R such that
§(a) = A. Tt follows that §(F,) = F, = 6(B) and so B—F, = 7*(u,) for some p, € Q*(Z). If we
change the connection a to b = a+7*(6(p)) for some p € Q'(X), then B— F, = B— F, —dx"(p)
so that
o = +dp
The holonomy of (A, B) over X is defined by

hol(X; A, B) = exp (/E ,ua) e U(l).

We note that the integral depends on the orientation of 3, but is independent of the choice of
a. Any other trivialisation of the bundle gerbe is of the form R @ 7" (T) for some line bundle
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T — >. The connection a tensored by the pullback of a connection V on T changes p, to
g — Fy, so the holonomy remains unchanged,

eXp(/Eua) exp(—/sz>=eXp(/Eua),

since the curvature Fy is an integral two-form. Hence the holonomy depends only on the triple
(%; A, B).
Now let (A, B) be a B-field on M. For any smooth map ¢: ¥ — M, we define the holonomy
of (A, B) along ¢ by
hol(¢; A, B) = hol (E; ¢*(A),¢*(B)) :
It is straightforward to check that the holonomies of connective structures for a bundle gerbe
and its dual are related by

hol(¢; A, B) = hol(¢; —A, —B) " .
Hence if (A, B) is a Real connective structure for a Real bundle gerbe (P,Y"), we conclude that

hol(¢; A, B) = hol(t 0 ¢; —A, —B) " .

In applications to the orientifold constructions of type II string theory, the Zy-action on the
spacetime M generated by the involution 7 is combined with orientation-reversal of the string
worldsheet. In this case the surface X is not oriented and need not even be orientable, and the
string fields ¢ are smooth maps from ¥ to the quotient space X = M /7 which represents the
“physical points” of the orientifold spacetime. This is achieved in the orientifold sigma-model
by regarding ¢ as maps to the total space of the fibration M — X, and gauging the symmetry of
the string theory. For this, we introduce the orientation double cover DR corresponding to
the first Stiefel-Whitney class w,(X) € H' (3, Zy), which is canonically oriented with a canonical
orientation-reversing involution {2 : RSy permuting the sheets and preserving the fibres, called
worldsheet parity. The string fields are then smooth maps qg : 5 — M which are equivariant,

poQ=T106¢.

In [20],10] they show that in this situation it is possible to define the unoriented surface holonomy
of a Jandl gerbe which is a square root of hol (f), o (A), ngb*(B)) We may define the orientifold
B-field holonomy hol(¢; A, B) of a Real bundle gerbe with Real connection by noting that every
Real bundle gerbe is naturally a Jandl gerbe and applying the construction in [20, 10]. To see
why this is true, note that in our language a Jandl structure on a gerbe (P,Y) is a Zy-equivariant
trivialisation of the natural Zy-action on P®@7 ' (P). For a Real bundle gerbe (P,Y) this arises
because P @ 7 1(P) ~ &L for Liyw) = Plyrz)- The required switch isomorphism of [20]
8t P(’;,T(y)) — P(Z,T(w)) is induced by 7: P, ) — P(t—(r),r(y))' It is a straightforward exercise to
check that this satisfies the required conditions to be a Jandl structure, so we can apply the
results of |20}, 10] to define hol(¢; A, B). This defines precisely the B-field amplitude which was
only schematically discussed in [I3]. By [20} [10] it is invariant under the combined actions of
the involutions €2 and 7 which define the string orientifold construction and satisfies

hol(¢; A, B) = \/hol (Z;9°(A), 6"(B)) .

As a further application, we can turn the construction of Real holonomy around and use it to
provide sufficient conditions for the existence of Real structures on bundle gerbes over (M, 7).

Proposition 3.7. Let (M, 1) be an orientifold, where M is 2-connected, M' # () and H is a
three-form on M with integral periods satisfying 7 (H) = —H. Then there is a tautological Real

bundle gerbe over M with complexr Dizmier—Douady class [ﬁ H] € H3(M, 7).
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Proof. First we recall the construction of a bundle gerbe (P,Y) from an integral three-form
H on a 2-connected manifold M. Fix a basepoint m € M and let Y = PM be the space of
paths based at m with endpoint evaluation as projection to M. If p;,py € Y have the same
endpoint, choose an oriented surface ¥ in M spanning them, that is, the boundary of X is
p; concatenated with the oppositely oriented path py. Then the fibre of P — Y consists
of all triples ((pl,pg),E,z), with z € U(1), modulo the equivalence relation ((pl,pg), E,z) =
((pl,pQ), Y, z/) if hol(XUY;H)z = 2. Here X UY is the closed surface obtained by gluing
Y to the oppositely oriented ¥’ along their common boundary, while hol(S; H) for any closed
oriented surface S C M is the holonomy expressed as the standard Wess—Zumino—Witten term

hol(S; H) = exp (/B H) ,

where Bg is a three-manifold whose boundary is S. This is well-defined since H is an integral
form.

Next we consider a Real version of this construction. There is a natural way to pair elements
of P, p»,) With elements of P, . Given ((pl,p2), Y, z), it can be paired with ((pg,pl), 3, w)
by keeping the same surface ¥ but changing its orientation. Then we declare these two to pair
to give zw € U(1). More generally, we can pair ((pl,pQ), 3, z) and ((pQ,pl), Y, w) by first using
the equivalence relation to replace ¥’ with X.

Now assume that the basepoint m of M is a fixed point of 7, so that 7 acts on everything.
Assume further that 7*(H) = —H. We define a Real structure 7 by showing that

((p17p2)7 E, Z) — ((T(pl)’ T(pQ))v 7(2)7 2)

descends through the equivalence relation to give a conjugate bundle gerbe isomorphism P —
().
The map 7 satisfies 7° = 1. If ((pl,p2), E,z) = ((pl,pQ), E/,z/), then hol(XUY; H)z = 2.
Now consider ((7(p1),7(ps)),7(X), 2) and ((T(pl),T(pg)),T(El),Z/). Then we find
hol (T(E) U T(E/); H) = hol (T(E) U T(Z/); —T*(H))
=hol(XUX; —H)
=hol(XUXY; H),

so that hol (7(X) U 7(2); H)z= 2 as required.
Finally, we check that 7 commutes with the bundle gerbe multiplication. On the one hand,
the multiplication is given by

((p17p2)7272) ((pQ,p3),E,,Z/) = ((p17p3)72 UE',zz') .

On the other hand, under 7 we obtain

(1) 7(2), 7(2), 2) ((T(02), 7(03)), 7(X'), 2") = ((7(p1), 7(p3)), T(EUE), 22)
as required. O

Remark 3.8. In general, the class of the three-form H of Proposition [3.7does not lift to the Real
Dixmier-Douady class of the tautological Real bundle gerbe in Borel equivariant cohomology
with local coefficients. The conditions under which it does, and hence represents the H-flux of
an orientifold B-field, are discussed in [13].
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4. GEOMETRIC CONSTRUCTIONS OF SIGN CHOICES

In this section we explain how the sign choice homomorphism (12.2)) can be constructed geomet-
rically from the invariant p-gerbes when p = —1,0, 1, that is, for Real functions, Zy-equivariant
line bundles and Real bundle gerbes.

4.1. Sign choice for Real functions. Let g be a Real function on (M, 7). If m € M" then
g(m) = g(m) = 1, so there is a natural sign choice homomorphism

oo: HO(M; Zy,U") — HY (M7, Zy)

defined by evaluation o((g)(m) = g(m). This map is multiplicative in the sense that oy(gh) =
oo(g) og(h). If g = f (f o) for an arbitrary function f on M and m is a fixed point of 7, then
g(m) = f(m) f(m) =1 so that oo(f (f o7)) = 1. In other words, the composition

a0

HOOuU() 2220, 5O 7y, ut) 2 HO(MT, 2,)

is equal to 1. In fact, there is a stronger result in this case given by

Proposition 4.1. If M is 1-connected, then the sequence

fr=f (for)

0 — H(M;Zy,U°) — H(M,U(1)) H'(M:Zy, ") = Zy — 0

18 exact.
Proof. If g: M — U(1) is a Real function, consider a lift g € HO(M,L{(l)). Then oT+g=k

for some k € Z, and the image [k] € Z, is well-defined independently of the lift § of g. We call
it €(g). If €(g) = 0, then we can define f = —% g with

~ A~

for—f=39-3@Gor)=4
so that (for)f=g. 0

NO|—=

Corollary 4.2. If M is 1-connected, then Xo(M) C Zs.

Hence if M is 1-connected and M" contains more than one O-plane, then o is not surjective.
We discuss further constraints on geometric sign choices in Section [5.4]

4.2. Sign choice for equivariant bundles. Let us first revisit a basic result from [13], namely
the problem of classifying, up to isomorphism, the Z,-structures on a U(1)-bundle L which
admits a Z,-structure.

If 7 is a Zy-structure on L, then any other Zy-structure 7 is given by 7 = g 7 for some function
g: M — U(1). By #2 = 1 it follows that g(go7) =1 or g = gor. We say that 7 and 7 are
isomorphic if there is a smooth function f: M — U(1) such that 7 f = f 7; this is equivalent to

(for)gr=frorg=f(for).

Proposition 4.3. The space of non-isomorphic Zq-structures on a bundle L — M admitting a
Zo-structure is the quotient of HO(M; Zz,ul) by the image of the homomorphism

HOOM;u) 222D gz, uty

From this description it follows that the space of Zy-structures on L is independent of the
choice of L as long as L admits at least one Z,-structure.
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If L is a Zy-equivariant line bundle over (M, 7), then its fibre over a fixed point m € M" is
simply a copy of C with a Zy-action by multiplication with 4+ 1 which we label sign(L,,). This
allows us to define a homomorphism

o1 H' (M; Zo,U°) — HY (M7, Zy)
by o((L)(m) = sign(L,,). Again it is clear that this map is multiplicative in the sense that
o1(L ® K) = 0y(L)oy(K). If L is an arbitrary line bundle on M, then L ® 7 (L) has the
canonical Zy-action induced by swapping factors of the tensor product

At a fixed point this is the identity map, so it has sign choice equal to 1. It follows that the
composition

LLer (L)
- -4

H' (M, U(1)) HY (M;Zy,u°) 7 HY (M7, Z,)

is equal to 1.
4.3. Sign choice for Real bundle gerbes. If (P,Y) is a bundle gerbe and y € Y, then the
fibre P, ,y = U(1). This follows from the fact that the multiplication map Py, ,y® P, ) — Py )

commutes with the U(1)-action on P, .. So if p € P,y and q¢ € P, then pq € P, and
hence pgq = p (q) for some (q) € U(1). If we change p to pz for z € U(1), then

(pz)g=(pa)z=p(q)z=(pz)(a)
so the map ¢ — (¢) is independent of the choice of p. We need two results about this map.
Firstly, if r € P(y/ W) then
(rpr ) (rgr ) =rpg)r " =rpl@r " =(rpr ) (@

so that (rgr™') = (g). Secondly if 7 is a Real structure, then 7(pq) = 7(p) 7(q) and 7(pq) =

7(p(q)) = 7(p) (q), so that (7(q)) = (q).

Consider now a Real bundle gerbe G = (P,Y) over M, and let m € M" be a fixed point of 7.
Choose y € Y,,, then (y,7(y)) € YV Let f € Py rqy) so that f7(f) € P, ), and define

02(G)(m) = 03(P,Y)(m) = (f7(f)) - (4.4)
Proposition 4.5. (a) 09(G)(m) is independent of the choice of f and y.
(b) 02(G)(m) € Zs.
Proof. (a) If we change f to fz for z € U(1), then
(F2)7(f2))=22(f7(f)) = (),
so (f7(f)) € U(1) is independent of the choice of f € P ;(,)). Changing y to § € Y, and
letting g € P(Q,y)v then ng( 71) S P@ .,.(~)) and
((gfr(g™ N (9 frg™N)) = afrlg ) )T(Hg ) =g (f())g )= {f7() -
(b) From (a) we know that (7(f) f) = (f 7(f)) so
Y= (r(F (D)) = (r(H) ) = () -
Hence 04(G)(m) € Z,. O
This shows that letting m vary determines an element o4(G) € H 0(M ", 7Zs). The next result

implies that the sign choice of a Real bundle gerbe depends only on its Real stable isomorphism
class.
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Proposition 4.6. (a) If G is a Real bundle gerbe, then 5(G") = 09(G).

(b) If G and Gy are Real bundle gerbes, then o9(Gy @ Gy) = 09(G1) 05(Gs)-

(c) If G is a trivial Real bundle gerbe, then o4(G) = 1.

(d) If Gy and Gy are Real stably isomorphic Real bundle gerbes, then 09(G1) = 09(Gs).

Proof. Tt is straightforward from the definition to prove (a) and (b). Part (d) follows from
(c) because G; and G, are Real stably isomorphic if and only if G; ® G5 is Real trivial. For (c),
take a Real bundle R — Y and for (y;,y,) € Y define Py, o) = Ry, ® RZI with the Real
structure induced by that of R. Then the bundle gerbe multiplication

P(ylva) ® P( — P(yl,ys)

Y2,Y3)

comes from the obvious contractions of
Ry2 ® Ryl ® Ryg ® Ryz — Rys ® Ryl :
It is straightforward to show that (r ® s™) = s™(r) for r® s € P, ;) = R, ® Ry,

Let r € R, and define f = 7(r) @ r" € Plyry)) = Bry) ® Ry, where r" is the element that
satisfies r*(r) = 1. Then

(fr(f) =) @) (rer()) ={rr)er(r)’) =1

as required. O

Thus we have a well-defined homomorphism
oo H*(M; Zo,U") — HO (M7, Z,) .

Ezample 4.7 (Real bundle gerbes over a point). If M = pt, then there are two Real stable
isomorphism classes of Real bundle gerbes (cf. Section . Their sign choices are +1 for the
trivial one and —1 for the non-trivial one. By Proposition (c) it is clear that the trivial
bundle gerbe has sign choice +1. We construct the non-trivial sign choice as follows. Let
M = {m} and Y = M x Zy with the Real structure 7(m,0) = (m,1) and 7(m, 1) = (m,0).
Then Y = M x Zoy X Zg and we take the trivial bundle P — vyl equipped with the trivial
multiplication, so that p — (p) is just the identity map. We define the Real structure to be
conjugation from F(,, 0),(m,0) = L(m,1),(m,1)) a0 P(m1),(m,1)) = P((m,0),(m,0)), and —1 times
conjugation from Fy,0),(m,1)) = (m,1),m,0)) a0 Fn,1),(m,0)) = Fm,0),(m,1))-

A straightforward calculation shows that this commutes with the bundle gerbe multiplication
and squares to the identity map. To calculate the sign, let y = (m,0) so that 7(y) = (m,1)
and let f € P(m,0),(m,1)) e 1. Then (f7(f)) = —1 as required. This bundle gerbe cannot be a
trivial Real bundle gerbe because it has a non-trivial sign. The fact that H>({m}; Zs,U") = Zy
shows that these are the only two Real stable isomorphism classes of Real bundle gerbes over a
point, and the calculation demonstrates that

2 1 0 T
oyr H ({m}; Zo,U") — H ({m}",Zy)

is an isomorphism. In Section [7.1] we will generalise this construction and show that it agrees
with the connecting homomorphism in (2.4).
Ezample 4.8 (Tautological Real bundle gerbes). Under the conditions of Proposition we
show that the sign choice of the tautological Real bundle gerbe (P,Y) is given by

o9(P) =hol (XUT(X); H) .
Let m € M'™ be the basepoint in the proof of Proposition and let * € M™ be another
fixed point. Choose p; = p to be a path from m to = and p, = 7(p) as per the way one
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computes the sign choice, see Proposition Picking a spanning surface ¥, we then have
[p’T(p)a 3, 1] € P(p,T(p)) and

7([p, 7(p), %,1]) = [7(p),p, 7(¥),1] = [7(p),p, S, hol (EUT(X); H)] .

These pair to give the sign choice hol (E uUr(X); H ) This construction will be used later to
exhibit a constraint imposed on the sign choices when M is 2-connected.

Let ¢: N — M be a Real map between orientifolds. Then there is an induced homomorphism
¢*: H'(M",Zy) — HY(N7,Zy). If (P,Y) is a Real bundle gerbe on M, then
" (05(P)) = 05(6” ' (P)) -

In particular, if m € M" is a fixed point, we can take N = {m} and ¢ the inclusion to find
oo(P)(m) = ¢*(09(P)) = 09(¢ ' (P)). In other words, we can define the sign choice map by
restricting oo (P) to any fixed point m € M", and declaring o5(P)(m) to be +1 if the restricted
Real bundle gerbe is Real trivial and —1 otherwise. Thus we conclude

Proposition 4.9. The sign choice map (4.4) for Real bundle gerbes G coincides with the sign
choice of its Real Dizmier—Douady class DDR(G) as defined in (12.2)).

Similarly to the cases of Real functions and equivariant line bundles, we have

Proposition 4.10. The composition

—1 *
HAMU) L2 @ 2 (07,0 2 HOMT, Z,y)
1s equal to 1.

Proof. If (Q, X) is a bundle gerbe on M, define a Real bundle gerbe (P,Y) by Y = X XMT_1<X)
and P=Q®7 *(Q%). A fibre point y = (z,2) € Y,, = X, X X (m) satisfies m(z,2") = (2', x).
The fibre of P = Q@7 (Q") at (y1,y2) = ((x1,21), (w2, 7)) is Qay,20) ® Q! 4ty HT(m) =m,
we can pick y = (z,7) €Y,,. Any f =q®q" € Pyrt) = Qaa) ® Q?MC) satisfies 7(f) = ¢" ® ¢
and f7(f) =q(¢") ® q(¢") =1 € P, which maps to 1 € U(1) as required. O

Let X = M/t denote the quotient space as in the orientifold constructions of type II string
theory. By applying the Grothendieck spectral sequence to the fibration w: M — X, it is
possible to give a general characterisation of the kernel and image of the sign choice map oy in
terms of the sheaf cohomology of the space of “physical points” X of the orientifold (M, 7).

Theorem 4.11. There exists a five-term exact sequence

02

0 — HX(X, 70 U") — HAX(M; Zo,U") 22 HO(M”, Zy) —2 H3(X, 77 U")

1 . . . . .
where m, U~ is the invariant direct image sheaf.

Proof. The equivariant sheaf cohomology groups are the derived functors of the right exact
functor H(M; Zo,U") = I'" (") of global invariant sections of the Zy-sheaf U':

HY (M Zo,U') = (R'ITY(U') .
Let I' denote the global sections functor on the quotient space X and m, the invariant di-

rect image functor. Then I'" = I' o 7, is the composition of two right exact functors, so the
Grothendieck spectral sequence gives

EYy? = (RPI) (R x))(U') = H (X, (R'7]) (U"))
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converging to

(RPHI I UY) = HPYY(M; Zy, U

The sheaf (R?71)(U") is trivial for ¢ odd and equals the sheaf of constant Zs-valued func-
tions supported on M’ for ¢ even. Namely if m € M is not a fixed point, then we can
find a contractible open neighbourhood m € U such that 7(U) N U = 0, so w(U) is an
open neighbourhood of z = 7w(m) € X. The sheaf (R )(U") is associated to the pre-sheaf
(VcX)m Hq(wfl(V);ZQ,Z/l”ﬂq(v)), and for ¢ > 0 we get

H(r ' (n(U)); Zy,U") = H(UUT(U); Zy,U') = 0

since U is contractible. It follows that for ¢ > 0, the sheaf (R 7 )(U") is supported on the fixed
point set M. Moreover, by choosing an invariant open neighbourhood around each connected
component of M" which equivariantly retracts onto that O-plane, we conclude that the stalk of
(RU7D)(U") at any point € M is simply HY(pt; Zy,U"), which equals 0 for ¢ odd and Z, for
q even. Since Aut(Z,) = 1, there is also no monodromy.

Inserted into the Grothendieck spectral sequence, the result follows by the exact sequence
of low degree terms since Eg’l =0, E22’0 = H*(X,nlU"), and the third differential d; maps
Ey? = HY(M",Zy) to E3° = H*(X,mL U"). O

Remark 4.12. Theorem [£.11] gives a genuine obstruction to possible sign choices: the obstruction
to surjectivity of o4 is the third differential dz and the obstruction class is realised by an ‘orbifold
2-gerbe’ on X with band in the bundle of groups 7, U 1, which lifts to a trivialisable Real bundle
2-gerbe on M that corresponds physically to the flux of a flat three-form Ramond-Ramond
field; this is an obstruction only on orientifold spacetimes which have O-planes of dimension a
multiple of 4 [3 [I5]. If the obstruction map dj is trivial, then there is a short exact sequence

02

0 — H*(X,mlU") — H*(M;Zy,U") 225 H (M, Zsy) — 0 (4.13)

but it is not necessarily split. We shall encounter some concrete examples of these facts in the
following sections.

5. SIGN CHOICES FOR SPHERICAL ORIENTIFOLDS

Spheres provide important examples of orientifold compactifications of string theory with
background fluxes. In this section we will consider the n-spheres S™ for n > 1 equipped with
an involution with fixed points, and apply the techniques from the previous sections to derive a
general formula for the geometric sign choices for a broad class of orientifolds.

5.1. The three-sphere S %1 One of the most common examples of a string orientifold involves
the three-sphere $*' ¢ R* equipped with the involution (z,y, z,w) — (-, —y, —z,w). This
is equivalent to the Lie group SU(2) equipped with the involution 7: g — g_l, so it has two
fixed points £ I corresponding to the north and south poles of the three-sphere. The long exact

sequence (2.3 yields

0=H'(S>"U(1)) ——— H'(S*Z,U°) ——— H*(S>Zy, ") >

L H*($* U(1)) —— H*($*,Z,,U(1)) =0
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where the vanishing of the last group follows from the spectral sequence for Grothendieck’s
equivariant sheaf cohomology. Since H(S>',U(1)) = H*(S*,Z) = Z, we obtain

&)

0 — H'(8%Zy,U%) 2 H*(S* Zo,U') — Z — 0 .

The first group equals Z, since it is the group of isomorphism classes of Zy-equivariant line
bundles on $*'. As any line bundle on 53 is trivial, the only possible Zj-equivariant extensions
are given by multiplication with 7 = +1 or 7 = —1 on the fibre C. This gives the Real Brauer
group

H2(S3’1;Z27U1) =72y ® 7L,

where the complex Dixmier-Douady class of (a,b) is b. This can also be verified by using the
Grothendieck spectral sequence.

The group of sign choices is HO((S3’1)T,Z2) = Zy ® Zy. We proceed to show that the sign
choice map

09 Z2@Z—>ZQ@ZZ
sends Z, to the diagonal, and that it maps the basic bundle gerbe generating Z to (—1,1).

For this, we will apply the construction of the sign choice map from Example with H
given by 271 times the normalized volume form on S°. Consider the group SU (2) and take the
basepoint I. We regard S® as R* with the identity I as (0,0,0) and 7(z,y,2) = (—z, —y, —2).
Then the fixed point —1 is at infinity. Let p be the path from the origin along the positive z-axis
to infinity. Applying 7 then gives the path from the origin along the negative z-axis to infinity.
The surface ¥ C S is taken to be the set of all (z,0,z) with # > 0, and then 7(X) is the set
of all (x,0,z) with < 0. The union S = X U 7(X) is the (z, z)-plane, which we take to bound
the ball Bg given by the half-space (x,y, z) with y > 0. The holonomy hol(¥ U 7(X); H) is then
computed by integrating H over half of ]RS, or in other words over half of S°. The integral of
H over all of §° equals 271, and hence the sought integral is mi and the holonomy is —1. Thus
the sign choice of the basic bundle gerbe at the point —I € SU(2) is —1. At the other pole of
the sphere we can take all paths and > constant, giving the sign choice +1.

We conclude that in the group Z, @ Z of Real bundle gerbes on SU (2), the basic bundle gerbe
is (0,1), while the Real bundle gerbe coming from the connecting homomorphism, with sign
choices —1 at both fixed points, is (—1,0). The geometric sign choices are $y(S*') = Zy & Zs,
with the basic bundle gerbe mapping to (—1,1) and the coboundary bundle gerbe mapping to
(—=1,—1). Hence the map from Zy @ Z to Zy @® Zs is (a,b) — (a + [b],a — [b]), where b > [b]
is the reduction map Z — Z,. Thus the sign choice map is surjective, but Z, @ Z, is not a
direct summand in the Real Brauer group. In particular, for all sign choices to arise one needs
to consider Real bundle gerbes with non-vanishing complex Dixmier-Douady class.

Another way of seeing this is to use the Mayer—Vietoris sequence. Write s =u LUU_ as
the union of the upper and lower hemispheres of S3. These are equivariantly contractible and
each contribute H> (pt; Zo, U 1) = Zy. The involution on the equator U, NU_ acts freely and the
quotient is the real projective plane RP?. Then

H'(RP* Zo,U") ~ H*(RP?,Z_,) ~ H'(RP*,Z) = Z

where Z_; is the orientation bundle on RP? and the second isomorphism is Poincaré dual-
ity. Since H*(RP* Zy,U") = H*(RP? Z_,) = 0 for dimensional reasons, the Mayer—Vietoris
sequence gives

0—7 —Zo®ZL —25 Ty @ Ly — 0
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where the restriction map o, sends (0,1) to (—1,1). This is an instance of the exact sequence
(4.13]) where o4 is a non-split surjection.

5.2. The n-sphere S™1 Let $™' ¢ R™™ denote the n-sphere with n > 4, equipped with the
Real structure induced by the involution 7: (zq,%g,...,%,, Ty 1) = (=21, —Zo, ..., —Tp, Tpi1)-
The long exact sequence (2.3)) yields

0=H"(S""uU@) — HY(S™; Zy,U") — H*(S™;Zy,U") — H*(S™"U(1)) =0 .

We have H'(8™": Zy,U") = Z, as the trivial line bundle on $™"' admits two inequivalent Real
structures. It follows that the Real Brauer group of S s H2(S"’1; ZQ,Z/ll) = Zs. On the other
hand, the involution on S™! has two fixed points, one at each pole of the sphere, so the group
of sign choices is H 0((8"’1)7'7 Zz) = Zg. We conclude that oy is not surjective in this case.

More generally, consider a product of k£ such Real spheres M = Sl o x 8™l with
n; > 4. Then H*(M;Zy,U") = Zy while H*(M",Zy) = ng, so the sign choice map o is far
from being onto. However, in these cases it is more natural to ask whether the sign choice
map 0,1 associated to p-gerbes with p = ny +--- +ny — 2 is surjective. An explicit check is
hampered by our inability to geometrically define p-gerbes in general. We consider below some
explicit cases for p = 2 where this can be addressed. The discussion would extend to a suitable
geometric realisation of p-gerbes for all p > 2, wherein the approach sketched below would work
by inductively defining 0,1, in terms of o,.

5.3. Sign choice for equivariant bundle 2-gerbes. We briefly discuss the behaviour of the
sign choice map o03. Write G = M for a bundle gerbe over a manifold M. A bundle 2-gerbe
@ over M consists of a surjective submersion Y — M together with a bundle gerbe G = vyl
subject to some additional conditions detailed in [2I]. If (M, 7) is an orientifold, then we assume
that ¢ is equivariant in the strong sense that 7 lifts to act on all the spaces by involutions. The
equivariant sheaf cohomology group H 3(M s 2o, Z/IO) classifies Zqy-equivariant bundle 2-gerbes, up
to appropriate equivalence.

The connecting homomorphism 05 sends Real bundle gerbes to Zy-equivariant bundle 2-
gerbes, and 03 0 03 = g4 by Proposition Let m € M", and let y € Y,, be the corresponding
fibre of Y over M, then 7: Gy ~(y)) = Y(r(y),y)- From the structure of the bundle 2-gerbe there
Is also an inversion map G(;(,)y) —> Y(y,r(y)) Which acts by conjugation. Thus composing the
equivariant structure and the inverse gives a Real structure G, r(y)) = G(y,7(y))» Which has a sign
choice. We declare this to be the sign choice 03(%)(m) of the equivariant bundle 2-gerbe ¢ over
M at the fixed point m. To justify this definition, note that in the case of bundle gerbes the
same construction would define an equivariant action P, -,y = P(y.7(,)) Which in the notation

of Section would be f — o(G)(m)7(f)”", and we would take o(G)(m) as our sign choice.
But then o(G)(m) = (f 7(f)) = 02(G)(m).

Ezample 5.1 (o3 is onto). We show that for $*' the sign choice homomorphism
oy H3(S* 29, U%) — Zy @ Zy

is surjective. Since 5% s 2 connected and the complex Dixmier—Douady class of any Real bundle
gerbe on ght vanishes, it follows from Proposition below that o9 on such Real bundle gerbes
is either (1,1) or (—1,—1). Hence oy on the corresponding equivariant bundle 2-gerbes is the
same. To obtain other sign choices it suffices to find an equivariant bundle 2-gerbe whose sign
choice is (1,—1) or (—1,1), as we can get the other sign choice by tensoring with the (—1,—1)
bundle 2-gerbe.
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We show that the bundle 2-gerbe is the Chern—Simons bundle 2-gerbe [4] for the standard
SU(2)-bundle P — S*. The total space of this bundle is given by

P={w’w)en® | e’ +w'w =1} =5 ¢ H =R®,

and the cosets of the right action by the unit quaternions Sp(1) = SU(2) is P{H ~ S*. Define
the orientifold action on P by 7(w’,w') = (—w w'), which descends to the action on S*'.
Over [1,0] the involution 7 acts freely and over [0, 1] it acts trivially. The Chern—Simons bundle
2-gerbe is defined as follows. There is a map p: P 5 su (2) defined by p; = pyp(p1,p2)-
Then the bundle gerbe over P s the pullback of the basic bundle gerbe G = SU(2), which we
denote by H. The action of 7 on P satisfies po 7 = p, so the equivariant structure can be taken

to be the identity

H(ylva) = gp(yl,ya) = gp(T(m)r(yg)) = H(T(yl)ﬂ—(z&)) :
There are two cases:

e Let y = (0,1), then 7(y) = (0,1) so that p(y,7(y)) = I € SU(2). Thus H, ) = 9r-
The sign choice we want is that of this Real structure on G;, which we know from
Section [5.1] equals +1.

e Let y = (1,0), then 7(y) = (—1,0) so that p(y,7(y)) = —I € SU(2). The inversion
map on the bundle gerbe is the usual Real structure when identifying SU(2) = 53’1,
so the sign choice we want is that of this Real structure on G_;, which we know from
Section [5.1] equals —1.

Ezample 5.2 (05 is not onto). Consider the quadric M = 5% % §%! There are four fixed points
in this case, so the group of sign choices is H 0(M T Zy) = Zg. An explicit calculation shows
that all the geometric sign choices, including equivariant bundle 2-gerbes, are contained in the
subgroup of sign choices which have an even number of —1 signs. Hence X5(M) # H (M, Z,).

5.4. Constraints on geometric sign choices. We shall now derive a criterion that can often
be used to constrain the possible geometric sign choices on an orientifold (M, 7).

Definition 5.3. Let m # m’ be fixed points in M7. A Real d-span of m and m’ is a Real map

0S4y M with t,.(1,0,...,0)=mand p_ (-1,0,...,0) =m'.

'um,m

The problem of finding a Real d-span may be formulated in terms of certain constraints on
(M, T) as follows. Suppose that M is d — 1-connected with m and m’ isolated fixed points of 7.
Assume that it is possible to choose a path ~ from m to m’ which avoids the fixed points. Then
7() is another path from m to m’ that does not intersect v except at m and m’, and U 7(7)
defines a map of S Linto M , which is a Real 1-span since it commutes with the involutions on
M and on S*. Next if d > 1, then M is 1-connected and suppose that a spanning surface X for
~ and 7(7) can be chosen such that it avoids the fixed point set. Then 7(X) also has boundary
~U7(y) and the union ¥ U 7(X) determines a Real 2-span. Continuing in this way, and as long
as the fixed point set can be avoided, we obtain a Real d-span.

Proposition 5.4. Let & be an invariant p-gerbe over an orientifold (M, T) with complex charac-
teristic class C,, (&) € HPT*(M,7Z) and sign choice o,41(8) € H (M7, Zy). If f, . is a Real
(p + 2)-span of m,m' € M", then

* 2
)57 %)

0pi1(E)(m) = (—1) V' (Cre2® o1 (E)(m') . (5.5)

Proof. Since the span is a Real map, it pulls back the invariant p-gerbe on M to the sphere S” +21
The sign of the pulled back p-gerbe at (1,0,...,0) is 0,,1(§)(m) and at (—1,0,...,0) it equals
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op1(& )(m). The complex characteristic class of the pulled back p-gerbe is w(Cpia()). The
result follows by the calculation in Sections and which shows that an invariant p-gerbe
on SPT*! has signs that differ precisely by the periods of its complex characteristic class. O

The formula ([5.5)) constrains the possible sign choices because once a sign choice is made at one
fixed point, all the other sign choices are determined by the periods of the class of the p-gerbe.
This is independent of the Real or equivariant structure on the p-gerbe and depends solely on
the periods of C,,;5(€). In particular, if the p-gerbe ¢ has vanishing complex characteristic class
Cpi2(§) = 0, then the sign choice map 0,,1(§) is constant and all sign choices are the same.

6. SIGN CHOICES FOR TOROIDAL ORIENTIFOLDS

Tori constitute important examples of flat orientifold compactifications of string theory. In
this section we consider examples of multiply connected orientifolds involving tori. The allowed
sign choices in these cases have been studied from different perspectives in [5], 9, [7, [§].

6.1. The circle S'. We denote by S*! the circle $* = U(1) with the Real structure 7(u) = @
and fixed points 4 1. We can identify H° ((SI’I)T, Zy) with Zy@®Zy by the map f — (f(1), f(—1)).
There are two types of string theories to which this pertains to: the orientifold type IIA string
theory compactified on S L1 is the type IA theory which under T-duality maps to type I string
theory on a circle, or equivalently the orientifold type IIB theory on SO’Q, whereas the type IA
theory is the T-dual of the type IIB orientifold on .S 20 [14,19]. The two theories are distinguished
by the fact that in the former case the two O-planes have the same sign while in the latter case
they have opposite signs. Both theories arise within our present formalism if all sign choices are
possible, which is guaranteed by

Proposition 6.1. The sign choice map
oy: H* SV Zy,U") — HO((SYY),Z,) = 73 (6.2)

18 an isomorphism.

Proof. The long exact sequence (2.3) in this case degenerates to
0 — H'(S" 2y, %) — H*(SM 2y, ") — 0, (6.3)

so we need to understand the space of equivariant line bundles over S L Every line bundle over
S is trivial and the generic Zy-action on the trivial bundle is g 7, where g : st U(1) and 7 is
the trivial action on the trivial bundle. To compute the number of inequivalent Z,-structures on
the trivial bundle, we need to calculate the quotient in Proposition [f.3] We proceed by showing
that the sequence

(st u() LD, 1080 7, ut) T (M) 2,) — 0 (6.4)
is exact, from which it follows that
op: H'(SY Zy,U%) — HO((SY1)7,Z,)

is an isomorphism. The result then follows by the connecting isomorphism (6.3]).

To establish the exactness of (6.4)), we show that for any g € H(S"; ZQ,Ul) with g(1) =1
and g(—1) = 1, there exists a function f: S* — U(1) with g(u) = f(u) f(@). Identify S' = R/Z
and lift g to g: R — R. Then g(t + 1) = g(t) + n for some n € Z which is the winding number
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of g. Because g(1) = 1 we can assume that §(0) = 0, and then by g(—1) = 1 it follows that
§(3) = k for some k € Z. Also because g(u) = g(u) for all u € S', we have

—9(1—1) =g(t) +m
for some m € Z. Taking t = % and t = 0 then shows that m = —2k and n = 2k. Define
f(t) =1 4(t), then
fit+1)=f(t) +k

and
fO)—fa-t)=Lat) -t -t)=g(t)— k.

We conclude that f descends to a well-defined function f: S' — U(1) satisfying f(u) f(z) = g(u)
as required. O

6.2. The two-torus 5™ xS, The case of a two-torus is analogous but more complicated since
now there are non-trivial line bundles on 7% = "' x §™'. These are classified by H*(T*,Z) = Z.
A line bundle whose Chern class is the generator can be described as follows [9]. If x,y € R? let

c(x,y) = exp (27ria:1 (z* — y2)) .

Define an equivalence relation on R? x U(1) by (z,u) ~ (y,v) if x —y € Z* and v = c¢(z,y) u
The sought U(1)-bundle P is defined as the quotient by this equivalence relation, with the
projection 7([@,u]) = [@] where [x] denotes the orbit in $* x §* = R*/Z*. We lift the Real
structure on §™' x $™! to P by defining 7([z,u]) = [~x,u]. Checking that this is well-defined
reduces to observing that ¢(—x, —y) = c(x,y). The fixed points of 7 on T2 are (0,0), (3,0),
(0, 2) and (2, 2) On the corresponding fibres the Real structure acts by

T([:c,u]) =[—x,u] = [m,exp(47ria:1 x2) u] )

so 7 acts by the identity on the four fixed points. Hence o;(P) = (1,1,1,—1) where we denote
a sign choice by its values on the four fixed points as listed above. In other words, every odd
power of P admits a Zs-structure with this same sign choice and even powers have trivial sign
choice.

Next we need to study the quotient in Proposition and consider the sequence

f=f (for)

HO(T?,U(1)) H(T* Zy,u') 2 H((T%),Zy) = Z5 .

Let ECH 0((T 2)7, ZQ) denote the subgroup of sign choices whose product is +1, that is, there

are an even number of —1’s. Then F ~ Z% as any element is determined by its value on just
three of the four fixed points. We have

Proposition 6.5. The image of oq is E.

Proof. Consider the functions g: T2 — U(1), (u,v) — g(u,v) defined by the values +1, +u, +v
and +uwv. These give all the sign choices with even numbers of negative signs. Assume now that
there is a function ¢g with g(1,1) =1 and ¢(1,—1) = g(—1,1) = —1. We show that it must have
g(—1,-1) = 1. We may lift g to §: R* — R in such a way that §(0,0) = 0. Moreover we must
have §(z + 1,y) = g(z,y) + m, §(z,y + 1) = §(z,y) + n and —§(—z, —y) = g(:c, y) + k for some
integers m, n and k. Substituting §(0,0) = 0 gives k = O In addition we have g( ,0) = p+% and
g(0, f)—q—i—l for some p,q € Z, so §(1,4) = —g(—3,-3) andg(2,2): (— % —H+m+n.

3) = 3(m+n). Applying a similar argument gives §(3,0) = p+ 3 and
g(0, %) =5=9q % Hence g(%, %) =p+q+ 1 € Z giving the required result. Now any sign

o
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choice with an odd number of negative signs is a sign choice with an even number of negative
signs multiplied by (1,—1,—1,1), so none of them can occur in the image of oy. O

Proposition 6.6. If oy(g) = (1,1,1,1), then there exists a smooth function f: T> — U(1) such
that g(u, v) = f(u,v) T, 0).

Proof. As in the proof of Propositionwe lift g to §: R? — R such that §(z+1,y) = §(z,y)+m
and g(x,y+ 1) = g(x,y) + n. We may assume that §(0,0) = 0 and thus —g(—=, ( .
Moreover f](%,O) =p, @(O7 2) q and g(2, 2) = r where p, q,r € Z. Hence g(% 0) = g(—%,()) m
and p = g(%,O) =—g(— ,0) so that m = 2p. Similarly n = 2¢. Define

flw,y) = 5 a(x,y)

,y) + p and f( yy+1) = f(:v,y) + ¢, so that f descends to a
).

and notice that f(z + 1 y) f(z
well-defined function f: ™ > U

f(a:,y) - f(_ 7_y) = %g(x7y) - %g(_x7_y) = Q(a:,y) )
so that g(u,v) = f(u,v) f(@,v) as required. O

Moreover

(1

It follows that the sequence

HY(T? U(1))
is exact since T2 is two-dimensional. Moreover we have

HYT* 2y, U°) = 2.0 75

—1
m HI(TQ;ZQ’UO) —)82 HQ(T2;ZQ,Z/{1) — 0 (67)

as line bundles on T? with arbitrary Chern class admit any choice of Zy-action. From the
calculation above of the sign choice for the generator in H? (T Z), we conclude that o; maps
7 ® Z3 to Zo & Z2 Z2 surjectively. This agrees with the results of [9], which we will explain
in more generality in Section [7}
The image of the map P — P ® T_l(P) consists of the line bundles with even Chern class,
so the Real Brauer group is
H*(T* 72y, U") = 2.8 7

and the action of oy is again projection onto Zg. In summary, we have

Proposition 6.8. The Real Brauer group of the two-torus T? = §4t x st s
H(T*Zy,U'") = L& Z)

and the sign choice map o9 is the projection onto HO((T2)T,Z2) = Z% induced by reduction
modulo 2 on the first factor.

6.3. The three-torus S x §"!' x $™'. With the conjugation action on each circle factor,
the involution on the three-dimensional torus T° has eight fixed points and hence there are 28
possible sign choices. Since T P = R? /ZS, the fixed points are the image of the eight points
(p1, pa, p2) where p; € {0, %} We can regard the fixed points on the three-torus as forming a
cube. Let & C HO((TS)T, Zg) be the subgroup of all sign choices with the property that their
product around each square of the cube equals 1. Then it is straightforward to see that E
contains 16 elements. We now show that the sequence

HT?u(1)) 22297 5Oz, uty T B 0

is well-defined, that is, o takes values in E, and that it is exact. Consider f: ™ = U(1)
satisfying f(z) f(z) =1 for all z € T3, and lift f to the universal cover f: R® — R. If e, ey, e
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is the standard basis of R®, then f(x + ;) = f(x) + n; for n; € Z and f(x) + f(—x) =k € Z,
for all z € R®. If e; €{0,1} for i = 1,2, 3, then it follows that

13 1 >
f<§§1 € ei) =5 <k + z; n, ei> . (6.9)
Let 4, j, k be distinct and € € {0, 1}, then adding up around a square gives
f(% eek)—i—f(% eek—i—% ez)—i—f(% €€ + % ej)—i—f(% (S + % €; + % ej) =2 k+2 enk—i-nz—l—nj S 7
and so multiplying the values of f around the corresponding square of fixed points gives 1.

Hence the image of g is contained in F.

Next we show that oy is surjective. For each S* factor there are two Real functions 1 and z,
combining these makes eight Real functions and applying + 1 makes 16. They are all distinct
so oy is surjective.

Finally we prove exactness in the centre. That is, if oy(f) = 1 we show that there is a function
g:T% = U(1) such that f(z) = g(z)g(z). Lift f to f: R® = R as above. Then from we
deduce that

1 3

is always an integer and hence that k,ny,ny,n3 € 2Z. The function
g(x) = 5 f(z)

satisfies §(x+e;) — §(x) € Z and so descends to a well-defined function g: T° — U(1). Moreover
we obtain

g(@) - g(-z) = § f(®) — § f(—2) = f(@) — 3k
as required. This gives the claimed exactness. This also shows that E ~ Zg.

Consider now the exact sequence

PP '(P)
—_—

HY(T®,U(1)) HY(T% 2,U°%) 25 HY(T%2,,u") — H(T*U(1)) .

It follows from the Kiinneth theorem that H'(T°,1(1)) = Z°, and each of the generating line
bundles is a pullback via a projection T° — T of the standard bundle constructed in Section
so each admits a Zy-action. Hence

H T 2, ")~ 7 d E~7° & 75

with the sign choice map o, being the projection of 7 @ Zé onto Z;. The image consists of all
sign choices whose product over the eight fixed points is equal to 1. The map P — P ® Tﬁl(P)
is multiplication by 2 on the Z? factor.

Finally we consider Real bundle gerbes on T’ . Let Y = R® = T° be the universal cover and
define g: Y — U(1) by

g(x,y,z) = exp (27rim1 (:r2 — y2) (y3 — 23)) .

It is straightforward to show that d(g): v U (1) equals 1. This gives a bundle gerbe
P =Y x U(1) with multiplication

(($’y)au) ((y’z)’v) = (($7z) > g(a:,y,z)uv) .



SIGN CHOICES FOR ORIENTIFOLDS 25

There is a lift of the Real structure on 7° to Y by 7(x) = —x. Since g(—x, —y, —2) = g(x,y, 2),
we obtain a Real structure on P given by 7((x,y),u) = ((—x, —y),u). One easily verifies that
this bundle gerbe has complex Dixmier-Douady class generating H(T°,1(1)) = Z. Hence

H*T* 2y U =750 E®Z .

We calculate the sign of the Real bundle gerbe following the procedure of Section We take
x €Y so that (x, —x) € Y and pick p = (x,—x,1) € Py _z). Then 7(p) = (—z,z,1) and

pT(p) = ((:c,a:),g(:c, —as,m)) = ((3375'3)76Xp(—87rix1 .2 xg)) ‘

1

Thus the sign choice is 1 except at (%, 2 %) where it equals —1.

Proposition 6.10. The Real Brauer group of the three-torus T3 =84 x st % gbt s
HX (T Z,u") = Z5 & 7,

and the sign choice map oy is the projection onto HO((T?’)T,ZQ) = Zg induced by reduction
modulo 2 on the last factor.

7. KR-THEORY WITH SIGN CHOICES

In this final section we make contact with the prescription of [9] for computing the sign
choices in orientifold backgrounds of type II string theory whose complex Dixmier—Douady class
is trivial, that is, when H = dB globally. This enables a general KR-theory classification of
D-brane charges in the cases when the sign choice map is not constant over the orientifold planes.

7.1. The Gao—Hori construction. From explicit worldsheet considerations, Gao and Hori
in [9] gave the relevant geometric ingredients required of any type II string orientifold con-
struction with topologically trivial H-flux, which we briefly review and then translate into the
language of the present paper. Let (M, ) be an orientifold. Then the data of [9] consists of a
quadruple (B, L, «, ¢) where:

B € Q*(M) is a globally defined B-field on M.

L is a line bundle over M called the twist bundle.

« is a connection on L called the twist connection.

¢ is a global section of 7~ *(L) ® L* called the crosscap section.

The line bundle with connectlon (L, o) originates from requiring invariance of the B-field am-
phtude (see Section under the parity transform ¢ T o q§ o §Q for all string worldsheets
¢ : 3 — M, which for a globally defined B field implies that the two-form B + 7°(B) has inte-
gral periods, and so represents a class in H? (M,Z) or equivalently the curvature of a connection
on a line bundle over M. Invariance of D-brane Chan—Paton factors under the parity transform
then requires that the twist bundle . — M be equivariant and that the twist connection o on L
is a Zgo-invariant connection. The crosscap section c is a Zy-structure on the twist bundle, and
altogether it follows that the quadruple (B, L, «, ¢) is subjected to the following constraints:

(C1) da= B+ 71"(B).
(C2) The connection 7*(a) — o of 7 (L) ® L* is flat and has trivial holonomy.

(C3) cis a parallel section with respect to the connection 7 () — v, that is, de+ (7" () —a) ¢ =
0, such that ¢7*(c) = 1.

The condition (C3) implies that dec = 0 and ¢ = 1 on the fixed point set M7, and so the
crosscap section determines a sign choice [c] € H O(M ", Zy), which agrees with our definition
of sign choice from Section When the twist (L, «) is trivial, ¢ is constant on M and all
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O-planes have the same sign choice. For non-trivial twists, the values of ¢ can differ from one
O-plane to another.

We will now show that the twist connection o on L gives rise to a Real bundle gerbe connection
on a trivial bundle gerbe (Q,Y) = 05(L), and the B-field gives rise to a Real curving for this
connection. For this, we slightly unravel the coboundary map from the definition in [13]. Given
the equivariant bundle L — M, so that 7 '(L) = L, let Y = M x Z, with the involution
7: (m,z) = (1(m),z 4+ 1) covering 7 on M. Let mp;: Y — M be the projection. Then Y is
two copies of M labelled by 0 and 1 so that any bundle @ — Y is a pair of bundles (Q, Q) on
M x {0} and M x {1}, respectively. For such a bundle Q we have 7 (Q) = (7 (Q;),7 " (Qp)),
and if L — M is a line bundle then 7,/ (L) = (L,L) — Y. Following [13] we define the
Real bundle gerbe over M which is the image of L under the connecting homomorphism as
Q= Y® = M xZy x Zy with Q = 0(U(1), L), where here U(1) denotes the trivial bundle over
M. Explicitly, @ is the disjoint union of four bundles over M labelled by elements of Zy x Zo
given by

Q(o,o) =U(1), Q(0,1) =L, Q(l,o) =L and Q(1,1) =U(1) .

The bundle gerbe multiplication is made up of the obvious contractions and the Real structure
follows from

=7 (U1)) =U(1) = Q) »

= 7'71(L*) =L"= Q(1,0) )

( (1,1) (Q(ko,o) = T_I(U(l)*) =U(1) = Q(1,1) .

We can pick a connection a on L which is invariant by picking any connection and averaging
it. Being invariant it automatically satisfies the conditions (C2) and (C3) above. Then the
bundle ) inherits a connection which is a bundle gerbe connection and also Real. If we call this
bundle gerbe connection AQ, then on the four components of Y we have

Q _ Q _ Q _ Q _
A(o 0 = 0, A(O,l) =, A(l,o) = —« and A(Ll) =0,

so its curvature F@ = dA? has components

Q _ Q _ Q _ Q
F(oo) 0, F(01) da F(LO)——doz and F(1,1)

We can take the curving on Y to have components fQ = (—da,da). The B-field is a two-form
on M satisfying B+7"(B) = da. If we deﬁne a two-form f on'Y by f = (fy, f1) = (B, —7"(B)),
then to be a curving we would need F] (”) = fj — fi, which is indeed satisfied.

=0.

7.2. Twisted K-theory. Gao and Hori use the orientifold data (B, L, «,¢) in [9] to introduce
a new variant of KR-theory groups KR(M;c) accommodating non-constant sign choices, and
conjecture a certain Fredholm module formulation for this K-theory. We will show that the
K-theory of vector bundles twisted by equivariant line bundles introduced in [9] is simply KR-
theory twisted by a certain Real bundle gerbe. From our general twisted K R-theory construction
from [13], this implies in particular that the twisted K-theory construction of [9] is a generalised
cohomology theory, and the Fredholm module description follows immediately.

First we note that there is a natural notion of modules associated to each invariant p-gerbe
for p = —1,0,1. These modules form a semi-group, whose Grothendieck group completion
determines a K-theory group. The respective notions of module are defined as follows.
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Definition 7.1. Let (M, 7) be an orientifold.

(a) If c: M — U(1) is a Real function, then a c-module is a vector bundle £ — M with a
conjugate linear map 75 : £ — E covering 7 and satisfying 7'% = cidg. In particular if
¢ =1 then E is just a Real vector bundle in the sense of Atiyah [2].

(b) If L — M is a Zgy-equivariant line bundle, then an L-module is a vector bundle £ — M
with a linear map E — 7~ *(E*) ® L such that the composition

E—1 Y EY®L—Eor "(L)®L

is idg ®c, where c € F(T_I(L*) ® L) is the Zy-structure on L.

(c) If G = (P,Y) = M is a Real bundle gerbe, then a G-module is a vector bundle £ — Y
with a bundle map P ® 7y 1(E) — T 1(E) over Y2 satisfying the natural associativity
condition that the diagram

yl,yz) ® P(yz,y3

/\

B (Y1,Y2) (y1 Y3)

commutes on any triple (yq, ya,y3) € Y[g], together with a conjugate linear map 75: £ —
FE commuting with the Real structure on Y such that the diagram

) @ By,

P(y1ay2) ® Ey2 E?h

T®TEl J(TE

Pty rw) @ Eryy) — Ergyy)
commutes for every pair (yq,y,) € v,

The case of equivariant line bundle modules is the construction of Gao and Hori from [9],
where the orientifold isomorphism £ — T_l(E*) ® L is the action of the parity transform on the
Chan—Paton bundle E. The case of Real bundle gerbe modules leads to the geometric realisation
KRy, (M, P) of twisted KR-theory from [T3].

Proposition 7.2. There is an isomorphism between the K-theory of invariant p-gerbes G, for
p=—1,0, and the K-theory of their image 0,,9G, under the connecting homomorphism.

Proof. The proof is simply a matter of translating what the respective modules mean in each
case and verifying that they agree.

First we consider the relationship between (a) and (b). If L is the trivial bundle on M, then it
carries a natural Zy-action and any other action is obtained by multiplication by a Real function
c. Indeed this construction is the coboundary map 0; in . Conversely starting with such a
bundle L, the construction in (b) reduces to (a).

Next we look at the relationship between equivariant line bundles and Real bundle gerbes.
Suppose that L — M is an equivariant line bundle. The coboundary map (Q,Y) = 95(L) was
constructed explicitly in Section above. Let F' be a Real bundle gerbe module for (). Then
7 1(F) = F*, so it has the form F = (Fy, F}) = (E, 7 '(E*)) for a vector bundle E — M. The
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Real bundle gerbe multiplication gives isomorphisms Q; ;) ® F; — F; which are associative in
the sense that the map

Qi) @ (Qijy ® Fj) — Qg ® Fy — Fy,
is equal to

Qi) ® Qi) ® Fj — Qurj) @ Fj — Fy, .
Using the definitions of @ and F, we require the isomorphisms L ® T_I(E*) — For E —
L®7 '(E*). The condition on

E—7r Y EY®L—Eo7r "(L)®L

follows from the associativity conditions on the bundle gerbe module, which arise from the
fact that I ~ Q1 ,0) ® Qo,1) ® Fy =~ F; is the identity map and the Zj-action LY = L*.
Furthermore, it is straightforward to check that this argument can be reversed, so that a module
E for L defines a module (E, 7 '(E*)) for the bundle gerbe Q.

In both of these cases it is clear that the bijection we have established is an isomorphism of
semi-groups, and thus establishes an isomorphism of the corresponding Grothendieck groups. [

Remark 7.3. The modules on M for an equivariant line bundle (L, c) are the same as the Real
bundle gerbe modules introduced in [I3] for the complex trivial bundle gerbe @ with non-trivial
Real structure given by (L,c). In other words, the Real bundle gerbe modules for the bundle
gerbe (@ restrict to orthogonal and quaternionic bundles on the different connected components
of the fixed point set of (M, 7), and in particular KRy, (M, Q) ~ KR(M;c).
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