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Abstract

We prove an analogue of the Hitchin-Kobayashi correspondence for compact, ori-
ented, taut Riemannian foliated manifolds with transverse Hermitian structure. In
particular, our Hitchin-Kobayashi theorem holds on any compact Sasakian manifold.
We define the notion of stability for foliated Hermitian vector bundles with transverse
holomorphic structure and prove that such bundles admit a basic Hermitian-Einstein
connection if and only if they are polystable. Our proof is obtained by adapting
the proof by Uhlenbeck and Yau to the foliated setting. We relate the transverse
Hermitian-Einstein equations to higher dimensional instanton equations and in par-
ticular we look at the relation to higher contact instantons on Sasakian manifolds.
For foliations of complex codimension 1, we obtain a transverse Narasimhan-Seshadri
theorem. We also demonstrate that the weak Uhlenbeck compactness theorem fails in
general for basic connections on a foliated bundle. This shows that not every result
in gauge theory carries over to the foliated setting.

1. Introduction

In this paper we prove an analogue of the Hitchin-Kobayashi correspondence for com-
pact, taut Riemannian foliated manifolds with transverse Hermitian structure. The two
sides of the correspondence, polystable holomorphic bundles and Hermitian-Einstein con-
nections, are replaced by their foliated analogues. Recall that one motivation for the
Hitchin-Kobayashi correspondence comes from studying moduli spaces of the anti-self-
dual instanton equations on a 4-manifold X:

(1.1) ∗FA = −FA,
where FA is the curvature of a unitary connection A on a vector bundle E → X. In
general it is difficult to understand the topology of the moduli space of instantons on X.
However if X is a Hermitian 4-manifold, one observes that the anti-self-duality equations
are equivalent to the equations:

F 0,2
A = 0 ΛFA = 0,

where Λ is the adjoint of the Lefschetz operator. These are (a special case of) the
Hermitian-Einstein equations for a unitary connection A on a holomorphic vector bundle.
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Note that by the first equation A determines a holomorphic structure on E. Assume
that the Hermitian metric on the 4-manifold X is Gauduchon, i.e. ∂∂ω = 0. Then the
Hitchin-Kobayashi correspondence gives necessary and sufficient conditions for a holo-
morphic vector bundle E to admit a Hermitian-Einstein connection, namely E must be
polystable. Consequently, the moduli space of instantons on X of given rank can be iden-
tified with the moduli space of polystable holomorphic vector bundles of degree zero and
corresponding rank. The advantage of this is that it allows one to study the moduli space
of instantons on X using complex analytic tools.

Similarly one can study the Hermitian-Einstein equations in higher dimensions. Suppose
X is a Hermitian manifold of real dimension 2n. We assume the metric onX is Gauduchon,
which means that ∂∂(ωn−1) = 0. Let E be a unitary vector bundle on X and A a unitary
connection. The Hermitian-Einstein equations with Einstein factor γA are:

F 0,2
A = 0 iΛFA = γAIdE .

For 2n > 4 these equations have an interpretation as a higher-dimensional analogue of the
instanton equation (1.1), at least when E has trivial determinant and γA = 0. Namely,
they are solutions of the Ω-instanton equations [6, 8, 23]:

∗FA = −Ω ∧ FA, where Ω =
ωn−2

(n− 2)!
.

Our original motivation for studying a foliated version of the Hitchin-Kobayashi corre-
spondence arose from our study of contact instantons [2, 12], which are an analogue of
the anti-self-dual instanton equations for 5-dimensional contact manifolds. Let X be a
contact 5-manifold with contact 1-form η. The anti-self-dual contact instanton equations
are:

(1.2) ∗FA = −η ∧ FA.

Notice that these are Ω-instantons for Ω = η. In [2], we studied the moduli space of con-
tact instantons for compact K-contact 5-manifolds. Let ξ denote the Reeb vector field of
the contact manifold X. Then ξ generates a 1-dimension foliation of X. If X is K-contact,
then this is a taut Riemannian foliation and the contact instanton equations (1.2) can be
interpreted as saying that A is a basic connection with respect to the foliation and which
is anti-self-dual in the directions transverse to the foliation.

Suppose now that the contact 5-manifold X is Sasakian (the definition is recalled in
Section 6.2). Recall that Sasakian geometry is an odd-dimensional analogue of Kähler
geometry. In particular the geometry of X transverse to the Reeb foliation is Kähler. In
this case the contact instanton equations admit an interpretation as being connections
which are Hermitian-Einstein transverse to the foliation. More generally, if one considers
Sasakian manifolds of dimension 2n+ 1 with n ≥ 2 one can consider the following version
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of the Ω-instanton equations:

∗FA = −Ω ∧ FA, where Ω = η ∧ (dη)n−2

(n− 2)!
.

As in the 5-dimensional case, such connections can be interpreted as basic connections
which are Hermitian-Einstein transverse to the Reeb foliation.

From the above considerations we are lead to consider the following very general setup:
let X be a compact oriented manifold with a taut Riemannian foliation which has a
transverse Hermitian structure (see Section 2 for definitions). In Theorem 3.10 we prove
that after rescaling by a positive smooth basic function, we can assume the transverse
metric is transverse Gauduchon (see Definition 3.9). Since X is transverse Hermitian,
we may speak of basic differential forms on X of type (p, q) and we may also define the
adjoint Λ of the Lefschetz operator, which we regard as acting on basic forms. We may
then define transverse Hermitian-Einstein connections as follows:

Definition 1.1.

(i) Let E be a foliated Hermitian vector bundle. A basic unitary connection A on E is
called transverse Hermitian-Einstein if its curvature 2-form FA is of type (1, 1) and
satisfies

iΛFA = γAidE ,

for some real constant γA, called the Einstein factor of A.
(ii) Let E be a foliated holomorphic vector bundle. A transverse Hermitian metric on E

is called a transverse Hermitian-Einstein metric if the associated Chern connection
is transverse Hermitian-Einstein.

This is the one side of the transverse Hitchin-Kobayashi correspondence. The other side
of the correspondence is the foliated analogue of polystable holomorphic vector bundles.
Let E be a transverse holomorphic vector bundle on X. The degree deg(E) of a transverse
holomorphic vector bundle is defined as follows. Suppose that E admits a transverse
Hermitian metric. Note that a transverse Hermitian metric need not exist. Indeed the
usual way that one proves the existence of a Hermitian metric on a complex vector bundle
is to use a partition of unity. However this fails in the transverse setting since we usually
can not find a partition of unity subordinate to a given cover by basic functions. Thus, we
will only define deg(E) in the case that E admits a transverse Hermitian metric h. Let A
be the associated Chern connection and FA its curvature (1, 1)-form. We define

(1.3) deg(E) =
i

2π

∫
X
tr(FA) ∧ ωn−1 ∧ χ,

where χ is the leafwise volume form. We show that if X is transverse Gauduchon and the
foliation is taut, then deg(E) does not depend on the choice of transverse Hermitian metric.
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In order to define stability/semistability we need the notion of a transverse coherent
subsheaf F ⊂ O(E), where O(E) is the sheaf of basic holomorphic sections of E. Trans-
verse coherent sheaves are introduced in Definition 3.18. To each transverse coherent sheaf
F , one can define a determinant line bundle det(F) in much the same way as done in the
non-foliated setting. We have that det(F) is a transverse holomorphic line bundle. At
this point a complication arises compared to the non-foliated setting, namely, it is by no
means clear whether the line bundle det(F) admits a transverse Hermitian metric and so
we can not define the degree of det(F) simply by using (1.3). To get around this problem,
we are lead to consider a foliated version of Hironaka’s resolution of singularities, which
we carry out in Section 3.2. This is similar to the approach to stability taken in [18]. We
use this to define the degree of a transverse coherent subsheaf F ⊂ O(E) of a transverse
holomorphic vector bundle E which admits a transverse Hermitian metric, under the fur-
ther assumption that quotient sheaf O(E)/F is torsion-free. This is sufficient to define
stability/semistability:

Definition 1.2. Let E be a transverse holomorphic vector bundle which admits a trans-
verse Hermitian metric. We say that E is stable (resp. semistable) if for each transverse
coherent subsheaf F of E with 0 < rk(F) < rk(E) and such that the quotient O(E)/F is
torsion-free, we have

deg(F)/rk(F) < deg(E)/rk(E) (resp. deg(F)/rk(F) ≤ deg(E)/rk(E)).

We also say that E is polystable if E is the direct sum of stable bundles of the same slope.

With these definitions at hand, we may now state our main theorem:

Theorem 1.3 (The transverse Hitchin-Kobayashi correspondence). Let E be a trans-
verse holomorphic vector bundle which admits transverse Hermitian metrics. Then E
admits a transverse Hermitian metric h which is Hermitian-Einstein if and only if E is
polystable. Moreover, if E is simple then h is unique up to constant rescaling.

Our proof is based on the Uhlenbeck-Yau method of continuity proof of the Hitchin-
Kobayashi correspondence given in [25] and its exposition in the book [17]. The overall
strategy for proving Theorem 1.3 is essentially that of Uhlenbeck-Yau. Therefore most
of the work involved in the proof is in adapting each step of the proof to the foliated
setting. For example, this requires the introduction of Sobolev spaces of basic sections,
establishing embedding, compactness and elliptic regularity results in the basic setting.
Working transverse to a foliation means that we are working with transversally elliptic
operators which are not genuinely elliptic and so we also need to make use of the theory
of such operators [9].

At this point, the reader may have the impression that essentially any result in gauge
theory can be carried over, more or less trivially, to the foliated setting. We wish to em-
phasise that this is not the case. In fact, as we will demonstrate in Section 6, the foliated
analogue of the weak Uhlenbeck compactness theorem fails. More specifically, we give an
example (Example 6.4) of a compact manifold X with a taut Riemannian foliation which
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is transverse Kähler for which one can find sequences of basic connections Ai on a foliated
bundle whose curvatures are uniformly bounded (in our example the Ai are flat) such that
there is no weakly convergent subsequence modulo basic gauge transformations (in the
Lp,k-norm for any p, k).

In Section 6.1, we consider the foliated Hitchin-Kobayashi correspondence in the case
where the foliation has complex codimension 1, the foliated analogue of a Riemann sur-
face. A number of simplifications occur here, for example, in the definition of stabil-
ity/semistability, it is enough to consider transverse holomorphic subbundles. So there is
no need to consider transverse coherent sheaves or foliated resolutions of singularities. We
refer to this special case of Theorem 1.3 as the “transverse Narasimhan-Seshadri theorem”:

Theorem 1.4 (Transverse Narasimhan-Seshadri theorem). Let X be a compact ori-
ented, taut, transverse Hermitian foliated of complex codimension n = 1. Let E be a
transverse holomorphic vector bundle which admits transverse Hermitian metrics. Then
E admits a transverse Hermitian metric such that the Chern connection A satisfies

FA = −2πi
µ(E)

V ol(X)
ω ⊗ IdE ,

if and only if E is polystable.

When E has degree 0, this reduces to the condition that A is a flat connection. In this
case, the transverse Narasimhan-Seshadri correspondence can be neatly summarised as
follows: Isomorphism classes of

rank m unitary
representations of π1(X)

↔
 Isomorphism classes of polystable rank m

degree 0 transverse holomorphic vector bundles
admitting transverse Hermitian metrics


In the case of complex codimension 1 foliations we also prove the analogue of the

Harder-Narasimhan filtration:

Theorem 1.5 (Transverse Harder-Narasimhan filtration). Let X be a compact oriented,
taut, transverse Hermitian foliated of complex codimension n = 1. Let E be a transverse
holomorphic vector bundle which admits transverse Hermitian metrics. There exists a
uniquely determined filtration of E

0 = E0 ⊂ E1 ⊂ · · · ⊂ Ek = E

by transverse holomorphic subbundles such that the quotients Fi = Ei/Ei−1 are semistable
and the slopes are strictly increasing:

µ(F1) > µ(F2) > · · · > µ(Fk).

To prove the Harder-Narasimhan filtration, one has to show that there exists a trans-
verse holomorphic subbundle F ⊆ E which maximises µ(F ). In the non-foliated setting
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this is easy to show using the fact that µ(F ) is a rational number with denominator of
absolute value at most rk(E). In the foliated setting, the slopes µ(F ) can be any real
numbers and it is non-trivial to see that the supremum over all slopes of subbundles of
E is attained by a subbundle. To prove this, we make use of the notion of (a foliated
analogue of) weakly holomorphic subbundles, which were introduced by Uhlenbeck and
Yau in their proof of the Hitchin-Kobayashi correspondence.

In Section 6.2 we return to our original motivation, the case where X is Sasakian.
We recall the definition of Sasakian manifolds and observe that since they are transverse
Kähler, Theorem 1.3 applies:

Corollary 1.6. The transverse Hitchin-Kobayashi correspondence holds on any com-
pact Sasakian manifold.

Of course, Theorem 1.3 can be applied to any compact oriented manifold X with taut,
transverse Kähler foliation. Further examples of such geometries include 3-Sasakian man-
ifolds and co-Kähler manifolds.

In Section 6.3, we re-examine the relation between transverse Hermitian-Einstein con-
nections and Ω-instantons. In general, transverse Hermitian-Einstein connections with
trivial determinant correspond to solutions of:

(1.4) ∗FA = −Ω ∧ FA, where Ω = χ ∧ ωn−2

(n− 2)!
,

where we recall that χ is the leafwise volume form. When X is Sasakian of dimension
2n + 1 (with n ≥ 2), we have χ = η, ω = dη and so (1.4) reduces to the anti-self-dual
“higher contact instanton” equations:

∗FA = −η ∧ (dη)n−2

(n− 2)!
∧ FA.

Combined with Corollary 1.6, we have:

Corollary 1.7. Anti-self-dual SU(r) higher contact instantons on a 2n+1-dimensional
Sasakian manifold X (with n ≥ 2) correspond to rank r transverse Hermitian-Einstein
connections with trivial determinant. If X is compact, then by the transverse Hitchin-
Kobayashi correspondence, anti-self-dual SU(r) higher contact instantons on X correspond
to rank r polystable transverse holomorphic bundles on X with trivial determinant.

The following is a brief summary of each section of the paper. In Section 2, we cover the
background material needed to study gauge theory transverse to a taut Riemannian folia-
tion. In particular, we review the notions of foliated vector bundles, basic connections and
basic differential operators. In Section 2.2 we introduce Sobolev spaces of basic sections
of a vector bundle and prove basic versions of the Sobolev embedding and compactness
theorems. In Section 3, we study the foliated analogues of various notions in complex
geometry. In Section 3.1, we prove the existence of Gauduchon metric on compact taut
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transverse Hermitian manifolds. In Section 3.2, we prove a foliated version of resolution
of singularities which we use in Section 3.3 to define stability of transverse holomorphic
vector bundles. In Section 4 we introduce the transverse Hermitian-Einstein equations and
prove that transverse Hermitian-Einstein implies polystable. In Section 5, we complete
the transverse Hitchin-Kobayashi correspondence by proving the converse. Section 6 is
concerned with some applications and related results. In Section 6.1 we consider the case
of foliations of complex codimension 1, which leads to a transverse Narasimhan-Seshadri
theorem. We also prove a transverse version of the Harder-Narasimhan filtration and give
an example to show the Uhlenbeck compactness fails in general for basic connections on a
foliated bundle. In Section 6.2 we recall the definition of Sasakian manifolds and consider
the transverse Hitchin-Kobayashi correspondence for them. Finally, in Section 6.3 we
relate the transverse Hermitian-Einstein equations to higher dimensional instanton equa-
tions and in particular we look at the relation to higher contact instantons on Sasakian
manifolds.

2. Transverse geometry on Riemannian foliations

2.1. Riemannian foliations. Let X be a smooth oriented manifold with a foliation F of
dimension m and codimension 2n. We denote by V = TF the tangent distribution of the
foliation and H = TX/V the normal bundle. We assume that F is a Riemannian foliation
[19] which means that X is endowed with a bundle-like metric g, so that the foliation is
locally identified with a Riemannian submersion. In other words, g yields an orthogonal
splitting TX = V ⊕ H and induces a holonomy invariant Riemannian structure on H.
Let volT and χ denote the transverse and leafwise volume forms respectively. These are
determined by the metric and the orientations on H and V , which are chosen such that
volX = volT ∧ χ.

By a foliated chart on X, we mean a coordinate chart (U,ϕ), where U ⊆ X is an open
subset, ϕ : U → V ×W ⊆ R2n×Rm a diffeomorphism, where V ⊆ R2n, W ⊆ Rm are open
subsets and ϕ(F|U ) is given by the fibres of the projection V ×W → V . When working
with foliated charts we will often drop explicit mention of ϕ and simply identify U with
V ×W .

A smooth function f on X is called basic if ξ(f) = 0 for all ξ ∈ Γ(X,V ). More gen-
erally, a differential form α ∈ Ωk(X) is called basic if iξα = 0 and iξdα = 0 for all
ξ ∈ Γ(X,V ). The meaning of this condition is that in a local foliated chart the form
depends only on the transverse variables. We let Ωk

B(X) denote the space of basic k-forms

and dB : Ωk
B(X)→ Ωk+1

B (X) the restriction of the exterior derivative d to basic forms.

A foliation is said to be taut if X admits a metric such that every leaf of F is a minimal
submanifold, or equivalently such that the mean curvature form of the leaves κ is trivial.
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Proposition 2.1 (Basic Stokes’ theorem). Let X be a closed oriented manifold with a
taut Riemannian foliation of codimension 2n, then

(2.1)

∫
X
dBα ∧ χ = 0

for all α ∈ Ω2n−1
B (X).

Proof. Rummler’s formula [22] states that

dχ = −κ ∧ χ+ φ

for some φ ∈ Ωm+1(X) satisfying ιξ1 . . . ιξmφ = 0 for any set {ξj} of m vectors in Γ(X,V ).
Therefore α∧φ = 0 for any basic (2n−1)-form α and by tautness it follows that dBα∧χ =
d(α ∧ χ).

q.e.d.

A principal G-bundle π : P → X is said to be a foliated principal bundle if there is a

rank m foliation F̃ on P with tangent distribution T F̃ ⊆ TP such that F̃ is G-invariant

and T F̃ projects isomorphically onto TF under π∗. An isomorphism of foliated princi-

pal G-bundles (P, F̃), (P ′, F̃ ′) is a principal bundle isomorphism φ : P → P ′ such that

φ(F̃) = F̃ ′. A local section s : U → P is called basic if s∗ : TU → TP sends TF to T F̃ .
It is known that every foliated principal bundle admits local basic sections [19, Proposi-
tion 2.7]. The transition functions {gαβ} between local basic sections are G-valued basic
functions. Conversely, if a principal bundle P is defined by a collection {gαβ} of basic
transition functions, this determines a foliated structure on P . This is because for each α
the obvious lift to Uα×G of the foliation F|Uα is preserved by the transition functions. In
this way we obtain an equivalence between foliated principal G-bundles and equivalence
classes of basic Čech cocycles {gαβ}.

A connection A on P , thought of as a g-valued 1-form on P is called adapted if T F̃ lies
in the kernel of A. It is called basic if as a g-valued 1-form, A is basic with respect to

the foliation F̃ . While every foliated principal bundle admits an adapted connection by

extending T F̃ to a horizontal distribution, there is an obstruction to the existence of basic
connections. This is ultimately due to the lack of a basic partition of unity subordinate to
a given cover and the obstruction is a secondary characteristic class of the foliated bundle
[13, 19]. However, if A is a connection on P for which the curvature FA satisfies iξFA = 0
for all ξ ∈ TF , then the horizontal lift of V with respect to A is an integrable distribution
and gives P a foliated structure for which A is basic. We note that if X is a Riemannian
foliation, then H admits a basic connection, namely we can take the basic Levi-Civita
connection associated to the basic metric on H.

A vector bundle E is foliated if its associated frame bundle is foliated. In this case we
will also say that E has a transverse structure or that E is a transverse vector bundle.
We denote by ΓB(X,E) the space of smooth basic sections of E. In the Čech language
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a basic section is given by a collection {sα} of basic vector-valued functions such that
sα = gαβsβ. A transverse Hermitian metric h on a foliated complex vector bundle E is a

Hermitian metric on E which is basic as a section of E∗⊗E∗. Equivalently, h corresponds
to a reduction of structure group of the frame bundle from GL(n,C) to U(n) as a foliated
principal bundle. Such a reduction is however not always possible and therefore not every
foliated complex vector bundle admits a transverse Hermitian metric.

Let E be a foliated vector bundle. For each d ≥ 0, one can define the d-th basic jet
bundle JdB(E) whose fibres are the d-jets of local basic sections of E. Clearly JdB(E) is a
foliated vector bundle in a natural way and there are short exact sequences

(2.2) 0→ Symd(H∗)⊗ E → JdB(E)→ Jd−1B (E)→ 0.

A basic section of E determines a basic section of JdB(E) by prolongation. Suppose that E
admits a basic connection ∇. We can use the basic connection to split the sequences (2.2)

and thus non-canonically identify JdB(E) with
⊕d

j=0 Sym
j(H∗) ⊗ E, as foliated vector

bundles. Suppose that F is another foliated vector bundle. We define a basic linear
differential operator of order d from E to F to be a basic section of the foliated bundle
DiffdB(E,F ) = Hom(JdB(E), F ). Clearly a basic linear differential operator defines a
linear map D : ΓB(X,E) → ΓB(X,F ) which in local foliated coordinates is given by a
linear differential operator in the transverse coordinates. From the exact sequence (2.2),
there is a natural map σ : DiffdB(E,F ) → Hom(Symd(H∗), Hom(E,F )) and we define
the symbol of a basic linear differential operator D of order d to be the image σ(D) of D
under this map. We say that D is transversally elliptic if σ(D)(ξ, . . . , ξ) is invertible for
each 0 6= ξ ∈ H∗.

Remark 2.2. Let E,F be foliated vector bundles and D ∈ ΓB(X,DiffdB(E,F )) a
basic linear differential operator of order d. If E admits a basic connection, then D can
be non-canonically extended to a linear differential operator in the ordinary sense. To see
this, let Jd(E) be the usual d-th jet bundle of E and Diffd(E,F ) = Hom(Jd(E), F ).

We use the connection to obtain splittings JdB(E) ∼=
⊕d

j=0 Sym
j(H∗) ⊗ E, Jd(E) ∼=⊕d

j=0 Sym
j(T ∗X) ⊗ E and we use the Riemannian metric g to obtain a non-canonical

splitting T ∗X = H∗ ⊕ V ∗ and thus an inclusion H∗ → T ∗X. In this way, we obtain a
non-canonical homomorphism DiffdB(E,F )→ Diffd(E,F ).

Let E,F be foliated vector bundles and D : ΓB(X,E) → ΓB(X,F ) a basic linear
differential operator. Assume that E,F admit transverse Hermitian structures, in other
words they are vector bundles associated to foliated principal bundles with structure group
a unitary group. Then we may construct the formal adjoint operator D∗ : ΓB(X,F ) →
ΓB(X,E) [9] which has the property

〈Ds, t〉 = 〈s,D∗t〉
for all s ∈ ΓB(X,E), t ∈ ΓB(X,F ), where 〈 , 〉 is the usual L2-pairing of sections of a
Hermitian vector bundle. Let us give a construction of D∗ under the assumptions that the
foliation is taut and that E admits a basic connection ∇. Whenever we take the adjoint
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of a basic differential operator in this paper, these assumptions will hold. As in Remark
2.2 we can use ∇ to extend D to an ordinary linear differential operator, which has the
form

D(s) =

d∑
j=0

∑
|I|=j

a(j)(e
i1 , ei2 , . . . , eij )∇ei1∇ei2 · · · ∇eij s

where e1, . . . , e2n is a local frame of basic sections of H, e1, . . . , e2n the dual coframe and
a(j) is a basic section of Symj(H)⊗Hom(E,F ). We claim that D∗ is given by the usual
formula for the adjoint:

D∗(s) =

d∑
j=0

∑
|I|=j

∇∗eij · · · ∇
∗
ei2
∇∗ei1 (a∗(j)(e

i1 , ei2 , . . . , eij )s),

where ∇∗eis = −∇eis − div(ei)s and div(ei) is the divergence of ei. To see this, note
that by the assumption of tautness, the divergence of Y ∈ Γ(X,H) is determined by
div(Y )volT = dB(iY volT ), which shows that if Y is a basic section of H, then div(Y ) is a
basic function. Therefore the formal adjoint D∗ is again a basic differential operator.

From the theory of transversally elliptic operators, we have:

Theorem 2.3 ([9]). Let X be a compact Riemannian foliated manifold, E,F foliated
complex vector bundles admitting transverse Hermitian metrics and D : ΓB(X,E) →
ΓB(X,F ) a basic linear differential operator of order d. Then D is Fredholm, that is,
Ker(D) and Ker(D∗) are finite-dimensional.

Let E be a foliated vector bundle. Denote by Ωk(X,E) the space of k-form valued
sections of E and by Ωk

B(X,E) the space of basic k-form valued basic sections of E. The

latter is given by Ωk
B(X,E) = ΓB(X,E⊗∧kH∗). Suppose that ∇ is a basic connection on

E. We have that α ∈ Ωk(X,E) is a basic section if and only if iξα = 0 and iξd∇α = 0 for

all ξ ∈ Γ(X,V ). It follows that the restriction of d∇ : Ωk(X,E) → Ωk+1(X,E) to basic

sections induces a basic first order differential operator d∇ : Ωk
B(X,E)→ Ωk+1

B (X,E).
2.2. Basic Sobolev spaces and elliptic regularity. In this section, we assume X is a
compact, oriented, Riemannian foliation of codimension 2n.

Definition 2.4. Let E be a foliated vector bundle on X equipped with a transverse
Hermitian structure and a compatible basic connection ∇. For k a non-negative integer

and p ∈ [1,∞), the basic Sobolev space Lp,kB (E) is defined as the norm closure in Lp,k(E)
of the space of smooth basic sections ΓB(X,E) under the Sobolev norm

‖s‖p,k =

 k∑
j=0

||∇js||pLp

 1
p

, s ∈ Γ(X,E).

Similarly, for a non-negative integer k we define CkB(E) to be the subspace of Ck(E)

consisting of basic sections. It is easy to see that the limit of a Ck-convergent sequence of
basic sections of E is again basic, hence CkB(E) is a closed subspace of Ck(E).
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Remark 2.5. Note that to define C0B(E), we need to say what is a continuous basic
section of E. We say that a continuous section of E is basic if in each local basic triv-
ialisation of E, the section is given by a basic function, where a continuous function f
defined on an open subset A ⊆ X is called basic if for each x ∈ A, there exists a local
foliated chart U = V ×W ⊆ A containing x for which f |U is the pullback of a continuous
function on V under the projection V ×W → V . For differentiable sections, this clearly
agrees with our previous notion of basic sections. It is also clear that this notion of basic
sections is closed under C0-limits.

Theorem 2.6 (Basic Sobolev embedding and compactness).

(i) For all integers k, l such that k > l > 0 and for all p, q ∈ [1,∞) such that k − 2n
p >

l − 2n
q , there is a continuous inclusion

Lp,kB (E) ↪→ Lq,lB (E).

Moreover, if k > l and k − 2n
p > l − 2n

q then the inclusion is compact.

(ii) For all integers k, l with k > l > 0 and for all p ∈ [1,∞) such that k − 2n
p > l, there

is a continuous inclusion

Lp,kB (E) ↪→ ClB(E).

Moreover, the inclusion is compact.

Proof. The argument is essentially that of [15, Theorem 9, 10] which we now sketch.

Consider for instance the case Lp,kB (E) ↪→ Lq,lB (E). Let f ∈ Lp,kB (E). Then f is the Lp,k-
limit of a sequence fi of basic smooth functions. Consider a local foliated chart U = V ×W
over which E is trivialised as a foliated bundle. We assume that the foliated chart is chosen
so that the closure U is contained in a slightly larger foliated chart Ũ = Ṽ × W̃ and that
the local trivialisation of E extends to Ũ . We also assume that Ṽ ⊂ R2n, W̃ ⊂ Rm are
bounded. Then fi|U is given by a smooth vector-valued function on V . Taking the Lp,k-
limit, we see that f |U is given by an Lp,k function on V . Under the stated assumptions, the
Sobolev embedding theorem for V gives a continuous injection Lp,k(V )→ Lq,l(V ) (see for
instance [1]). By considering a collection of such foliated charts covering X, we see that

the sequence {fi} converges in the Lq,l-norm and therefore f ∈ Lq,lB (E) by the definition

of Lq,lB (E). The Sobolev embedding theorem also implies an estimate ||fi||q,l ≤ C||fi||p,k,
for a constant C which does not depend on f or the fi. Hence ||f ||q,l ≤ C||f ||p,k, so that

the inclusion Lp,kB (E) ↪→ Lq,lB (E) is continuous.

We now argue that if k > l and k − 2n
p > l − 2n

q , the inclusion is compact. Let

fi be a bounded sequence in Lp,kB (E). Then in each foliated chart U = V ×W of the

type previously described, we can apply Sobolev compactness of the inclusion Lp,k(V )→
Lq,l(V ) (see [1]) to deduce that there is a subsequence of {fi} which converges in Lq,l(V ×
W ). Since we can cover X by finitely many such charts, we can find a subsequence of

{fij} which converges in Lq,l(E). But since each fi belongs to the closed subspace Lq,lB (E),
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it follows that the convegent subsequence {fij} converges to an element of Lq,lB (E), which

proves compactness. The case of Lp,kB (E) ↪→ ClB(E) is proved similarly. q.e.d.

Theorem 2.7 (Basic Sobolev multiplication). Let E,F be foliated vector bundles equipped
with transverse Hermitian metrics and basic unitary connections. Let k, k′, l be integers

and p, p′, q ∈ [1,∞) be such that
(
k − 2n

p

)
+
(
k′ − 2n

p′

)
>
(
l − 2n

q

)
, k, k′ ≥ l, (k− l)p < 2n

and (k′ − l)p′ < 2n. Then multiplication of smooth basic sections extends to a continuous
map

Lp,kB (E)× Lp
′,k′

B (F )→ Lq,lB (E ⊗ F ).

Proof. First, let us reduce this result to the case where k = k′ = l. If k > l, then the
assumption (k − l)p < 2n ensures that there exists p̃ ∈ [1,∞) such that k − 2n

p = l − 2n
p̃ .

Then we can use the basic Sobolev embedding theorem to replace Lp,kB (E) with Lp̃,lB (E).
A similar argument applies if k′ > l.

We now assume k = k′ = l. In this case, k, p, p′, q satisfy k
2n + 1

q <
1
p + 1

p′ . If k = 0, then

the fact that multiplication extends to a continuous map LpB(E)× Lp
′

B(F )→ LqB(E ⊗ F )
follows from the Hölder inequality. Now we proceed by induction on k. The rest of the
proof is exactly the same as the proof of [26, Lemma B.3], except using the basic Sobolev
embedding theorem in place of the ordinary one. q.e.d.

We also need to use a transverse analogue of elliptic regularity. The following version
suffices for our purposes:

Lemma 2.8 (Basic elliptic regularity). Let E be a transverse vector bundle with admits
a transverse Hermitian metric and a basic connection ∇. Let L : ΓB(X,E) → ΓB(X,E)
be a second order transverse elliptic differential operator from E to itself. Suppose that
k ≥ 2 and p ∈ [1,∞). Let s ∈ Lp,k(E) ∩ Lp,1B (E) be such that L(s) ∈ Lp,k−1(E). Then we

have that s ∈ Lp,k+1(E) ∩ Lp,1B (E).

Proof. By Remark 2.2, we can (non-canonically) extend L to a second order differential
operator L : Γ(X,E) → Γ(X,E). Let ∇V : Γ(X,E) → Γ(X,E ⊗ V ∗) denote the compo-
sition of ∇ : Γ(X,E) → Γ(X,E ⊗ T ∗X) with the orthogonal projection T ∗X → V ∗. Let
∇∗V : Γ(X,E⊗V ∗)→ Γ(X,E) be the formal adjoint of∇V . Define D : Γ(X,E)→ Γ(X,E)
to be the second order differential operator

D(a) = ∇∗V∇V a+ L(a).

We have that D is elliptic because L is transverse elliptic. Now let s ∈ Lp,k(E) ∩ Lp,1B (E)

and suppose that L(s) ∈ Lp,k−1(E). Note that s ∈ Lp,1B (E) implies that ∇V s = 0.
This is because s is the Lp,1-limit of a sequence si of basic smooth sections. Since the
si are basic and smooth, they satisfy ∇V si = 0, hence also ∇V s = 0. It follows that
D(s) = L(s) ∈ Lp,k−1(E). By the usual elliptic regularity of linear elliptic differential
operators, we have s ∈ Lp,k+1(E). q.e.d.
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Remark 2.9. Note that for k ≥ 1, we have Lp,kB (E) ⊆ Lp,k(E) ∩ Lp,1B (E). We do not
know whether this inclusion is an equality. Fortunately, the above lemma suffices for the
results of this paper.

3. Transverse complex geometry

3.1. Transverse Hermitian structures and transverse Gauduchon metrics.

Definition 3.1. Let X be a foliated manifold such that the foliation has codimension
2n. Let V = TF be the tangent distribution to the foliation and H = TX/V the normal
bundle. A transverse almost complex structure is an endomorphism I : H → H such that
I2 = −Id. We say that the almost complex structure is integrable and that X has a
transverse complex structure if X can be covered by foliated charts Uα = Vα ×Wα, such
that each Vα is an open subset of Cn and such that I|Uα agrees with the natural complex
structure on Vα obtained from the inclusion Vα ⊆ Cn.

Definition 3.2. A transverse Hermitian structure on a Riemannian foliated manifold X
is a pair (g, I) consisting of a bundle-like Riemannian metric g and a transverse integrable
complex structure I such that g and I are compatible in the usual sense: g(IX, IY ) =
g(X,Y ) for all X,Y ∈ H. In this case we define the associated Hermitian 2-form ω ∈
Γ(X,∧2H∗) by ω(X,Y ) = g(IX, Y ). Pulling back by the natural projection TX → H, we
identify ω with a 2-form on X. Using that fact that g is bundle-like and I is integrable,
one sees that ω is a real basic 2-form, ω ∈ Ω2

B(X).

Throughout this section, unless stated otherwise we assume X is a compact oriented,
taut, transverse Hermitian foliated manifold of complex codimension n. We may introduce
transverse analogues of all the usual notions in Hermitian geometry. For instance we have
the Lefschetz operator:

L : Ωj
B(X)→ Ωj+2

B (X), L(α) = ω ∧ α
and the contraction operator, the adjoint of the Lefschetz operator:

Λ : Ωj
B(X)→ Ωj−2

B (X), Λ(α) = L∗(α).

The transverse complex structure I allows us to speak of basic differential forms of
type (p, q). We denote the space of such forms as Ωp,q

B (X,C). The exterior deriva-

tive d, restricted to basic differential forms can be decomposed as d = ∂ + ∂, where
∂ : Ωp,q

B (X,C) → Ωp+1,q
B (X,C) and ∂ : Ωp,q

B (X,C) → Ωp,q+1
B (X,C). Integrability of I

ensures that ∂2 = ∂
2

= 0. If E is a foliated complex vector bundle we can also define
Ωp,q
B (X,E), the space of basic (p, q)-form valued sections of E.

Definition 3.3. Let E be a foliated complex vector bundle. A basic ∂-connection
on E is a first order basic differential operator ∂E : Ω0

B(X,E) → Ω0,1
B (X,E) satisfying

∂E(fs) = ∂(f)s + f∂E(s) for all local basic sections s and local basic functions f . We

extend ∂E to a basic differential operator ∂E : Ωp,q
B (X,E) → Ωp,q+1

B (X,E) in the usual

way. We say that ∂E is integrable if ∂
2
E = 0. A transverse holomorphic structure on E
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is by definition an integrable transverse ∂-connection. A basic section of E is said to be
holomorphic if ∂Es = 0.

Let (E, ∂E) be a transverse holomorphic vector bundle. The integrability condition

∂
2
E = 0 implies that locally E admits a local frame of basic holomorphic sections. With re-

spect to such frames, the transition functions {gαβ} are basic holomorphic GL(r,C)-valued
functions (where r is the rank of E). Conversely, given a cocycle {gαβ} of GL(r,C)-valued
basic holomorphic functions, the associated vector bundle E has a natural transverse holo-
morphic structure.

Many of the constructions one can do with holomorphic vector bundles have counter-
parts in the transverse setting. For instance, suppose that E is a transverse vector bundle
with transverse Hermitian metric and basic unitary connection ∇E . Then we can decom-
pose ∇E into its (1, 0) and (0, 1)-parts ∇E = ∂E+∂E , when acting on basic sections. Then
∂E is a basic ∂-operator. Moreover, ∂E is integrable if and only if the curvature of ∇E
has type (1, 1). In the other direction, if (E, ∂E) is a transverse holomorphic vector bun-
dle which admits a transverse Hermitian metric, then we can complete ∂E to a uniquely
determined basic unitary connection ∇E = ∂E + ∂E , which we call the Chern connection
associated to ∂E . Lastly, if E is a transverse holomorphic vector bundle which admits a
transverse Hermitian metric, then we can take adjoints of the operators dE , ∂E , ∂E and
form their associated Laplacians ∆dE = d∗EdE + dEd

∗
E , etc.

Definition 3.4. Let E be a transverse holomorphic vector bundle equipped with a
transverse Hermitian metric h. The P -operator associated to (E, h), denoted PE is given
by

PE : Ω0
B(E)→ Ω0

B(E), PE = iΛ∂E∂E .

When E is the trivial line bundle equipped with the standard Hermitian metric we write
P instead of PE .

Lemma 3.5. Let E be a transverse holomorphic vector bundle equipped with a trans-
verse Hermitian metric h. Then PE , P

∗
E are transverse elliptic operators of index zero,

i.e. dim(Ker(PE)) = dim(Ker(P ∗E)).

Proof. A direct computation shows that the symbol of PE coincides with the symbol of
∆∂E . It follows that PE is transverse elliptic and that PE and ∆∂E differ by a first order

operator. Now consider PE ,∆∂E as Fredholm operators L2,2
B (E)→ L2

B(E). The difference
is a first order differential operator, which by basic Sobolev compactness is compact as
an operator from L2,2

B (E) to L2
B(E). The Fredholm operators PE and ∆∂E differ by a

compact operator, so they have the same index. But ∆∂E is self-adjoint, so it has index
zero and hence PE has index zero as well. q.e.d.

Lemma 3.6 ([17] Lemma 7.2.4). Let E be a transverse holomorphic vector bundle
equipped with a transverse Hermitian metric h. The adjoint P ∗E of the P -operator PE is
given by

P ∗E =
i

(n− 1)!
∗B ∂E∂ELn−1,
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where ∗B denotes the basic Hodge star ∗B : ∧jH∗ → ∧2n−jH∗.

Proof. Bearing in mind the discussion in Section 2.1 on computing the adjoint of a basic
differential operator in the case of a taut Riemannian foliation, the computation of the
adjoint P ∗E proceeds exactly as in the non-foliated setting [17, Lemma 7.2.4]. q.e.d.

Lemma 3.7. For the trivial line bundle, we have Ker(P ) = C and Im(P |C∞B (X,R))
contains no basic functions of constant sign other than the zero function.

Proof. Both statements follow easily from the maximum principle, as shown in [17,
Lemma 7.2.7]. q.e.d.

Corollary 3.8.

(i) We have dim(Ker(P ∗)) = 1 and every function f ∈ Ker(P ∗|C∞B (X,R)) has constant
sign.

(ii) We have a direct sum decomposition C∞B (X,R) = Im(P |C∞B (X,R)) ⊕ R, where the
second summand denotes constant real valued functions.

Proof. (i) From Lemmas 3.5 and 3.7, we have dim(Ker(P ∗)) = dim(Ker(P )) = 1. Now
suppose that f ∈ Ker(P ∗|C∞B (X,R)) is positive at some points and negative at some other

points. So there exists an interval [a+, b+] ⊂ R with b+ > a+ > 0 for which f−1([a+, b+])
has positive measure. Let ϕ+ : R → R be a smooth non-negative function with support
on the positive real axis and with ϕ|[a+,b+] = 1. Let g+ = ϕ+ ◦ f : X → R. Then g+ is a

basic smooth function on X, g+ ≥ 0 everywhere and I+ =
∫
X f · g+dvolX > 0. Similarly,

since f is negative somewhere, we can find a smooth non-negative function ϕ− : R → R
with support on the negative real axis such that g− = ϕ− ◦ f : X → R is a basic smooth
function on X, g− ≥ 0 and I− =

∫
X f · g−dvolX < 0. Now setting g = I+g− − I−g+

we have that g is a basic smooth function, g ≥ 0 everywhere and
∫
X f · gdvolX = 0.

Since Ker(P ∗|C∞B (X,R)) is 1-dimensional, this shows that g ∈ Ker(P ∗)⊥ = Im(P |C∞B (X,R)).
But g has constant sign, so this contradicts Lemma 3.7. Lemma 3.7 also implies that
Im(P |C∞B (X,R)) ∩ R = {0} and this implies (ii), since dim(Coker(P )) = 1. q.e.d.

Definition 3.9. Let X be compact oriented and transverse Hermitian foliated. Let g be
the transverse Hermitian metric on X. We say g is (transverse) Gauduchon if ∂∂(ωn−1) =
0.

Theorem 3.10. Let X be a compact oriented, taut, transverse Hermitian foliated man-
ifold of complex codimension n and let g be the transverse Hermitian metric on X. Then
g can be conformally rescaled by a basic positive real valued smooth function such that the
rescaled transverse metric g0 is Gauduchon. If X is connected and n ≥ 2, then g0 is the
unique transverse Gauduchon metric within its conformal class up to constant rescaling.

Proof. This proof adapts [17, Theorem 1.2.4] to the foliated setting. If n = 1 there is
nothing to show, so assume n ≥ 2. Consider the following second order transverse elliptic
differential operator

Q : C∞B (X)→ C∞B (X), Q(ϕ) = i ∗B ∂∂(ωn−1ϕ).
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If we can find a smooth basic function ϕ satisfying Q(ϕ) = 0 and which is everywhere

positive, then g0 = ϕ
1

n−1 g will be a transverse Gauduchon metric. By Lemma 3.6, we
have Q = −(n − 1)!P ∗. By Corollary 3.8, Ker(Q) is 1-dimensional, so if g0 exists then
it is unique up to scale. Let ϕ0 span Ker(Q). By Corollary 3.8 we may assume ϕ0 ≥ 0.
It remains only to show that ϕ0 is non-vanishing. This follows by applying the maximum
principle in exactly the same manner as in the proof of [17, Theorem 1.2.4]. q.e.d.

Definition 3.11. Let E be a transverse holomorphic vector bundle equipped with a
transverse Hermitian metric h. Let ∇E be the associated Chern connection. The mean
curvature of E, denoted by KE ∈ Ω0

B(End(E)) is defined as KE = iΛFE , where FE is the
curvature of ∇E .

From the above definition it follows that

inFE ∧ ωn−1 = KEω
n.

Lemma 3.12. Suppose that X is a compact oriented, taut, transverse Hermitian folia-
tion of complex codimension n with transverse Gauduchon metric. Let E be a transverse
holomorphic vector bundle equipped with a transverse Hermitian metric h. Then on Ω0(E)
we have

∆E(a) = PE(a) + P ∗E(a)−KE(a).

Proof. This is a local computation, so it is essentially the same as the non-foliated
setting, see [17, Lemma 7.2.5]. q.e.d.

Lemma 3.13. Suppose that X is a compact oriented, taut, transverse Hermitian folia-
tion of complex codimension n with transverse Gauduchon metric. Let E be a transverse
holomorphic vector bundle equipped with a transverse Hermitian metric h and suppose that
KE = 0. Then (as operators on Ω0

B(E)) we have:

Ker(PE) = Ker(P ∗E) = Ker(∆E) = Ker(dE).

Proof. Clearly Ker(dE) = Ker(∆E). If dE(a) = 0, then ∂E(a) = 0 and hence PE(a) =
0, so Ker(dE) ⊆ Ker(PE). On the other hand, if KE = 0, then by Lemma 3.12, we have

〈∆Ea, a〉 = 〈PE(a), a〉+ 〈a, PE(a)〉 = 〈P ∗E(a), a〉+ 〈a, P ∗E(a)〉,
from which it follows that Ker(PE) ⊆ Ker(∆E) = Ker(dE) and Ker(P ∗E) ⊆ Ker(∆E) =
Ker(dE). It remains only to show that Ker(dE) ⊆ Ker(P ∗E). But this follows easily from
Lemma 3.6 and the fact that X is Gauduchon. q.e.d.

3.2. Transverse resolution of singularities.

Definition 3.14. Let X be a foliated manifold with transverse complex structure. A
subset S ⊆ X is called a transverse analytic subvariety of X if for every s ∈ S, there exists
a foliated chart U = V ×W containing s for which S ∩ U is the common zero locus of a
finite number of basic holomorphic functions on U . Since S is locally given in a foliated
coordinate chart U = V ×W as the pre-image under V ×W → V of an analytic subvariety
SV ⊆ V in the ordinary sense, we can for each s ∈ S define the codimension of S at s to be
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the codimension of the corresponding point in SV (with codimension taken with respect
to V ). Clearly this does not depend on the choice of foliated chart. We then define the
codimension of S to be the infimum over all s ∈ S of the codimension of S at s.

The collection of all transverse analytic subsets of X gives a topology on X (which is
certainly not Hausdorff as it does not separate points which lie in the same leaf of the
foliation). Using this topology, we may speak of irreducible transverse analytic subsets.

Any local properties in complex analytic geometry can easily be extended to the set-
ting of transverse analytic subvarieties. Thus for example we may speak of singular or
non-singular transverse analytic subvarieties of X and if S ⊆ X is a transverse analytic
subvariety we may speak of the singular locus Ssing ⊂ S, which is again a transverse
analytic subvariety of X.

Theorem 3.15. Let X be a foliated manifold with transverse complex structure and let

ι : Y → X be a transverse analytic subvariety. There exists a foliated manifold Ỹ with

transverse complex structure and a proper map q : Ỹ → Y such that

(i) The composition ι ◦ q : Ỹ → X is a smooth map.

(ii) ι ◦ q is transverse holomorphic in the sense that there exists covers of Ỹ and X by

foliated coordinate charts of the form U1 = V1×W1 ⊆ Ỹ and U2 = V2×W2 ⊆ X on
which ι ◦ q is given by

V1 ×W1 3 (v, w) 7→ (q1(v), q2(v, w)) ∈ V2 ×W2,

where q1 is holomorphic.

(iii) q : Ỹ → Y is an isomorphism of foliated manifolds with transverse holomorphic
structure over the non-singular part of Y .

Proof. This is basically a consequence of the existence of a functorial resolution of
singularities for analytic varieties [27]. Choose an open cover of X by foliated charts

Uα = Vα×Wα
ϕα−→ X. The charts can be chosen so that the overlaps Uαβ = ϕ−1α (Uβ) ⊆ Uα

have the form Uαβ = Vαβ ×Wαβ with Vαβ ⊆ Vα, Wαβ ⊆Wα and the transition maps

Vβα ×Wβα = Uβα = ϕ−1β (Uα)
ϕαβ=ϕ

−1
α ◦ϕβ // ϕ−1α (Uβ) = Uαβ = Vαβ ×Wαβ

have the form
ϕαβ(u, v) = (fαβ(u), gαβ(u, v))

for some fαβ : Vβα → Vαβ and some gαβ : Vβα ×Wβα →Wαβ, where the fαβ are holomor-
phic.

Since Y is a transverse analytic subvariety, the image Yα = ϕ−1α (Y ∩ Uα) of Y in the
chart Uα has the form Yα = π−1α (Zα), where Zα ⊆ Vα is an analytic subvariety of Vα and
πα : Uα = Vα ×Wα → Vα is the projection. By Hironaka’s resolution of singularities [11]
(see, eg [27, Theorem 2.0.1] for the case of analytic varieties), there exists a canonical

desingularisation pα : Z̃α → Zα, where Z̃α is smooth, pα is proper, bimeromorphic and an
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isomorphism over the non-singular locus of Zα. Set Ỹα = Z̃α ×Wα and let qα : Ỹα → Yα
be given by qα(z̃, w) = (pα(z̃), w), where z̃ ∈ Z̃α, w ∈ Wα. Observe that the composition

ϕ−1α ◦ ι ◦ qα : Z̃α ×Wα = Ỹα → Uα = Vα ×Wα has the form

(z̃, w) 7→ (pα(z̃), w).

In particular, ι ◦ qα satisfies (i), (ii) and (iii) (restricted to Uα). If we can show that the

local desingularisations {qα : Ỹα → Yα} glue together on the overlaps of coordinate charts,

we will have obtained our desired desingularisation q : Ỹ → Y . In fact, this is easily seen
to follow from the functoriality property of the desingularisations Z̃α → Z [27, Theorem

2.0.1 (3)], which shows that the Z̃α agree on overlaps. In more detail, this means that the

change of coordinate maps fαβ : Zβ ∩ Vβα → Zα ∩ Vαβ lift to f̃αβ : p−1β (Vβα) → p−1α (Vαβ)

satisfying an associativity condition on triple overlaps (by functoriality of the f̃αβ). Let

Ỹαβ = p−1α (Vαβ)×Wαβ ⊆ Z̃α ×Wα = Ỹα. We define transition maps ψαβ : Ỹβα → Ỹαβ by

ψαβ(z̃, w) = (f̃αβ(z̃), gαβ(pβ(z̃, w)).

Then it is easy to check that the ψαβ satisfy the appropriate associativity condition on

triple overlaps (because the f̃αβ and the ϕαβ = (fαβ, gαβ) satisfy such conditions), hence

allow us to glue the {qα : Ỹα → Yα} together to obtain the desired q : Ỹ → Y . q.e.d.

3.3. Transverse coherent sheaves and stability. Let X be a compact oriented, taut,
transverse Hermitian foliation of complex codimension n with transverse Gauduchon met-
ric g.

Definition 3.16. Let E be a transverse holomorphic vector bundle of rank r which
admits a transverse Hermitian metric h. We define the degree of E, denoted deg(E) to be
the real number

deg(E) =
i

2π

∫
X
tr(FE) ∧ ωn−1 ∧ χ,

where FE is the curvature of the Chern connection associated to h. This is independent of
the choice of transverse Hermitian metric, because tr(FE) is independent of h up to a ∂∂-
exact term, which by the basic Stokes’ theorem and the Gauduchon property ∂∂ωn−1 = 0
does not alter the degree. The slope of E, denoted µ(E) is defined by µ(E) = deg(E)/r.

Remark 3.17. Note that deg(E) depends on the choice of leafwise volume form χ.
Moreover, our argument that deg(E) is independent of the choice of transverse Hermitian
metric only holds in the case that the foliation is taut, since otherwise when applying
Stokes’ theorem there would be an additional term which in general can change the degree.
Let us also point out that the degree of a transverse holomorphic vector bundle E is only
defined when E admits a transverse Hermitian metric.

Definition 3.18. Let X be a foliated manifold with transverse complex structure and
let O denote the sheaf of basic holomorphic functions on X. A sheaf of O-modules F
is called a transverse coherent sheaf if locally, F is given as the cokernel of a sheaf map
Op → Oq for some p, q.
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By this definition, in a local foliated chart U = V ×W ⊂ X, a transverse coherent sheaf
is the same thing as a coherent sheaf on V . In particular it follows that to any local prop-
erty of coherent sheaves, there is a corresponding local property for transverse coherent
sheaves. In particular, we may speak of torsion free, reflexive and locally free transverse
coherent sheaves. It is easy to see that locally free transverse coherent sheaves correspond
to transverse holomorphic vector bundles by taking the sheaf of basic holomorphic sec-
tions. To any transverse coherent sheaf F , we may associate a determinant det(F) which
is a transverse holomorphic line bundle. The determinant det(F) is constructed exactly
as in the non-foliated setting [14, Chapter V, §6]. Adapting the proofs in [14, Chapter
V, §5], we also find that a torsion-free (resp. reflexive) transverse coherent sheaf is locally
free outside a transverse analytic subvariety of codimension at least 2 (resp. 3).

In order to define stability of transverse holomorphic vector bundles, we need to define
the degree of transverse coherent subsheaves. However, there is a complication due to the
fact that if F is a coherent subsheaf of a transverse holomorphic vector bundle E, then
even if E admits a transverse Hermitian metric it is not at all clear whether the deter-
minant line bundle det(F) associated to F admits a transverse Hermitian metric. Thus
we can not simply define deg(F) to be deg(det(F)). We get around this problem using a
foliated resolution of singularities.

Let E be a transverse holomorphic vector bundle of rank r which admits a transverse
Hermitian metric. Let s be a positive integer less than r and let q : Gr(s, E) → X be
the associated Grassmannian bundle of E whose fibre over x ∈ X is the Grassmannian
Gr(s, r) of s-dimensional complex subspaces of Ex. We note that Gr(s, E) has a natural
taut, Riemannian foliation. To see this, note that the vector bundle E is constructed by
patching together local trivialisations over foliated charts of X such that the transition
functions gαβ are basic holomorphic. Then Gr(s, E) is just the associated Grassmannian
bundle built out of the transition functions gαβ by the natural action of GL(r,C) on
Gr(s, r). In this way we obtain a lift of the Riemannian foliation on X to a Riemannian
foliation on Gr(s, E) which is taut, with leafwise volume form q∗(χ). Moreover Gr(s, E)
has a natural transverse complex structure.

On Gr(s, E) we have the tautological rank s transverse holomorphic vector bundle
F → Gr(s, E), which comes with a natural inclusion j : F → q∗(E). A transverse
holomorphic subbundle F ⊂ E of E of rank s is precisely a basic holomorphic section
s : X → Gr(s, E). The correspondence is given by pulling back the tautological bundle,
i.e. F = s∗(F). This correspondence extends to rank s coherent subsheaves in the follow-
ing sense. Consider a closed irreducible transverse analytic subvariety ι : Y → Gr(s, E)
such that Y generically projects isomorphically onto X via q. To such a subvariety Y , we
associate the transverse coherent sheaf F = q∗(ι

∗O(F)), which is naturally a subsheaf of
q∗ι
∗q∗O(E) ∼= O(E). Moreover, since Y is irreducible one finds that the quotient sheaf

O(E)/F is torsion-free. Conversely, if F is a rank s subsheaf of E with torsion free quo-
tient then we recover Y as follows. On the complement U = X \ S of a closed transverse
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analytic subvariety S ⊂ X of codimension at least 2, we have that F is given by a trans-
verse holomorphic subbundle F ⊂ E over U . Let s : U → Gr(s, E) be the corresponding
section of Gr(s, E) and let Y be the closure of the image of s. Since F → E was assumed
to have torsion free quotient, it is easy to see that we recover F from Y by taking q∗ι

∗F.

We have established a correspondence between rank s coherent subsheaves of E with
torsion free quotient and closed irreducible subvarieties ι : Y → Gr(s, E) that generically
project isomorphically to X. We would like to define the degree of Y to be deg(ι∗F),

however Y may be singular, so we need to take a resolution of singularities α : Ỹ → Y .
Thus we at last arrive at the following definition:

Definition 3.19. Let E be a transverse holomorphic vector bundle which admits a
transverse Hermitian metric and let F → E be a transverse coherent subsheaf with
0 < s = rk(F) < r = rk(E) and such that the quotient O(E)/F is torsion-free. We
define the degree of F as follows. Let ι : Y → Gr(s, E) be the corresponding irreducible

transverse analytic subvariety of Gr(s, E) and let α : Ỹ → Y be a transverse resolution
of singularities. We note that F is a transverse holomorphic subbundle of q∗(E) via the
canonical map j : F → q∗(E) and thus inherits an induced transverse Hermitian metric.
Therefore, (ι ◦ α)∗(F) has a natural transverse Hermitian metric, so it has an associated

Chern connection with curvature F̃1. We then define

deg(F) =
i

2π

∫
Ỹ
tr(F̃1) ∧ (q ◦ ι ◦ α)∗(ωn−1 ∧ χ).

We define the slope of F to be µ(F) = deg(F)/s.

Remark 3.20. For this definition to make sense, we need to check that it is independent

of the choice of resolution α : Ỹ → Y . In fact, this will follow from the Proposition 3.21
below. Moreover, if F is actually a transverse holomorphic subbundle of E, then it is easy
to check that this definition of degree agrees with the previous definition. The definition
is also independent of the choice of Hermitian metric on E because the only effect of this
is to change the induced Hermitian metric on the line bundle (ι ◦ α)∗(F), which changes

tr(F̃1) by a ∂∂-exact term. By the basic Stokes’ theorem and tautness such a term does
not contribute to the above integral.

Proposition 3.21. Let E be a transverse holomorphic vector bundle which admits
a transverse Hermitian metric and let F → E be a transverse coherent subsheaf with
0 < s = rk(F) < r = rk(E) and such that the quotient O(E)/F is torsion-free. Then
since F and O(E)/F are torsion free, there is a transverse analytic subvariety S ⊂ X of
complex codimension at least 2 such that on X \S, we have that F and O(E)/F are locally
free and hence F is given by a transverse holomorphic subbundle F → E on X \ S. Let
h1 be the transverse Hermitian metric on F obtained by restriction to F of the transverse
Hermitian metric on E. Let F1 denote the curvature 2-form of the Chern connection on



A FOLIATED HITCHIN-KOBAYASHI CORRESPONDENCE 21

F associated to h1. Then F1 is in L1
B on X \ S and

deg(F) =
i

2π

∫
X\S

tr(F1) ∧ ωn−1 ∧ χ.

In particular, this implies that deg(F) is independent of the choice of resolution of singu-

larities α : Ỹ → Y .

Proof. Let l : Ỹ → X be the composition l = q ◦ ι ◦ α and let S̃ = l−1(S). Then

l : Ỹ \ S̃ → X \ S is a diffeomorphism and S̃ has measure zero in Ỹ . The result now

follows by noting that F̃1 in Definition 3.19 is related to F1 on the complement of S by

F̃1 = l∗(F1). q.e.d.

Definition 3.22. Let E be a transverse holomorphic vector bundle which admits a
transverse Hermitian metric. We say that E is stable (resp. semistable) if for each trans-
verse coherent subsheaf F → E with 0 < s = rk(F) < r = rk(E) and such that the
quotient O(E)/F is torsion-free, we have

µ(F) < µ(E) (resp. µ(F) ≤ µ(E)).

We also say that E is polystable if E is the direct sum of stable bundles of the same slope.

Note that if E is stable and F ⊂ E is a proper, non-trivial subbundle then E/F is
torsion free, hence µ(F ) < µ(E) by stability.

Definition 3.23. A transverse holomorphic bundle E is called simple if the only basic
holomorphic endomorphisms E → E are constant multiples of the identity, that is, E is
simple if H0

B(X,End(E)) = CId.

Proposition 3.24. Let E be a stable transverse holomorphic vector bundle. Then E
is simple.

Proof. Let f : E → E be a basic holomorphic endomorphism of E. The coefficients
of the characteristic polynomial of f are basic holomorphic functions on X and therefore
constant since X is assumed to be compact. Therefore f has constant eigenvalues and we
can decompose E into the generalised eigenspaces of f :

E =
⊕
λ

Eλ.

If f has more than one distinct eigenvalue, then at least one summand Eλ will have
µ(Eλ) ≥ µ(E), contradicting stability. Therefore f can only have one eigenvalue, say λ.
Let g = f − λIdE . Then g : E → E is nilpotent. To complete the proof, it suffices to
show g = 0. Suppose g 6= 0. Then Ker(g) is a proper, non-trivial subbundle of E and so
µ(Ker(g)) < µ(E) by stability of E. But this implies µ(Im(g)) = µ(E/Ker(g)) > µ(E). If
g is a non-zero nilpotent endomorphism of E, then Im(g) is a proper, non-trivial subbundle
of E contradicting stability. Thus g = 0. q.e.d.
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4. Transverse Hermitian-Einstein connections

Let X be a compact oriented, taut, transverse Hermitian foliated manifold of complex
codimension n with transverse Gauduchon metric g.

Definition 4.1.

(i) Let E be a transverse Hermitian bundle. A basic unitary connection A on E is
called transverse Hermitian-Einstein if its curvature 2-form FA is of type (1, 1) and
satisfies

iΛFA = γAidE ,

for some real constant γA, called the Einstein factor of A.
(ii) Let E be a transverse holomorphic bundle. A transverse Hermitian metric is called

a transverse Hermitian-Einstein metric if the associated Chern connection is trans-
verse Hermitian-Einstein.

Definition 4.2. Let E be a transverse Hermitian bundle. A basic unitary connection
A on E is called irreducible if the only A-covariantly constant sections of End(E) are the
constant multiples of the identity.

Proposition 4.3. Let A be a transverse Hermitian-Einstein connection on E. Then
the Einstein factor of A is given by

γA =
2π

(n− 1)!V ol(X)
µ(E),

where V ol(X) =
∫
X

ωn

n! ∧ χ.

Proof. Same as in the non-foliated setting. q.e.d.

Note that by this proposition γA only depends on E and not on the connection A. Thus
we will often denote the Einstein factor as γE and call it the Einstein factor of E.

Theorem 4.4. Let E be a transverse holomorphic bundle admitting a transverse Hermitian-
Einstein metric h with Chern connection A. If deg(E) is negative, then E has no global
basic holomorphic sections. If deg(E) is zero, then every global basic holomorphic section
of E is dA-constant.

Proof. Let s be a basic holomorphic section of E. Then one finds:

P (h(s, s)) = iΛ∂∂h(s, s)

= iΛh(∂E∂Es, s)− iΛh(∂Es, ∂Es)

= iΛh(FEs, s)− |∂Es|2

= γE |s|2 − |∂Es|2.

The maximum principle now implies that if γE < 0, then s = 0 and if γE = 0, then
∂Es = 0. But in this case s is holomorphic, so ∂Es = 0 and hence ∇Es = 0. q.e.d.
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Proposition 4.5. Let E be a transverse holomorphic bundle which is simple. If a
transverse Hermitian-Einstein metric exists on E, it is unique up to rescaling by a positive
constant.

Proof. Let h1, h2 be two transverse Hermitian-Einstein metrics on E. The identity on E,
viewed as a map Id : (E, h1)→ (E, h2) is a holomorphic section of Hom((E, h1), (E, h2)).
But h1 and h2 induce a Hermitian-Einstein metric on Hom((E, h1), (E, h2)), so by Theo-
rem 4.4 we have that Id : (E, h1)→ (E, h2) is covariantly constant (since deg(End(E)) =
0). This means that the unitary connections associated to h1 and h2 are related by Id, so
they are equal. In particular, this gives ∂E,h1 = ∂E,h2 . Now let f : E → E be the unique
self-adjoint endomorphism of E for which h2(s, t) = h1(f(s), t). The equality ∂E,h1 = ∂E,h2
implies ∂E,h1f = 0 and since f is self-adjoint, we also get ∂Ef = 0. But if E is simple, this
implies that f is a multiple of the identity and hence h1 and h2 are related by a constant
rescaling. q.e.d.

Next we have the following transverse version of the Bogomolov inequality [4]:

Theorem 4.6. Let E be a transverse Hermitian bundle of rank r admitting a transverse
Hermitian-Einstein connection and suppose that n ≥ 2. Then we have the following
inequality

(4.1)

∫
X

(
2r · c2,B(E)− (r − 1) · c21,B(E)

)
∧ ωn−2 ∧ χ ≥ 0,

where c1,B(E), c2,B(E) are the basic Chern forms of degree 1 and 2. That is, for any
transverse Hermitian metric h with associated Chern connection A, we define

c1,B(E,A) =
i

2π
tr(FA), c2,B(E,A) = − 1

8π2
(
(tr(FA))2 − tr(F 2

A)
)
,

where FA is the curvature of A. The basic Chern forms are independent of the choice of
transverse Hermitian metric h up to ∂∂-exact terms, so if X is Gauduchon, the left hand
side of (4.1) is independent of the choice of h. Moreover, equality holds if and only if A
is projectively flat.

Proof. The inequality (4.1) is obtained by integrating over X a pointwise inequality(
2r · c2,B(E)− (r − 1) · c21,B(E)

)
∧ ωn−2 ∧ χ ≥ 0,

where≥ 0 means that the left hand side is a non-negative multiple of dvolX . This pointwise
inequality is obtained by a local computation which is no different than in the non-foliated
setting [17, Theorem 2.2.3]. q.e.d.

Theorem 4.7. Let E be a transverse holomorphic vector bundle on X which admits a
transverse Hermitian-Einstein metric. Then E is polystable.

Proof. Let F be a coherent subsheaf of E with 0 < s = rk(F) < r = rk(E) and with
torsion-free quotient. Then since the quotient is torsion free, there is some transverse
analytic subvariety S ⊂ X of complex codimension at least 2 such that on the complement
X \ S, the quotient is a vector bundle and therefore we also have that F is given by a
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holomorphic subbundle F ⊂ E on X \ S. Let π ∈ C∞B (X \ S,End(E)) be the orthogonal
projection from E to F , which is defined on X \ S. Let F1 denote the curvature of the
Chern connection on F induced by the inclusion F → E. Then we have (see [10]):

iΛtr(F1) = iΛtr(πFEπ)− |∂End(E)π|2.

Note that tr(F1) is in L1
B by Proposition 3.21. Wedging with ωn ∧ χ and integrating over

X, we obtain:

in

∫
X
tr(F1) ∧ ωn−1 ∧ χ =

∫
X
tr(πiΛ(FE)π) ∧ ωn ∧ χ− ||∂End(E)π||2L2 .

Using Proposition 3.21 and the fact that E is Hermitian-Einstein, iΛFE = γEIdE , we get

2πn deg(F) =

∫
X
γE tr(π) ∧ ωn ∧ χ− ||∂End(E)π||2L2

= γE rk(F)n!V ol(X)− ||∂End(E)π||2L2

= 2πn rk(F)µ(E)− ||∂End(E)π||2L2 ,

where in the last line we used Proposition 4.3. This shows that µ(F) ≤ µ(E) and that
equality occurs if and only if ∂End(E)π = 0. However, in this case since π is self-adjoint,

we also get that ∂End(E)π = 0, so π is covariantly constant. In particular, π is a basic
holomorphic section of End(E) defined on X \ S, but since S has codimension at least 2,
Hartog’s theorem implies that π extends to a basic holomorphic section of End(E) on X.
The identities π2 = π and π∗ = π continue to hold on all of X, hence π extends to X as a
projection. It follows that F extends to a holomorphic subbundle on all of X. Moreover,
since π is covariantly constant, the orthogonal complement F⊥ is also a holomorphic
subbundle of E. We thus get an orthogonal, holomorphic splitting E = F ⊕ F⊥, where
in addition µ(F ) = µ(F⊥) = µ(E). By iterating the above argument, we eventually get
a decomposition of E into a direct sum of stable transverse holomorphic bundles each
having the same slope, i.e. E is polystable. q.e.d.

Corollary 4.8. Let E be a transverse holomorphic vector bundle on X which admits a
transverse Hermitian-Einstein metric with Chern connection A. Then A is irreducible if
and only if E is simple.

Proof. If E is simple, then clearly A is irreducible. Conversely if E is transverse
Hermitian-Einstein and irreducible, then E is polystable by Theorem 4.7. However, if
E is polystable but not stable, then clearly there would be covariantly constant sections
of End(E) which are not multiples of the identity, so E is stable. But we have already
shown in Proposition 3.24 that stable implies simple. q.e.d.

5. The transverse Hitchin-Kobayashi correspondence

In this section we will prove that every stable transverse holomorphic vector bundle
which admits a transverse Hermitian metric admits a transverse Hermitian-Einstein met-
ric. Our proof will be an adaptation to the foliated setting of the proof of the usual
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Hitchin-Kobayashi correspondence given by Uhlenbeck-Yau [25], using the method of
continuity. A thorough treatment of the Uhlenbeck-Yau proof, adapted to the case of
Gauduchon metrics is given in the book of Lübke and Teleman [17]. In what follows we
will outline the main steps in the Uhlenbeck-Yau proof adapted to the foliated setting.
We will mostly focus attention on the necessary changes required to adapt the proof. We
will omit details of the proof whenever they are essentially the same as in the non-foliated
setting, referring the reader to the relevant sections of [17].

Let E be a stable transverse holomorphic vector bundle of rank r which admits a
transverse Hermitian metric. Let h0 be a fixed choice of a transverse Hermitian metric.
Let d0 = ∂0+∂ be the associated Chern connection, F0 the curvature of d0 and K0 = iΛF0

the mean curvature. Any transverse Hermitian metric h on E has the form h(s, t) =
h0(fs, t) for a uniquely determined basic h0-self-adjoint, positive definite endomorphism
f . Conversely any such endomorphism f determines a transverse Hermitian metric this
way. The Chern connection associated to h is d0 + f−1∂0(f) and therefore

K = K0 + iΛ
(
∂(f−1∂0(f))

)
.

The Hermitian-Einstein equation for h is therefore

K0 − γIdE + iΛ
(
∂(f−1∂0(f))

)
= 0,

where γ is the Einstein factor for E. Following Uhlenbeck-Yau we will find a solution of
this equation by the continuity method. For a real number ε ∈ [0, 1] consider the perturbed
equation

(5.1) Lε(f) = K0 − γIdE + iΛ
(
∂(f−1∂0(f))

)
+ ε · log(f) = 0.

We first show the equation Lε(f) = 0 has a solution for all ε ∈ (0, 1]. More precisely,
we will show there is a solution f1 to L1(f1) = 0. We then let J ⊂ (0, 1] be defined
as the set of ε ∈ (0, 1] for which there is a map f : [ε, 1] → Herm+

B(E, h0) such that
f(1) = f1 and Lε′(fε′) = 0 for all ε′ ∈ [ε, 1] (c.f. [17, §3.1]). From this definition, J is
an interval containing 1. We will show that J is open and closed in (0, 1] and therefore
J = (0, 1]. In particular, for every ε ∈ (0, 1] we will have obtained a solution fε of the
equation Lε(fε) = 0. Next one considers the limit lim

ε→0
fε. If the limit f0 = lim

ε→0
fε exists,

one shows that h(s, t) = h0(f0s, t) is a transverse Hermitian-Einstein metric. On the other
hand if the limit does not exist, we will construct a transverse coherent sheaf violating the
stability condition for E.

5.1. Existence of f1. We will show that there is a transverse Hermitian metric h0 on E
for which a solution f1 to L1(f1) = 0 exists. First choose any transverse Hermitian metric
h, let Kh be the mean curvature and set K0

h = Kh − γIdE . From the definitions of γ and
Kh, it follows that ∫

X
tr(K0

h)ωn ∧ χ = 0
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so that tr(K0
h) is L2-orthogonal to the constant functions C = ker(P ∗), hence tr(K0

h) ∈
im(P ). So there exists a basic function ϕ satisfying

P (ϕ) = −1

r
tr(K0

h).

Moreover, we may assume ϕ is real-valued since P and tr(K0
h) are real. Now define a new

transverse Hermitian metric by h1 = eϕh. One finds K0
h1

= K0
h + P (ϕ)IdE and therefore

tr(K0
h1

) = tr(K0
h) + rP (ϕ) = 0. Let h0 be the transverse Hermitian metric defined by

h0(s, t) = h1(exp(Kh1)s, t),

which is a Hermitian metric because Kh1 is Hermitian with respect to h1. Note that
tr(K0

h1
) = 0 implies that tr(K0

h0
) = 0 as well. Let f1 = exp(−K0

h1
), which is positive and

self-adjoint with respect to h0, hence also with respect to h1. Letting Lε be defined with
respect to h0 as in Equation (5.1), we have

L1(f1) = Kh1 − γIdE −K0
h1 = K0

h1 −K
0
h1 = 0.

Thus we have found a transverse Hermitian metric h0 and a solution f1 to L1(f1) = 0.
From now on, we keep h0 as our fixed choice of transverse Hermitian metric.

5.2. Continuity method: J is open. Introduce an operator L̂(ε, f), where ε ∈ [0, 1]
and f ∈ Herm+

B(E, h0) by

L̂(ε, f) = f ◦ Lε(f).

Clearly L̂(ε, f) = 0 if and only if Lε(f) = 0. The advantage of using L̂(ε, f) is that it

takes values in HermB(E, h0) (the proof is the same as [17, Lemma 3.2.3]). Since L̂ is a
second order differential operator which depends continuously on ε, we may view it as a
continuous map

L̂ : (0, 1]× Lp,kB (Herm+
B(E, h0))→ Lp,k−2B (HermB(E, h0)),

for all sufficiently large k so that the appropriate Sobolev multiplication theorems hold.

Here we define Lp,kB (Herm+
B(E, h0)) to be the interior of the closure of Herm+

B(E, h0) in

Lp,kB (HermB(E, h0)). For all large enough k, the map L̂ is moreover differentiable. Let

d2L̂ denote the derivative in the f -direction. Clearly this is a linear second order dif-

ferential operator d2L̂(ε, f) : Lp,kB (HermB(E, h0)) → Lp,k−2B (HermB(E, h0)). It is easy

to see that the symbol of d2L̂(ε, f) agrees with the symbol of PEnd(E), which in turn is
the symbol of the self-adjoint transverse elliptic operator ∂∗End(E)∂End(E). It follows that

d2L̂(ε, f) is transverse elliptic and has index zero, since the difference between d2L̂(ε, f)
and ∂∗End(E)∂End(E) is a first order operator, which is compact when regarded as an oper-

ator Lp,kB → Lp,k−2B , by Sobolev compactness.

We may now argue that J is open as follows (see [17, Corollary 3.2.7]).

Lemma 5.1. For all large enough k, the following holds: if f is an Lp,kB -solution of
Lε(f) = 0, then f is smooth and basic.
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Proof. The equation Lε(f) = 0 can be written in the form

P (f) = {f, log(f), ∂End(E)f, ∂End(E)f},

where P = iΛ∂End(E)∂End(E) and {· · · } is some multilinear algebraic expression in its

arguments. This means that for all sufficiently large k, f ∈ Lp,kB implies P (f) ∈ Lp,k−1B .

By Lemma 2.8, this implies f ∈ Lp,k+1 ∩Lp,1B . By repeated application of Lemma 2.8 and
the ordinary (i.e. non-basic) Sobolev embedding theorem, we have that f is smooth. But

f ∈ Lp,1B implies ∇V (f) = 0, where ∇V is defined as in Lemma 2.8. Hence f is basic.
q.e.d.

Using this lemma and the Banach space implicit function theorem, to prove that J is

open it suffices to show that if L̂(ε, f) = 0, then d2L̂(ε, f) : L2,k
B (HermB(E, h0)) →

L2,k−2
B (HermB(E, h0)) is an isomorphism of Banach spaces. We have already seen that

d2L̂(ε, f) is transverse elliptic with index zero. Hence it suffices to show that if L̂(ε, f) = 0

for some ε ∈ (0, 1] and f ∈ Herm+
B(E, h0), then the kernel of d2L̂(ε, f) is trivial. Thus,

suppose that Lε(f) = 0 and that ϕ ∈ HermB(E, h0) satisfies d2L̂(ε, f)ϕ = 0 (note that

by an argument similar to the proof of Lemma 5.1, any element of the kernel of d2L̂(ε, f)
is smooth). By adapting [17, Proposition 3.2.5] to the foliated setting, we obtain an

inequality P (|η|2)+2ε|η|2 ≤ 0, where η = f−1/2 ◦ϕ◦f−1/2. By the maximum principle for
basic functions, we find |η| = 0 and thus ϕ = 0. We note that the proof of [17, Proposition
3.2.5] makes use of local diagonalisation of self-adjoint endomorphisms of E by unitary
frames on a dense open subset (see [17, Section 7.4]). One can check that these results
extend in a straighforward manner to the foliated setting.

5.3. Continuity method: J is closed. Given the initial solution f1 constructed in Sec-
tion 5.1, we have that the equation Lε(f) = 0 has a unique solution on a maximal open
interval J = (ε0, 1] for some ε0 ≥ 0 (uniqueness follows from the Banach space implicit
function theorem as in Section 5.2). Let us also note that from the Banach space implicit
function theorem we have that fε is differentiable in ε. By [17, Lemma 3.2.1], which is
easily seen to carry over to the foliated setting, we can assume that det(fε) = 1 for all ε.
We will show that if ε0 > 0, then fε0 = lim

ε→ε0
fε exists and is a solution of Lε0(fε0) = 0.

But the results of Section 5.2 would imply that there exists a solution on a larger open
interval, contradicting maximality of J . Therefore, it follows that J = (0, 1].

Following [17, Section 3.3], we define

mε = maxX |log(fε)|, ϕε =
dfε
dε
, ηε = f−1/2ε ◦ ϕε ◦ f−1/2ε .

The estimates in [17, Section 3.3] carry over without difficulty to the foliated setting. In
particular, we obtain the following results:

Lemma 5.2 ([17], Lemma 3.3.4). Let f ∈ Herm+
B(E, h0) satisfy Lε(f) = 0 for some

ε > 0. Then
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(i) 1
2 · P (|log(f)|2) + ε|log(f)|2 ≤ |K0| · |log(f)|.

(ii) mε ≤ 1
εmaxX |K0|.

(iii) mε ≤ C ·
(
||log(f)||L2 + maxX |K0|

)2
where the constant C depends on g and h0.

Proposition 5.3 ([17], Proposition 3.3.5). Suppose there is a positive real number m
such that mε ≤ m for all ε ∈ (ε0, 1]. Then for all p > 1 and ε ∈ (ε0, 1] there is a constant
C(m) depending only on m such that:

(i) ||ϕε||p,2 ≤ C(m) · (1 + ||fε||p,2).
(ii) ||fε||p,2 ≤ eC(m)(1−ε) · (1 + ||f1||p,2).

From this proposition we deduce the following:

Proposition 5.4.

(i) J = (0, 1].
(ii) If there is a constant C such that ||log(fε)||L2 ≤ C for all ε ∈ (0, 1], then there

exists a solution f0 of the equation L0(f0) = 0 and hence there exists a transverse
Hermitian-Einstein metric on E.

Proof. i) Suppose that (ε0, 1] ⊆ J for some ε0 > 0. We show that the solution fε
on (ε0, 1] extends to [ε0, 1]. This together with the fact that J is open in (0, 1] implies
J = (0, 1]. Choose a p with p > 2n. Set m = 1

ε0
· maxX |K0|. From Lemma 5.2 (ii) we

have mε ≤ m, and therefore Proposition 5.3 (ii) implies

||fε||p,2 ≤ C(m)

uniformly in ε > ε0. Since Lp,2B (HermB(E, h0))) is a closed subspace of the reflexive

Banach space Lp,2(Herm(E, h0)), it follows that Lp,2B (HermB(E, h0)) is itself a reflex-
ive Banach space. The Banach-Alaogu theorem implies that since the fε are uniformly
bounded, we can find a subsequence {fεi}i∈N which converges weakly in Lp,2 to some

fε0 ∈ Lp,2B (HermB(E, h0)). The bound mε ≤ m implies that the eigenvalues of fε0 lie

in the interval [e−m, em], hence fε0 ∈ Lp,2B (Herm+
B(E, h0)). By Sobolev compactness of

Lp,2B → Lp,1B , we may assume that fεi converges to fε0 strongly in Lp,1B . It remains to show
that Lε0(fε0) = 0 since then by an argument similar the the proof of Lemma 5.1 ensures
that fε0 is smooth (Lemma 5.1 requires one to take k sufficiently large. Here we have
k = 2, but since we are assuming p > 2n, one sees that k = 2 is already large enough).
This can be shown in exactly the same way as done in [17, Proposition 3.3.6]. For (ii), if
||log(fε)||L2 ≤ C for all ε ∈ (0, 1] then Lemma 5.2 (iii) implies a uniform bound for mε and
then by Proposition 5.3 (ii) a uniform bound on the ||fε||p,2 on (0, 1]. A similar argument
to part (i) of the proof now gives convergence of the fε to a solution f0. q.e.d.

5.4. Construction of a destabilising subsheaf. We have seen in Section 5.3 that a
uniform bound on ||log(fε)||L2 for all ε ∈ (0, 1] implies the existence of a solution f0 to
L0(f0) = 0 and thus the existence of a transverse Hermitian-Einstein metric on E. To
prove the existence of a solution f0, it suffices to prove the following:
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Proposition 5.5 ([17] Proposition 3.4.1). If lim sup
ε→0

||log(fε)||L2 = ∞, then E is not

stable.

As in the proof of Uhlenbeck-Yau this is done by constructing from {fε} a transverse
coherent subsheaf F of O(E) which violates stability, that is, µ(F) ≥ µ(E). The desta-
bilising subsheaf is constructed using the notion of weakly holomorphic subbundle as in
[25]. Here we introduce the corresponding notion in the foliated setting:

Definition 5.6. Let E be a transverse holomorphic vector bundle which admits a trans-
verse Hermitian metric. A transverse weakly holomorphic subbundle of E is an element
π ∈ L2,1

B (End(E)) such that the following identities hold in L1
B(End(E)):

π∗ = π = π2, (idE − π) ◦ ∂(π) = 0.

Observe that if F ⊆ E is a transverse holomorphic subbundle of E, then the orthogonal
projection π : E → E to F is a transverse weakly holomorphic subbundle of E. Hence
Definition 5.6 generalises the notion of a transverse holomorphic subbundle. Conversely,
if π is a transverse weakly holomorphic subbundle such that π is C∞, then the image of π
defines a transverse holomorphic subbundle of E.

In [25, 17], it is shown that a weakly holomorphic subbundle of E can be represented
by a coherent subsheaf of E. We explain below how this result can be extended to the
foliated setting.

Theorem 5.7. Let π be a transverse weakly holomorphic subbundle of E. Then there
is a transverse coherent sheaf F and a transverse analytic subset S ⊂ X such that:

(i) The complex codimension of S in X is at least 2.
(ii) The restriction of π to X\S is smooth and therefore defines a transverse holomorphic

subbundle F ⊆ E|X\S.
(iii) The restriction of F to X \ S is the sheaf of basic holomorphic sections of F .

Proof. We adapt the proof given in [25, S290-S292] to the foliated setting. First note

that since π = π∗ = π2 in L2,1
B , then π is represented almost everywhere by an orthogonal

projection, so the function tr(π) is almost everywhere an integer. Since tr(π) ∈ L2,1
B this

integer must be a constant, hence tr(π) = s for some s ∈ {0, 1, . . . , r}. Therefore, in every
foliated coordinate chart X ⊇ U = V ×W over which E is trivialised, π determines an L2,1

function π|U : V → Gr(s, r) taking values in the Grassmannian Gr(s, r) of s-dimensional
subspaces of Cr. The condition (idE − π) ◦ ∂(π) = 0 in L1

B means that the local map
π|U : V → Gr(s, r) is weakly holomorphic in the sense of [25, S284]. We then use the
fact that a weakly holomorphic map into a projective algebraic manifold (in this case,
Gr(s, r)) is meromorphic [25, Theorem 6.1]. As explained in [25, S290], the collection
of locally defined meromorphic maps π|U : V → Gr(s, r) determined by local holomor-
phic trivialisations of E defines a coherent sheaf F (or in our case a transverse coherent
sheaf) such that around points where the map π|U is holomorphic, F is the sheaf of basic
holomorphic sections of the pullback under π|U of the tautological bundle on Gr(s, r).
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Moreover, as Gr(s, r) is projective algebraic, we may assume that the meromorphic maps
π|U are holomorphic outside a transverse analytic subset S ⊂ X of complex codimension
at least 2. q.e.d.

Remark 5.8. Note that the transverse coherent sheaf F constructed in Theorem 5.7
has the property that O(E)/F is torsion free (because O(E)/F is locally free on the
complement of S, which has codimension at least 2).

To prove Proposition 5.5, we now suppose that fε is such that lim sup
ε→0

||log(fε)||L2 =∞.

From this we will construct a transverse weakly holomorphic subbundle such that the
resulting transverse coherent sheaf violates stability. For ε > 0 and x ∈ X, let λ(ε, x) be
the largest eigenvalue of log(fε(x)) and define

Mε = maxx∈Xλ(ε, x), ρ(ε) = e−Mε .

The following lemma is proved in the same way as in the non-foliated setting:

Lemma 5.9 ([17], Lemma 3.4.5).

(i) For every x ∈ X, every eigenvalue of ρ(ε)fε(x) satisfies λ ≤ 1.
(ii) For every x ∈ X, there is an eigenvalue of ρ(ε)fε(x) such that λ ≤ ρ(ε).

(iii) We have maxX(ρ(ε)|fε|) ≥ 1.
(iv) For a subsequence εi → 0, we have ρ(εi)→ 0.

Using this lemma, we are at last able to construct the desired transverse weakly holo-
morphic subbundle. Again, the proof is essentially the same as in [17]:

Proposition 5.10 ([17], Proposition 3.4.6). There is a subsequence εi → 0 such that
ρ(εi)→ 0 and such that the sequence fi = ρ(εi)fεi satisfies:

(i) As i→∞, the fi converge weakly in L2,1
B to some f∞ 6= 0.

(ii) There is a sequence σj with 0 < σj ≤ 1, σj → 0, such that f
σj
∞ converges weakly in

L2,1
B to some f0∞.

(iii) We have that π = (IdE − f0∞) is a weakly holomorphic subbundle of E.

Let π be the transverse weakly holomorphic subbundle produced by this proposition.
Let F be the corresponding transverse coherent sheaf given in Theorem 5.7. Then as in
[17, Corollary 3.4.7], we have that F is a proper subsheaf of O(E), that is

0 < rk(F) < r = rk(E).

To complete the proof, it remains only to show that µ(F) ≥ µ(E), contradicting stability
of E. The key result in showing this is Proposition 3.21, which says in the foliated setting
that the degree of a transverse coherent subsheaf can be calculated using the Chern-Weil
formula. In more detail, let X,S and F be as in Theorem 5.7 and let s = rk(F). On
X \S, F is the sheaf of basic holomorphic sections of a transverse holomorphic subbundle
F ⊆ E|X\S . Let h1 be the transverse Hermitian metric on F obtained by restriction to
F of the transverse Hermitian metric on E. Let F1 denote the curvature 2-form of the
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Chern connection on F associated to h1. Then Proposition 3.21 says that F1 is in L1
B on

X \ S and

(5.2) deg(F) =
i

2π

∫
X\S

tr(F1) ∧ ωn−1 ∧ χ.

With Equation (5.2) at hand, the rest of the proof that µ(F) ≥ µ(E) is essentially the
same as [17, Pages 88-90]. This completes the proof of the transverse Hitchin-Kobayashi
correspondence.

6. Applications

6.1. A transverse Narasimhan-Seshadri theorem. In this section, we consider the
special features of the transverse Hitchin-Kobayashi correspondence in the special case
where n = 1, that is, the case that the foliation has complex codimension 1. We obtain a
foliated analogue of the Narasimhan-Seshadri theorem [20]. We also prove existence and
uniqueness of the analogue of the Harder-Narasimhan filtration for transverse holomorphic
bundles.

Throughout this section we let X be a compact oriented, taut, transverse Hermitian
foliated manifold of complex codimension n = 1 and let g be the transverse Hermitian
metric on X. Since n = 1 the metric g is not only transverse Gauduchon, but in fact
transverse Kähler meaning that the transverse Hermitian form ω satisfies dω = 0.

Remark 6.1. We note here some special features of the n = 1 case:

(i) Let E be a transverse complex vector bundle which admits a transverse Hermitian
metric and a transverse unitary connection ∇ with curvature F∇. Then F∇ is auto-
matically of type (1, 1), so ∂E = ∇0,1 is an integrable ∂-connection and E inherits a
transverse holomorphic structure.

(ii) Let E be a transverse holomorphic vector bundle equipped with transverse Hermitian
metric and let ∇ be the Chern connection with curvature F∇. The Hermitian-
Einstein equation iΛF∇ = γidE is equivalent to F∇ = −iγω⊗IdE , or by Proposition
4.3 to:

F∇ = −2πi
µ(E)

V ol(X)
ω ⊗ IdE ,

where V ol(X) =
∫
X ω ∧ χ. In particular, this says that the connection ∇ is projec-

tively flat. If the degree of E is zero, the Hermitian-Einstein equations corresponds
to ∇ being a flat connection.

(iii) Let F be a torsion free transverse coherent sheaf. Then F = O(F ) is the sheaf
of basic holomorphic sections of a transverse holomorphic vector bundle F . This
is because a torsion free coherent sheaf is locally free outside a transverse analytic
subset S ⊂ X of complex codimension 2. But if X has complex codimension 1, then
S must be empty.
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(iv) In particular, if E is a transverse holomorphic vector bundle and F ⊆ O(E) is
a transverse coherent subsheaf with torsion free quotient, then F = O(F ), for a
transverse holomorphic subbundle F ⊂ E.

(v) Let E be a transverse holomorphic vector bundle which admits a transverse Hermit-
ian metric. By (iv), we have that stability (resp. semistability) of E is equivalent
to: for every proper, non-trivial transverse holomorphic subbundle F ⊂ E, we have

µ(F ) < µ(E) (resp. µ(F ) ≤ µ(E)).

Note that deg(F ) is well-defined because we can equip F with the induced transverse
Hermitian metric. As usual E is polystable if it is the direct sum of stable bundles
of the same slope.

From Remark 6.1 (ii), the Hitchin-Kobayashi correspondence in the case n = 1 becomes:

Theorem 6.2 (Transverse Narasimhan-Seshadri theorem). Let X be a compact ori-
ented, taut, transverse Hermitian foliated of complex codimension n = 1. Let E be a
transverse holomorphic vector bundle which admits transverse Hermitian metrics. Then
E admits a transverse Hermitian metric such that the Chern connection ∇ satisfies

F∇ = −2πi
µ(E)

V ol(X)
ω ⊗ IdE ,

if and only if E is polystable.

Remark 6.3. It is tempting to try and give a more direct proof of Theorem 6.2 by
adapting Donaldson’s proof of the Narasimhan-Seshadri theorem [7] to the foliated setting.
However that proof uses Uhlenbeck compactness which fails in the foliated setting (see
Example 6.4 below), so the proof can not be easily adapted.

Of particular interest is the case of transverse holomorphic bundles of degree 0. By
the transverse Narasimhan-Seshadri theorem, if E is a rank m degree 0 polystable trans-
verse holomorphic vector bundle admitting transverse Hermitian metrics, then E admits a
transverse Hermitian metric such that the Chern connection∇ is flat. Since∇ is a flat con-
nection it is given by a unitary representation of the fundamental group ρ : π1(X)→ U(m).
Conversely, given such a representation ρ : π1(X) → U(m) we obtain a complex rank m
Hermitian vector bundle E equipped with a flat unitary connection ∇. Let PE → X be
the associated principal U(m)-bundle. Since ∇ is flat, we can use it to lift the foliation on
X to a foliation on P . In this way E inherits the structure of a foliated vector bundle and
∇ becomes a basic connection with respect to this structure. From Remark 6.1 (i), we see
that E inherits a transverse holomorphic structure by taking ∂E = ∇0,1. Our transverse
Narasimhan-Seshadri correspondence can thus be summarised as: Isomorphism classes of

rank m unitary
representations of π1(X)

↔
 Isomorphism classes of polystable rank m

degree 0 transverse holomorphic vector bundles
admitting transverse Hermitian metrics
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Moreover, by Corollary 4.8, we see that E is stable if and only if the representation ρ
is irreducible.

To each transverse holomorphic vector bundle E, there is an underlying foliated complex
vector bundle obtained by forgetting the holomorphic structure but remembering the
transverse structure. We emphasise that in the above correspondence, one has to consider
all possible transverse structures on E. If the underlying transverse structure on E is kept
fixed, then we only obtain a subset of unitary representations ρ : π1(X) → U(m). The
following example illustrates this phenomenon and moreover shows that the analogue of
the Uhlenbeck compactness theorem [24] does not hold in general for basic connections
on a vector bundle with fixed transverse structure.

Example 6.4. Let X = T 3 = R3/Z3 be the standard 3-torus and let (x1, x2, x3) denote
the standard coordinates on R3. We equip X with the 1-dimensional foliation F = 〈ξ〉,
where

ξ = ξ1
∂

∂x1
+ ξ2

∂

∂x2
+ ξ3

∂

∂x3
,

where we assume that ξ1, ξ2, ξ3 are rationally independent. The Euclidean metric on R3

descends to a metric on X and we note that X has a naturally defined transverse Kähler
structure. Flat unitary line bundles on X are classified by their holonomy homomorphism
ρ : H1(X,Z) → U(1). Let γ1, γ2, γ3 be the cycles corresponding to the three circle
factors comprising T 3 = (S1)3. Then ρ corresponds to an element of the dual torus

T̂ 3 = U(1)3 = (R3)∗/(Z3)∗ via ρ 7→ (ρ(γ1), ρ(γ2), ρ(γ3)). Let us regard (R3)∗ as the

universal cover of the dual torus T̂ 3 and let q : (R3)∗ → T̂ 3 be the covering map. A point
y = (y1, y2, y3) ∈ (R3)∗ determines a flat unitary connection on the trivial line bundle
C× T 3, namely ∇ = d+ iαy, where

αy = y1dx
1 + y2dx

2 + y3dx
3.

Every flat unitary connection is up to gauge equivalence of this form for some y ∈ (R3)∗.
Clearly y = (y1, y2, y3) and ŷ = (ŷ1, ŷ2, ŷ3) define gauge equivalent connections if and only

if ŷ − y ∈ Z3, so that the gauge equivalence class of y corresponds to the point q(y) ∈ T̂ 3

in the dual torus. The flat connections d+ iαy, d+ iαŷ corresponding to a pair of points
y, ŷ ∈ (R3)∗ induce the same transverse structure on the trivial line bundle if and only if
αŷ − αy = (ŷ1 − y1)dx1 + (ŷ2 − y2)dx2 + (ŷ3 − y3)dx3 is a basic 1-form, or equivalently if
and only if

(ŷ1 − y1)ξ1 + (ŷ2 − y2)ξ2 + (ŷ3 − y3)ξ3 = 0.

In particular y and ŷ define flat connections which are gauge equivalent by a basic gauge
transformation if and only if (ŷ1 − y1, ŷ2 − y2, ŷ3 − y3) = (m1,m2,m3) ∈ Z3 satisfies
m1ξ

1 + m2ξ
2 + m3ξ

3 = 0. As we assume ξ1, ξ2, ξ3 are rationally independent, the only
solutions of this equation are m1 = m2 = m3 = 0, i.e. y = ŷ. We deduce the following:

• The 2-planes y1ξ
1+y2ξ

2+y3ξ
3 = const determine a foliation of (R3)∗ which descends

via q : (R3)∗ → T̂ 3 to an irregular foliation on T̂ 3.
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• The leaves of the induced foliation on T̂ 3 correspond to flat unitary line bundles on
X with fixed transverse structure.
• Each leaf is an immersed, but not embedded copy of the non-compact manifold R2

inside T̂ 3.

The non-compactness of the leaves of the foliation on T̂ 3 signals the failure of Uhlenbeck
compactness to hold for basic unitary connections on a unitary vector bundle with fixed
transverse structure. Indeed if Uhlenbeck compactness were true in this sense, it would
follow that the moduli space of flat basic unitary connections on a vector bundle with fixed
transverse structure over a compact space X would be compact. We have just shown an
example where the moduli space of flat unitary line bundles for fixed transverse structure
is R2, which in particular is non-compact.

Aside from the Narasimhan-Seshadri theorem, a natural result to extend to the foliated
setting is the Harder-Narasimhan filtration:

Theorem 6.5 (Transverse Harder-Narasimhan filtration). Let X be a compact oriented,
taut, transverse Hermitian foliated manifold of complex codimension n = 1. Let E be a
transverse holomorphic vector bundle which admits transverse Hermitian metrics. There
exists a uniquely determined filtration of E

0 = E0 ⊂ E1 ⊂ · · · ⊂ Ek = E

by transverse holomorphic subbundles such that the quotients Fi = Ei/Ei−1 are semistable
and the slopes are strictly increasing:

µ(F1) > µ(F2) > · · · > µ(Fk).

We call this the (transverse) Harder-Narasimhan filtration of E.

In order to prove Theorem 6.5, we need some preliminary lemmas. Suppose that F ⊂ E
is a proper non-trivial subbundle. Let π ∈ C∞B (X,End(E)) be the orthogonal projection
from E to F and let F1 denote the curvature of the Chern connection on F induced by
the inclusion F → E. Then as in the proof of Theorem 4.7, we have:

iΛtr(F1) = iΛtr(πFEπ)− |∂End(E)π|2.
Wedging with ω ∧ χ and integrating over X, we obtain:

(6.1) i

∫
X
tr(F1) ∧ χ =

∫
X
tr(πiΛ(FE)π) ∧ ω ∧ χ− ||∂End(E)π||2L2 .

This shows that the set {µ(F ) | F ⊂ E} of slopes of all possible proper non-trivial
transverse holomorphic subbundles F ⊂ E is bounded above. Let µ̂ be the supremum.
We then have:

Lemma 6.6. There exists a proper non-trivial transverse holomorphic subbundle F ⊂ E
such that µ(F ) = µ̂.

Proof. Let {Fi} be a sequence of proper non-trivial transverse holomorphic subbundles
of E such that µ(Fi)→ µ̂ as i→∞. Since there are only finitely many possible ranks that
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a subbundle of E can have, we may as well assume that the Fi all have the same rank, say
rk(Fi) = s. Let πi ∈ C∞B (X,End(E)) be the orthogonal projection from E to Fi. We can
view the πi as being transverse weakly holomorphic subbundles. The idea now is to prove
that after passing to a subsequence, we can obtain L2,1

B -convergence of the πi to a limit-
ing transverse weakly holomorphic subbundle π. We have already seen that a transverse
weakly holomorphic subbundle is given by a genuine transverse holomorphic subbundle
outside of a transverse codimension 2 subset S ⊂ X. But since X has codimension 1, this
means π is everywhere given by a transverse holomorphic subbundle. Then we just have
to check that the limiting subbundle has slope µ̂.

First we look for a uniform L2,1
B bound on the {πi}. Since the πi are projections, they

satisfy πi = π∗i = π2i , which implies a uniform L2
B bound. Next by (6.1) applied to the

subbundles Fi, we obtain

i

∫
X
tr(F1,i) ∧ χ =

∫
X
tr(πiiΛ(FE)πi) ∧ ω ∧ χ− ||∂End(E)πi||2L2 ,

where F1,i is the curvature of the induced Chern connection on Fi. Then since deg(Fi)→
sµ̂ as i → ∞, we have a uniform bound on i

∫
X tr(F1,i) ∧ χ. Clearly we can also bound∫

X tr(πiiΛ(FE)πi) ∧ ω ∧ χ uniformly and so this gives a uniform bound for the L2-norm

of ∂End(E)πi and therefore we obtain a uniform L2,1
B -bound on the πi. Now we apply the

Banach-Alaogu theorem so that on passing to a subsequence, the πi converge weakly in
L2,1
B to some π ∈ L2,1

B (X,End(E)). We claim that π is a transverse weakly holomorphic

subbundle. By Sobolev compactness, weak convergence in L2,1
B implies strong convergence

in L2
B and it follows that π = π∗ = π2 in L1

B. It remains to show that (1− π)∂Eπ = 0 in
L1
B. Using π2 = π, this is equivalent to showing

(∂Eπ)π = 0 in L1
B.

Note that weak convergence πi → π in L2,1
B implies that

(6.2) ∂Eπi → ∂Eπ weakly in L2
B.

Also, since πi is the projection to the transverse holomorphic subbundle Fi, we have

(∂Eπi)πi = 0 for all i.

We then have

||(∂Eπ)π||L1
B

= ||(∂Eπ)π − (∂Eπi)πi||L1
B

= ||(∂Eπ)π − (∂Eπi)π + (∂Eπi)π − (∂Eπi)πi||L1
B

≤ ||(∂Eπ − ∂πi)π||L1
B

+ ||∂Eπi(π − πi)||L1
B
.

But ||(∂Eπ − ∂πi)π||L1
B
→ 0 by (6.2) and

||∂Eπi(π − πi)||L1
B
≤ ||∂Eπi||L2

B
||π − πi||L2

B
→ 0
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since ||∂Eπi||L2
B

is bounded and πi → π strongly in L2
B. This shows that (∂Eπ)π = 0

in L1
B, as required. Therefore π is a transverse weakly holomorphic subbundle, and as

argued above, π must actually arise from a genuine holomorphic subbundle F ⊂ E, since
n = 1. Clearly rk(F ) = s, so to show that µ(F ) = µ̂, it suffices to show that deg(F ) =
limi→∞ deg(Fi). From (6.1) applied to πi and to π, we get

(6.3) 2π deg(Fi) + ||∂End(E)πi||2L2
B

=

∫
X
tr(πiiΛ(FE)πi) ∧ ω ∧ χ

and

(6.4) 2π deg(F ) + ||∂End(E)π||2L2
B

=

∫
X
tr(πiΛ(FE)π) ∧ ω ∧ χ.

But since πi → π weakly in L2,1
B , we have ||∂End(E)π||2L2

B
≤ lim infi→∞ ||∂End(E)πi||2L2

B
and∫

X
tr(πiiΛ(FE)πi) ∧ ω ∧ χ→

∫
X
tr(πiΛ(FE)π) ∧ ω ∧ χ as i→∞.

Using (6.3) and (6.4), we therefore have

2π deg(F ) + ||∂End(E)π||2L2
B

=

∫
X
tr(πiΛ(FE)π) ∧ ω ∧ χ

= lim inf
i→∞

∫
X
tr(πiiΛ(FE)πi) ∧ ω ∧ χ

= lim inf
i→∞

(2π deg(Fi) + ||∂End(E)πi||2L2
B

)

≥ 2πsµ̂+ ||∂End(E)π||2L2
B
.

Thus deg(F ) ≥ sµ̂ and so µ(F ) ≥ µ̂. But from the definition of µ̂ we must also have
µ(F ) ≤ µ̂ and hence µ(F ) = µ̂. q.e.d.

Lemma 6.7 (Jordan-Hölder filtration). Let X be a compact oriented, taut, transverse
Hermitian foliated manifold of complex codimension n = 1. Let E be a transverse holo-
morphic bundle which admits transverse Hermitian metrics. If E is semistable, then E
admits a filtration

0 = E0 ⊂ E1 ⊂ · · · ⊂ Ek = E

by transverse holomorphic subbundles such that the quotients Fi = Ei/Ei−1 are all stable
and satisfy µ(Fi) = µ(E).

Proof. The proof is by induction on the rank of E and is straightforward. q.e.d.

Note that the filtration in the above lemma is in general not unique.

Lemma 6.8. Let X be a compact oriented, taut, transverse Hermitian foliated manifold
of complex codimension n = 1. Let E,F be transverse holomorphic bundles admitting
transverse Hermitian metrics. Suppose that E,E′ are semistable and that µ(E) > µ(E′).
Then any basic holomorphic endomorphism α : E → E′ vanishes.
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Proof. Let

0 = E0 ⊂ E1 ⊂ · · · ⊂ Ek = E

and

0 = E′0 ⊂ E′1 ⊂ · · · ⊂ E′l = E′

be filtrations on E and E′ as in Lemma 6.7. We first show that α|E1 = 0. To see this
consider the projection α|E1 : E1 → E′ → E′/E′l−1 = F ′l . We have that E1 and F ′l are sta-
ble and that µ(E1) = µ(E) > µ(E′) = µ(F ′l ). Thus E1 and F ′l admit Hermitian-Einstein
metrics, inducing a Hermitian-Einstein metric on Hom(E1, F

′
l ). But µ(Hom(E1, F

′
l )) < 0,

so by Theorem 4.4, any basic holomorphic section of Hom(E1, F
′
l ) is zero. This shows

that α|E1 maps into E′l−1. Continuing in this fashion we eventually get that α|E1 = 0.
Now replacing E by E/E1 and arguing as above, we see that α|E2 = 0. Continuing in this
fashion we find that α = 0. q.e.d.

Proof of Theorem 6.5. We first prove existence. If E is semistable, we are done. Other-
wise, by Lemma 6.6 there exists a proper non-trivial transverse holomorphic subbundle
E1 ⊂ E such that µ(E1) is maximal. We also choose E1 to have maximal rank amongst all
such subbundles of E. By maximality of µ(E1), it follows that E1 is semistable. If E/E1

is not semistable, choose a proper non-trivial subbundle F2 ⊂ E/E1 with maximal slope
and with rank maximal amongst all such subbundles of E/E1. Then F2 is semistable. Let
E2 be the preimage of F2 with respect to the projection E → E/E1. Continuing in this
fashion we obtain a filtration

0 = E0 ⊂ E1 ⊂ · · · ⊂ Ek = E

by transverse holomorphic subbundles such that the quotients Fi = Ei/Ei−1 are semistable.
To see that the slopes are strictly increasing, suppose that µ(Fi) ≤ µ(Fi+1). From the
short exact sequence 0→ Fi → Ei+1/Ei−1 → Fi+1 → 0, we obtain µ(Ei+1/Ei−1) ≥ µ(Fi).
If µ(Ei+1/Ei−1) > µ(Fi), this contradicts maximality of the slope of Fi as a subbundle of
E/Ei−1. If µ(Ei+1/Ei−1) = µ(Fi), this contradicts maximality of the rank of Fi amongst
all subbundles of E/Ei−1 with maximal slope. Therefore µ(Fi) > µ(Fi+1), so the slopes
are strictly increasing.

We now prove uniqueness. Let

0 = E′0 ⊂ E′1 ⊂ · · · ⊂ E′l = E

be another filtration by transverse holomorphic subbundles such that the quotients F ′i =
E′i/E

′
i−1 are semistable and the slopes are strictly increasing. By the definition of E1, we

have µ(E1) ≥ µ(E′1) and thus µ(E1) ≥ µ(E′1) = µ(F ′1) > µ(F ′2) > · · · > µ(F ′l ). So by
Lemma 6.8, the map α : E1 → E → E/E′l is zero, hence E1 ⊆ E′l−1. Continuing in this
manner we eventually see that E1 ⊆ E′1. Applying Lemma 6.8 to the inclusion E1 → E′1
we see that µ(E1) = µ(E′1). Then by maximality of the rank of E1 amongst all subbundles
of E with maximal slope, we see that E1 = E′1. Repeating the above argument for E/E1

in place of E, we see that E2 = E′2. Continuing in this way, we get that the two filtrations
of E coincide. q.e.d.
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6.2. Hitchin-Kobayashi for Sasakian manifolds. Sasakian geometry provides a wealth
of interesting examples of taut, transverse Hermitian foliations and were the original moti-
vation for us to develop a transverse Hitchin-Kobayashi correspondence. For these reasons
it seems worthwhile to recall the definition of Sasakian manifolds and to explicitly state
the transverse Hitchin-Kobayashi correspondence for them, which we do in Corollary 6.9.
In Section 6.3, we will see that the Hitchin-Kobayshi correspondence for Sasakian mani-
folds is relevant to the study of higher-dimensional instantons, such as contact instantons
in 5-dimensions.

Let X be a manifold of dimension 2n+ 1. Recall that an almost contact metric struc-
ture (ξ, η,Φ, gX) on X consists of a vector field ξ, 1-form η, endomorphism Φ: TX → TX
and a Riemannian metric gX such that η(ξ) = 1, Φ2 = −I + η ⊗ ξ and gX(ΦU,ΦV ) =
gX(U, V )−η(U)η(V ) for all vector fields U, V . Equivalently this is a reduction of structure
of the tangent bundle to U(n) ⊂ GL(2n+1,R). We let V be the rank 1 subbundle spanned
by ξ and H = Ker(η) the annihilator of η. Then we have an orthogonal decomposition
TX = V ⊕ H together with a unitary structure on H. We think of ξ as generating a
1-dimensional foliation on X. Thus V is the distribution tangent to the foliation and H
is its orthogonal complement. Furthermore η defines a leafwise volume form. We also let
g denote the restriction of gX to H.

The restriction J = Φ|H of Φ to H defines a complex structure on H and letting
ω(U, V ) = g(U,ΦV ), we have that ω is a 2-form which restricted to H is the Hermitian
2-form associated to J . We say that X is a contact metric manifold if in addition dη = ω.
This implies that η is a contact form and ξ the associated Reeb vector field. Moreover it
also implies that the foliation is taut.

We recall that a contact metric manifold X called K-contact if ξ is a Killing vector for
gX . In this case, we have that (ξ, g) is a taut Riemannian foliation and J is a transverse al-
most complex structure. Recall that X is called Sasakian if the transverse almost complex
structure J is integrable [5, §6]. In particular, a Sasakian manifold of dimension 2n + 1
is equipped with a taut, transverse Hermitian foliation of complex codimension n. Note
that dη = ω implies that ω is closed, so Sasakian manifolds are transverse Kähler and in
particular transverse Gauduchon. Thus if X is compact, the transverse Hitchin-Kobayshi
correspondence applies:

Corollary 6.9. Let X be a compact Sasakian manifold. Then the Hitchin-Kobayshi
correspondence holds for X. Namely, a transverse holomorphic vector bundle E which
admits transverse Hermitian metrics admits a transverse Hermitian-Einstein metric if
and only if E is polystable.

Remark 6.10. Corollary 6.9 was proven in the special case of compact quasi-regular
Sasakian manifolds in [3].
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Remark 6.11. The only property of Sasakian manifolds we have used for this result
is that they are transverally Kähler. Other well-known examples of transversally Kähler
geometries include 3-Sasakian manifolds [5] and co-Kähler manifolds [16].
6.3. Contact instantons and higher-dimensional generalisations. In this section
we look at the relation between the transverse Hermitian-Einstein equations and vari-
ous types of higher-dimensional instantons. We find a number of instances of higher-
dimensional instanton equations which are special cases of the transverse Hermitian-
Einstein equations.

The usual anti-self-dual instanton equation for a connection A on a 4-manifold are
given by ∗FA = −FA. There is a natural extension of the anti-self-duality equations to
d ≥ 4 dimensions given by choosing a (d − 4)-form Ω. We say that a connection A is an
Ω-instanton [6, 8, 23] if the curvature 2-form FA satisfies:

(6.5) ∗FA = −Ω ∧ FA.
If Ω is closed, then differentiating in (6.5) and using the Bianchi identity, one finds that
A satisfies the Yang-Mills equations dA(∗FA) = 0. However, we will see that there are
examples of (d− 4)-forms Ω which are not closed and yet every solution of (6.5) satisfies
the Yang-Mills equations.

We will say that a connection A on a vector bundle E has trivial determinant if the
induced connection on det(E) admits a constant section, that is, if E admits covariantly
constant volume form. Clearly this implies that the curvature of A is trace-free.

Proposition 6.12. Let X be an oriented, taut, transverse Hermitian foliated manifold
of complex codimension n. Let E be a foliated complex vector bundle with a basic Hermitian
metric and let A be a basic unitary connection with trivial determinant with curvature FA.
Then A is a transverse Hermitian-Einstein connection if and only if A is an Ω-instanton,

where Ω = ωn−2

(n−2)! ∧ χ.

Proof. This is proven in the non-foliated setting in [23]. The result clearly generalises

to the foliated case by replacing ωn−2

(n−2)! with Ω = ωn−2

(n−2)! ∧ χ. q.e.d.

Remark 6.13. Suppose thatX is compact and that the transverse metric is Gauduchon.
If E is a polystable transverse holomorphic bundle and det(E) = O is trivial as a transverse
holomorphic line bundle, then we claim that the associated Hermitian-Einstein connection

A has trivial determinant and is therefore an Ω-instanton for Ω = ωn−2

(n−2)!∧χ, by Proposition

6.12. To see this, note that the Hermitian-Einstein connection on E induces a Hermitian-
Einstein connection on det(E) = O. By Proposition 4.5, the induced Hermitian-Einstein
connection on det(E) is unique, so must be the trivial flat connection.

Proposition 6.14. Let X be an oriented, taut, transverse Hermitian foliated manifold
of complex codimension n. Suppose that the leafwise volume form χ satisfies dχ = ω ∧ θ
for some θ. Let Ω = ωn−2

(n−2)! ∧ χ. Then every Ω-instanton A with trivial determinant is a

solution of the Yang-Mills equation dA(∗FA) = 0.
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Proof. Differentiating the instanton equation ∗FA = −Ω ∧ FA and using the Bianchi
identity, we find

dA(∗FA) = −dΩ ∧ FA = − ωn−2

(n− 2)!
∧ dχ ∧ FA = − ωn−1

(n− 2)!
∧ θ ∧ FA

= −θ ∧ ωn

(n− 1)!
(ΛFA).

Since A is an Ω-instanton we have that A is also a Hermitian-Einstein connection, by
Proposition 6.12. But det(E) is trivial, so deg(E) = 0 and the Hermitian-Einstein equa-
tions become ΛFA = 0. Therefore dA(∗FA) = 0. q.e.d.

Remark 6.15. The above proposition holds for instance when X is Sasakian, as χ = η
and dη = ω. Similarly the proposition holds if X is co-Kähler, as χ = η and dη = 0.

Next, we recall the notion of contact instantons introduced in [12] in the context of
5-dimensional supersymmetric Yang-Mills theory and are a 5-dimensional analogue of
self-dual/anti-self-dual instantons on 4-manifolds. We studied the moduli space of contact
instantons in [2]. Suppose that X is a K-contact 5-manifold. A connection A on X is
called a self-dual contact instanton if it satisfies

∗FA = η ∧ FA.
Similarly A is called an anti-self-dual contact instanton if

∗FA = −η ∧ FA.
Clearly anti-self-dual/self-dual contact instantons are Ω-instantons for Ω = ±η. Of par-
ticular interest is the case when X is a Sasakian 5-manifold. Then by Proposition 6.12 we
have:

Corollary 6.16. Anti-self-dual SU(r) contact instantons on a 5-dimensional Sasakian
manifold X are precisely the SU(r) Ω-instantons for Ω = η, therefore they correspond
to rank r transverse Hermitian-Einstein connections with trivial determinant. If X is
compact, then by the transverse Hitchin-Kobayashi correspondence, anti-self-dual SU(r)
contact instantons on X correspond to rank r polystable transverse holomorphic bundles
with trivial determinant.

A 7-dimensional analogue of contact instantons was considered in [21], which unsur-
prisingly arise from the study 7-dimensional supersymmetric Yang-Mills theory. Let X be
a 7-dimensional K-contact manifold. We say that a connection A on X is a self-dual/anti-
self-dual higher contact instanton on A if:

∗FA = ±η ∧ dη ∧ FA.
Naturally, one can generalise this to the case that X is a K-contact manifold of dimension
2n + 1 with n ≥ 2 and define self-dual/anti-self-dual higher contact instantons to be
solutions of

∗FA = ±η ∧ (dη)n−2

(n− 2)!
∧ FA.
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In the case that X is Sasakian, the analogue of Corollary 6.16 holds:

Corollary 6.17. Anti-self-dual SU(r) higher contact instantons on a 2n+1-dimensional
Sasakian manifold X (with n ≥ 2) are precisely the SU(r) Ω-instantons for Ω = η ∧

(dη)n−2

(n−2)! , therefore they correspond to rank r transverse Hermitian-Einstein connections

with trivial determinant. If X is compact, then by the transverse Hitchin-Kobayashi cor-
respondence, anti-self-dual SU(r) higher contact instantons on X correspond to rank r
polystable transverse holomorphic bundles with trivial determinant.
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