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ABSTRACT. We calculate the E-polynomials of the SL3(C) and GL3(C)-character varieties of
compact oriented surfaces of any genus and the E-polynomials of the SL2(C) and GL2(C)-
character varieties of compact non-orientable surfaces of any Euler characteristic. Our methods
also give a new and significantly simpler computation of the E-polynomials of the SL2(C)-
character varieties of compact orientable surfaces, which were computed by Logares, Munoz and
Newstead for genus g = 1,2 and by Martinez and Muifioz for g > 3. Our technique is based
on the arithmetic of character varieties over finite fields. More specifically, we show how to
extend the approach of Hausel and Rodriguez-Villegas used for non-singular (twisted) character
varieties to the singular (untwisted) case.

1. INTRODUCTION

Let G be a complex reductive group and I' a finitely generated group. The character variety
Rep(T', G) is the moduli space of reductive representations of ' into G. In this paper we introduce
techniques for computing the E-polynomials of a number of such character varieties. Recall that
for any complex algebraic variety, the E-polynomial encodes its virtual Hodge numbers defined
with respect to its canonical mixed Hodge structure on compactly supported cohomology.

The pioneering work in this subject is the paper of Hausel and Rodriguez-Villegas [8], which uses
arithmetic techniques to compute the E-polynomials of certain non-singular (twisted) character
varieties. In this paper, we will show how to extend the approach of Hausel and Rodriguez-Villegas
to the case of untwisted character varieties, which are almost always singular, due to the presence
of reducible representations. We then proceed to apply our method to compute the F-polynomials
of a number of such character varieties, as detailed in Section 1.1. Amongst other results, we com-
pute the E-polynomials of the SL3(C) and G L3(C)-character varieties for T' the fundamental group
of a compact oriented surface (Theorem 1.7) and the E-polynomials of the SLy(C) and GLy(C)-
character varieties for I the fundamental group of a compact non-orientable surface (Theorem
1.4). We also recover the formula in [16] for E-polynomial of the SLs(C)-character variety for the
fundamental group of a compact oriented surface, through a much simpler calculation (Theorem
1.3).

In this paper G will always be either a general linear group GL,,(C) or a special linear group
SL, (C), though our methods could certainly be applied to other reductive groups. Our first
main result is Theorem 1.1, which reduces the computation of the E-polynomials of the character
varieties Rep(T', GL,(C)) and Rep(T', SL,(C)) to a problem in arithmetic:
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Theorem 1.1. Suppose there is a polynomial A(t) € C[t] and a positive integer N such that for
every finite field F, of order q with ¢ = 1 (mod N), the number of isomorphism classes of n-
dimensional reductive representations over Fy (resp. n-dimensional reductive representations over
F, with trivial determinant) equals A(q). Then A(q) is the E-polynomial of the complex character
variety Rep(T', GL,,(C)) (resp. Rep(I',SL,(C))).

Thus to calculate the E-polynomials of the GL,,(C) and SL,,(C)-character varieties of I', we need
to count n-dimensional reductive representations of I' over finite fields, or n-dimensional representa-
tions with fixed determinant. Our strategy for doing this is as follows. Let Hom(I', GL,,(F,)) (resp.
Hom(T', SL,(F,)) ) be the set of all homomorphisms from I" into GL,,(F,) (resp. SL,,(F;)). Follow-
ing [8], [18] we will compute the number of elements of Hom(I', GL,(F,)) and Hom(T', SL,,(F,))
using the character theory of the general linear and special linear groups over finite fields. We
then count the number of reducible homomorphisms of I' into GL,,(F,) and SL, (F,). Taking all
representations and subtracting off the reducible representations gives the number of irreducible
representations, from which one can readily obtain the number of reductive representations. In
principle this gives a formula, recursive in n, for the number of n-dimensional representations, at
least for certain groups I'. However, the computations rapidly increase in complexity with n, so in
this paper we will only carry out the explicit computations in the cases n = 2, 3.

1.1. Computations. We state the results of our E-polynomial computations. For a given group
I' we denote by Agr, (¢) the number of n-dimensional reductive representations of I' over finite
fields F, of order ¢ satisfying ¢ = 1 (mod N), where N is as in Theorem 1.1. Similarly we denote
by Agr, (¢) the number of n-dimensional reductive representations of I" with trivial determinant.
By Theorem 1.1, these will also give the E-polynomials of the corresponding complex character
varieties.

Theorem 1.2 (Free groups). Let I = F,. be the free group on r generators. Then:

Agr,(9) = (¢ —1)" ((q3 ) = (-9 +q (;(q + 1) %(q - 1)“)) :

As, (@)= =) "= (®— )" +q (;(q +1)7 7+ %(q — 1)T1) :

The E-polynomial for the SLy(C) case was computed in [1] and [19]. The GL2(C) case was also
shown in [19].

Theorem 1.3 (Compact oriented surfaces, n = 2). Let I' = m1(X,) be the fundamental group of
a compact oriented surface 34 of genus g. Then:

Acr,(q) = (g—1)% <(q3 — ¥ 2+ (P - 1) +¢ <;(q2 +q)¥ 7%+ %(q2 —~ q)292>
2

Asp, (@) = (* —)* 7+ (¢ = 1> —q(¢" — @)?9 > — 229¢%9 2

+ (Q; 1) ((q2 +q)2g72 + (q2 o q)2972) 4 22g71 ((q2 +q)2g72 4 (q2 _ q)2gf2)

1 _ 1 _
+q (2(Q+ 127 5((1— 1)% 1) :

_ _ 1 L1 .
—a(¢* = 9)*7* —¢* 2+q<(q+1)29 fgle-1¥ l))
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The E-polynomial for SLs(C) was first computed for the cases ¢ = 1,2 in [13], g = 3 in [15]
and g > 3 in [16]. We note that the computation in [16] for the g > 3 case uses the g = 1,2,3
cases as inputs, so the complete result depends on all three of these papers. Our computation,
based on entirely different methods turns out to be substantially simpler. To the best of our

knowledge the E-polynomial for the corresponding G Lo (C)-character varieties have not previously
been computed.

Theorem 1.4 (Compact non-orientable surfaces). Let I' = 71 (Xg) be the fundamental group of a
compact non-orientable surface Xy of Euler characteristic 2 — k. Then:

(q— 1)F1 2 ¢ 2
g ((g+ 1) 2 +2(¢—-1"?) —4(g - 1) %¢"2 — 24"
If k is even, then:

dona(0) 0=V @z g2y @Dy i s - i g(g2 12

Aspy(@) = (¢ =) 2+ (@ - 1) 2 + <(q_21) + 2’“”) (@ +a)" 2+ (¢ —a)*?)
-3¢ - " = 2"+ g ((g+ )P+ (e - 1))
If k is odd, then:
Asp,(@) = (@ =) 2+ (@ = D)2 =2 1@ + @ 2+ 2V = 3)(¢* — )2
+a((a+ )"+ (¢ -1)"?).
These results are new, except for the SLs(C) E-polynomials for k = 2,3, which were calcu-

lated in [17] by different methods. Setting ¢ = 1 in these expressions gives the topological Euler
characteristic of the corresponding complex character variety. Thus we obtain:

Theorem 1.5. For k > 2, the Euler characteristic of Rep(m1(Xy), SLa(C)) is 2263 — 3. 2k=2 jf
k is even, —2%=3 4 2F=2 if k is odd.

Theorem 1.6 (Torus knots). Let a,b be coprime integers and K C S an (a,b)-torus knot. Let
I'=m(S3\ K) be the fundamental group of the complement of K in S®.

If a,b are odd, then:

Aora@) = a1 (a+ @- e~ T2,

If a is even and b is odd, then:

Agr,(q) = (¢ —1) (q+ (b— 1)(aq—ia+4)> .

In the SLsy case, we have:
1
Asr,(¢) = ¢+ 5(a=1)(b - 1)(g - 2).

The E-polynomial for these S Ly (C)-character varieties follows from [20], where the structure of
the character variety is completely described, however the GLy(C) case appears to be new.
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Theorem 1.7 (Compact oriented surfaces, n = 3). Let I' = m1(X,) be the fundamental group of
a compact oriented surface 34 of genus g. Then:

Acr,(@) _ (@ +4) (
(g —1)% 3
(- =P+ ) T+ (- -ty
(@ - - +1) -2 (-~ )
+(q—2)(q5—q4—q3+q2)2972+(q_2>6( )(
+ (¢ —2¢"%) ((‘]_22)@2 —q)? (- 1)+ %(q2 +9)* (g - 1)291>
+(a=2¢"7) (¢ =0 (=) + (¢ - 1) (¢ - 1)*7)
+

27 —
q5+q4+q3)29_2+ (¢ . q) (q57q3)2g 2

2)2g—2

2q+)

1 1 ~ ~
3@+ +a+ D)+ 5" —a) (g — 1) = g™
2
+ _ _ _
+ ((q - q) +q69 c_ng 1> (q_1)4g 2
F (= =) (= D)+ (¢ - D@ g - 2)(g - 1)

Asr,y(q) = (2 -3%971 4 W) (q5 +¢* + q3)2972 + (qQT—q) (q5 _ q3)2972

+(@ -+ )T+ (- -+
(@@= -+ D) (-2 (- -+ )

- —1)(g—4 _
+(qg—2) (q5—q4—q3+q2)29 2+ <329—1+ (¢ )6((] )) (q5—2q4+q3)29 2

2)2_(]—2

+(g—2¢""") (((122)(112 — ¥ (g -1+ %(q2 +9)% (g - 1)291)
F(—2¢"" (- *(q—1)¥ "+ (-1 (g —-1)¥")

+ % + (@ +q+ 1)+ %(q2 —q)(q® —1)?71 — %7032

i (¢? +q 4096 ng—1> (q— 1)49—2

+ (@ = =) (- )P+ (TP - D)@+ = 2)(g - 1)

Both of these results are new. Setting ¢ = 1, we obtain the Euler characteristic of the SLz(C)-
character varieties:

Theorem 1.8. For g > 1, the Euler characteristic of Rep(m1(X,), SL3(C)) is 231973 —7.32972,

We note that the Euler characteristic of the GLy(C) and G L3(C)-character varieties vanish due
to the overall factor (¢ — 1).
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1.2. Structure of paper. A brief outline of the paper is as follows. In §2 we recall the definition
of the E-polynomial of a complex algebraic variety. We then recall the theorem of Katz from [8]
which relates the E-polynomial to counting points of varieties over finite fields. In §3 we recall
the definition of the character variety Rep(T', G(C)) for a finitely generated group I' and complex
reductive group G(C). We construct a spreading out of Rep(I', G(C)) and proceed to characterise
the F,-points for a finite field F,. For G = GL,(C) or SL,(C) the answer is given by Theorem
3.8, which shows that the F,-points are given by reductive representations of I' over F,. The
remainder of the paper is concerned with counting the number of reductive representations of
various groups I' into GL,,(F,) and SL,(F,) for n = 2,3. In §4 we begin by outlining our general
strategy for relating the number of reductive representations to the total number of homomorphisms
I' - GL,(F,) or SL,(F,). In 4.1 we carry out this strategy in the n = 2 case for arbitrary I.
In 4.2 we carry out the n = 3 case when I' is the fundamental group of a compact oriented
surface. In §5 we recall how character theory can be used to count the number of homomorphisms
I' — G, where G is a finite group. We work out the details of this for several different groups I'.
In 5.7, 5.8 we use the classification of the characters of general linear and special linear groups
over finite fields to explicitly compute the number of homomorphisms I' = GL3(F,) and SL3(F,)
where I' is the fundamental group of a compact oriented surface. In §6, we carry out the explicit
computation of the E-polynomial of GLy(C) and SLy(C) for various groups I We conclude in
§7 with the computation of the E-polynomial of the GL3(C) and SLs(C)-character varieties for T
the fundamental group of a compact orientable surface.

2. E-POLYNOMIALS AND A THEOREM OF KATZ

Let X be a complex algebraic variety. Deligne proved that the singular cohomology groups of X
possess a mixed Hodge structure [3, 4]. Namely, for each 4 there is an increasing weight filtration
0=W_1 CWyC--- C Wy =H(X,Q)

and a decreasing Hodge filtration

H(X,C)=F'D>F'C...DF"DF" =0
such that for each [, the filtration on the complexification of G’I“ZVV = W;/W;_; induced by F is
a pure Hodge structure of weight . In other words, letting GTIWC denote the complexification of
GrV and letting F PGr,"¢ denote the induced filtration on GerC, we have that

Gr)® = FPGr)'® @ Fl-rt1Gr)'
for each 0 < p < 1. We define the mixed Hodge numbers h?%¢(X) of X by:
WP X) = dimg (FpGerC /Fp+1GerC) .

Similarly, the compactly supported singular cohomology groups H:(X, Q) can be shown to admit a
mixed Hodge structure [2]. Let h29¢(X) denote the mixed Hodge numbers for compactly supported
cohomology. The E-polynomial or Hodge-Deligne polynomial [2] of X is the polynomial

(2.1) Ex(u,v) = Zl(—l)ihg’q’i(X)upvq € Z[u,v).

For the varieties that we are concerned with in this paper, the E-polynomial will turn out to be a
polynomial of uv alone. In this case we set ¢ = uv and denote the E-polynomial of X by Ex(q).
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The E-polynomial satisfies a number of useful properties including the following;:

(1) If X is a disjoint union of finite number of locally closed subvarieties X;,i € I then
Ex =3 ;c1 Ex, [2, Proposition 1.6].

(2) If X — Y is a fibre bundle with fibre F', which is locally trivial in the Zariski topology,
then Ex = Ey Ep [2, Corollary 1.9].

(3) Ex(1,1) is the topological Euler characteristic (follows from (2.1) and the fact that the
compactly supported Euler characteristic equals the usual one, by [11]).

Following Hausel and Rodriguez-Villegas [8], we will compute the E-polynomial using arithmetic
techniques. We recall the setup from [8]. Let X be a complex algebraic variety. A spreading out of
X is a separated R-scheme of finite type Xg, where R is a subring of C which is finitely generated
as a Z-algebra, such that X = Xi xg C. We say that X has polynomial count if there is a
polynomial Px (t) € C[t] and a spreading out Xp such that for every homomorphism ¢: R — F,
to a finite field of order ¢, the number of Fy-points of Xg is Px(g). If X has polynomial count it
can be shown that Px(t) € Z[t] and is independent of the choice of spreading out [8, Section 6].
The following theorem is essential to this paper.

Theorem 2.1 (Katz [8]). Let X be a complex algebraic variety. If X has polynomial count with
counting polynomial Px (t) € Z[t], then the E-polynomial Ex(u,v) of X is given by:

Ex(u,v) = Px(uv).
In particular, Ex(u,v) is a polynomial of ¢ = uv alone and we write Ex(q) = Px(q).

Theorem 2.1 gives an arithmetic technique for computing the E-polynomials of certain complex
algebraic varieties. We will apply this to a number of singular character varieties.

3. F,-POINTS OF CHARACTER VARIETIES FOR SL, AND GL,

3.1. Character varieties. Let I' denote a finitely generated group and G a reductive group
scheme over Z, given as a closed subgroup of GLy(Z) for some N. Let Aff; denote the category of
affine Z-schemes, Set the category of sets and consider the contravariant functor F': Aff; — Set
sending the affine scheme Spec(R) to Hom(T', G(R)), the set of homomorphisms from I' into G(R),
the group of R-points of G. We claim that this functor is representable by an affine Z-scheme of
finite type X. To show this, choose a presentation

I'=(x1,...,z5 | rj(z1,...,21),5 € J)

of I'. Identify G with a closed subscheme of GLx(Z). The matrix coefficients (r;)f of the relations
r; define elements of Z[G*]. Let I be the ideal in Z[G¥] generated by the {(r;)¢ —0%}jcra.b=1,..N+
where §¢ is the Kronecker delta and set S = Z[G*]/I. Then X = Spec(S) is an affine Z-scheme of
finite type. Given a commutative ring R, the set of R-points of X is:

X (R) = Hom g, (Spec(R), X)
= Homping(S, R)
= Homping(Z|G*]/I, R)
= Hom(T',G(R)),

showing that X does indeed represent the functor F. The Yoneda lemma shows that X is inde-
pendent of the choice of presentation of I' and we will write X = Hom(T', G). Note that in general
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X need not be reduced.

The group scheme G acts on G* by conjugation componentwise. The ideal I is preserved by
G, so we obtain an action of G on X = Spec(S). On passing to R-points, this gives the action of
G(R) on X(R) = Hom(I',G(R)) by conjugation.

Let X¢ = X xz C. Then X¢ is a complex algebraic variety whose closed points are naturally
in bijection with Hom(T', G(C)). Clearly X¢ = Spec(Sc), where S¢c = S ®z C. The group G(C)
acts by conjugation on X¢. We define the complex character variety Yc = Rep(T', G(C)) to be the
affine GIT quotient of this action, i.e.

Rep(T', G(C)) = Hom(T, G(C))//G(C) = Spec(5Z),

where Sg(c) denotes the subring of G(C)-invariants of Sc.

Next we look for a spreading out of the character variety Yo = Rep(T', G(C)). Let R C C be a
subring which is finitely generated as a Z-algebra. Let Sg = S ®z R, Xgr = X Xz R = Spec(Sg)
and Yi = Spec(Sg(R)). By a theorem of Seshadri [21, Lemma 2], since the inclusion i: R — C is
a flat morphism, we have

Sg(R) ®rC = (Sp®r C)%© = Sg((c).
Thus Yir x gC = Y¢, showing that Yj is a spreading out of the character variety Yo = Rep(T', G(C)).

For reasons that will fully become clear later, it will be convenient to let R be the ring R =
Z[1/N,(n], where N is some positive integer and (x is a primitive N-th root of unity. A partial
justification for this choice is given by the following lemma.

Lemma 3.1. Let F, be a finite field of order q. There exists a (unital) homomorphism ¢: R — F,
if and only if ¢ =1 (mod N).

Proof. Suppose that ¢: R — F is a (unital) homomorphism. Then since N is a unit of R we must
have that ¢ and N are coprime. It follows that N divides ¢ — 1 for some d and hence there is a
degree d extension F ¢ D F, which contains a primitive N-th root of unity, i.e. an element x € F a
such that 2% = 1 but 2% # 1 for all 0 < a < N. Let ®x(x) € Z[x] denote the N-th cyclotomic
polynomial and ®%,(z) € Z,[z] the mod p reduction of ®y(z), where p is the characteristic of
F,. The roots of ® () are precisely the primitive N-th roots of unity in Fq. In particular, since
#(¢n) is aroot of @R (), then ¢((n) is a primitive N-th root of unity. But ¢({n) € Fy, so we must
have that N divides ¢ — 1. The converse is straightforward, since R 2 Z[1/N, z]/(®Pn(x)). O

3.2. F,-points. Let ¢: R — F; be a homomorphism. This makes I, into an R-scheme. We wish
to count the number of Fy-points of Y, i.e. the number of R-morphisms Spec(F,;) — Yr. Noting
that the inclusion Z — R is flat, we have again by [21, Lemma 2| that

SG@) @, R = Sg(R).
Therefore,
S3" @By = (59 @z R) @p F, = 59O @3 T,

So the F,-points of Yr may be canonically identified with the F,-points of Yz. Note that this
description does not involve the ring R. In fact the role of the ring R is simply that, according to
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Lemma 3.1, it allows us to restrict ourselves to those ¢ satisfying ¢ = 1 (mod N) for any desired
positive integer N.

To simplify notation, we will write ¥ for Yz. To count the number of Fg-points of Y, it turns
out to be easiest to first consider points over an algebraic completion Fq of F; and then count fixed
points of the (arithmetic) Frobenius map. To describe the Fq—points of Y it is useful to first consider
X. Observe that the Fy-points of X can be canonically identified with the set Hom(I', G(F,)) and
note that G(F,) acts on Hom(I',G(F,)) by conjugation. By another theorem of Seshadri [21,
Theorem 3 (ii)], the F,-points of ¥ can be described in terms of the F,-points of X as follows.
Write X (F,) and Y (F,) for the sets of F,-points of X and Y. If z € X(F,), let O, denote the
G(F,)-orbit of z. Then Y (F,) is the quotient of X (F,) by the following equivalence relation:

(3.1) a1 ~ x9 if and only if O,, N O,, # &, where O,, denotes the closure of O,, in X (F,).

We will now specialise to the case where G = GL,(Z) or SL,(Z). Consider first the case
G = GL,(Z). Then X (F,) is the set of homomorphisms p: I' = GL,(F,). In particular, p can
be thought of as an n-dimensional representation of I' over the field F,. The action of GL,(F,)
on X(F,) is by conjugation p — gpg~t, g € GL,(F,). Clearly this descends to an action of
PGL,(F,;). We have that two homomorphisms p1,p2: I' = GL,(F,) are conjugate under the
GLn(Fq)—action if and only if they are isomorphic as representations. Next consider the case
G = SL,(Z). Then X(F,) is the set of homomorphisms p: I' — SL,(F,), i.e. n-dimensional
representations over Fq with trivial determinant. Two such homomorphisms are conjugate under
the SL,, (E])—action if and only if they are isomorphic as representations. This is true because the
projection SL,(F,) = PGL,(F,) is surjective (as F, is algebraically closed).

Proposition 3.2. For G = GL,(Z), the set of F,-points of Y may be identified with rank n
reductive representations of I' over Fy. For G = SL,,(Z), the set of Fy-points of Y may be identified
with the rank n reductive representations of I' over F, with trivial determinant.

Proof. Let E be a rank n representation of I' over F,. Suppose that E is an extension 0 — A —
E — B — 0, where A has rank n; and B has rank ns. Thus E is given by a homomorphism
p: I' = GL,(F,) of the form

_ |pale) () ]
plo) = [P 10N,
where pa: I' = GL,, (F,), pg: I = GL,,(F,) are homomorphisms corresponding to the represen-
tations A and B. For any t € qu, let D; € SL,(F,) be given by:

tnz 0
Dt—{o t‘"l}

Dyp(a)D-! — [pm) th)} .

Then

0 pE(2)
In particular, the closure of the orbit O, contains the representation pa @ pp. Thus p ~ pa @ pp.
More generally, if a representation E admits a filtration 0 = Fy C Fy C F, C --- C Fp, = F,
then F is equivalent to the associated graded representation (Fy/Fy) ® (Fa/F1) @& (Fg/Fr—1).
Now since every representation of I' admits a Jordan-Holder decomposition, we see that every
representation is equivalent to a reductive representation. It remains to show that non-isomorphic
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reductive representations are not equivalent.

Let G(F,) be either GL,(F,) or SL,(F,) and let tr: G(F,) — F, be the trace. Given z € T,
consider the regular function f,: Hom(T,G(F,)) — F, given by f.(p) = tr(p(z)). These are
conjugation invariant functions and hence define regular functions on YIF = Y xzF,. The characters
of distinct irreducible representations of I' are linearly independent [6 Theorem 3.6.2(1)], thus if
p1, p2 are non-isomorphic reductive representations, then there is some 2z € T' for which f,(p1) #
fz(p2). It follows that O, N O,, = @, since f, is constant on O,, and O,, with different values.

O

Now we want to pass from the F,-points of Y to the F,-points. Let o: F, — F, be the Frobenius
automorphism o (x) = x7. The action of o on F, induces a corresponding action on Y (F,). Namely,
if f: S’pec(ﬁq) — Y is an Fq—point of Y, then we get a new Fq-point by taking the composition
foo*: Spec(F,) — Y. By abuse of notation we will denote this action as o: Y (F,) — Y(F,). This
is usually called the arithmetic Frobenius map. From the definition it is immediate that the fixed
point set of o: Y(F,) — Y (F,) is precisely the set Y (F,) of Fy-points of Y. Thus we will count
Y (F,) by counting the fixed point set of o on Y (F,).

We let the Frobenius map o act on GL,(F,) and SL, (F,) by sending a matrix A with entries
A;; € F, to the matrix o(A) with entries 0(A);; = o(A;;). Recall that Y (F,) can be canonically
identified with the set of isomorphism classes of reductive representations p: I' — G(?q), where
G(F,) is either GL,(F,) or SL,(F,). Then it is easy to see that the Frobenius map o: Y (F,) —
Y (F,) sends a representation p to the composition o o p.

Lemma 3.3. Let p: I' = GL,(F,) be a reductive representation such that o o p is conjugate to p.
Then p is conjugate to a representation p': I' — GL,(F,).

Proof. First we prove the result for irreducible representations. Thus suppose that p: I' — GL,,(F,)
is irreducible and o o p is conjugate to p, that is,

(3.2) ogop=g'pg,

for some g € GL,,(F,). Note that for some positive integer d we have that p is valued in GL,,(Fa).
Indeed, if T' is generated by x1, xa, . . . 2k, then the matrix coefficients of p(x1), p(x2),. .., p(xy) are
contained in some finite extension Fya of Fy. Thus o%(p) = p. Combined with (3.2), this gives
p=cl(p) = utpu, where u = go(g)o3(g)...o% 1(g). Then since p is irreducible, we have that u
is a multiple of the identity, that is

90(9)0”(g) ...0% (g) = cld,

for some ¢ € F;. Since F,, is algebraically closed we can find an a € Ej such that ac(a)...oc% 1 (a) =

alta++4'"" = =1, Replacing g by ag, we may assume that

90(9)0(g) ...0% (g) = Id.

From this it follows easily that 0%(g) = g, i.e. g € GL,(F,a). Applying Hilbert’s Theorem 90, we
have that there exists h € GL,(F ) such that g = h='o(h). It follows that o(hph™') = hph™!,
hence hph~! is valued in GL,(F,), as required.
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Now we consider the general case where p is reductive. Let x,: ' — F, be the character
of p, that is x,(z) = tr(p(z)). Write x, = >, mixs, where the x; are characters of distinct
irreducible representations and m; are the multiplicities. Since o op is conjugate to p, we have that
Xoop = 0(Xp) = X,- For a given irreducible representation p; with character x;, let d; be the order
of x; under the Frobenius action, i.e. let d; be the least positive integer such that 0% (y;) = x;.
Such a d; exists since, as we have previously argued, p; is valued in some finite extension of IF,.
Then since o(x) = x, we can choose a decomposition of p of the form

p=B (ool o0 ()

where the p; are irreducible representations (not necessarily distinct) and d; is the order of y;
under the Frobenius action. Set p} = p; @ o(p;) © -+ @ 0% 71(p;) and let X be the character
of p;. Then o(p}) = pj, hence o o ) is conjugate to x’. If we can prove the lemma for the
representations p;-, then by taking direct sum we obtain the result for p. Thus we are reduced
to proving the lemma for a representation of the form p' = p @ o(p) © --- @ ¥~ 1(p), where p is
irreducible and the Frobenius action on x has order d. Note this means that o%(p) is conjugate
to p. Now since p is irreducible, the above proof of the lemma in the irreducible case implies
that, upon conjugating if necessary, we can assume p is valued in Fgq, i.e. it is a homomorphism
p: T = GL,(Fa). Thus we can assume o%(p) = p. It follows that o o p’ = g~'p'g, where g is
given by:
0 1
10
10
10

1 0]

Clearly go(g)...0% ' (g) = g? = Id. Once again, Hilbert’s Theorem 90 implies that g = h~ o (h)
for some h € GL,(Fa). Then o(hp'h™') = hp'h™!, so that hp'h™! is valued in GL,(F,), as
required. (Il

Remark 3.4. In the proof of Lemma 3.3 we have shown the following. Let V be an irreducible
representation of T' over F,. Let d be the least positive integer such that o?(V) = V. Set
Vi=VaolV)®- - @®o? (V). Then V' is a representation of I' over F, and is moreover
irreducible over F,. It is easy to see that every irreducible representation of I' over I, is of this
form for some V.

Proposition 3.5. For G = GL,(Z), the set of Fy-points of Y is the set of equivalence classes of
reductive representations p: I' = GL,(F,), where p1, p2 are considered equivalent if po = gp1g~",
for some g € GL,(F,). For G = SL,(Z), the set of Fy-points of Y is the set of equivalence classes
of reductive representations p: I' = SL,(F,), where p1, p2 are considered equivalent if po = ap19~ L,

for some g € SL,,(F,).

Proof. According to Proposition 3.2, the F,-points of Y are given by isomorphism classes of reduc-
tive representations (with trivial determinant in the special linear case). The F,-points of ¥ are
then the fixed points of the Frobenius action. These are precisely the reductive representations p
such that o o p is conjugate to p. According to Lemma 3.3, these are up to conjugacy, given by
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representations valued in GL,,(F,) (in the special linear case, the determinant of the representa-
tion is trivial, so the fixed points of the Frobenius action are given by representations valued in
SL,(F,)). Lastly we just need to note that two such representations define the same Fy-point of
Y if and only if they are conjugate over F,. ]

_ Next, we want to understand better what it means for two representations to be conjugate over
;. For this we introduce some definitions.

Definition 3.6. Let p1,p2: I' = GL,(F,) be two representations. We will say that p1, p2 are:
(1) conjugate if ps = gp1g~! for some g € GL,(F,)
(2) conjugate over F, if pa = gp1g~" for some g € GL,(F,)
(3) special conjugate over F, if py = gp1g~" for some g € SL,(F,).

Proposition 3.7. Let p1,p2: I' = GL,(F,) be two reductive representations. The following are
equivalent:

(1) p1,p2 are conjugate B

(2) p1, p2 are conjugate over I, B

(3) p1,p2 are special conjugate over Fy.

Proof. (2) and (3) are equivalent because the natural map SL,(F,) — PGL,(F,) is surjective.
Clearly (1) implies (2), so it remains to show that (2) implies (1). Let p1,p2: I' = GL,(F,) and
let V,W be the corresponding representations over F,. Then pi, po are conjugate over Fq if and
only if there is an isomorphism V ®p, F, 2w ®F, F, of representations over F,. Suppose this
is the case. By Remark 3.4, there are irreducible representations Vi, Va, ...,V of T over F, (not
necessarily distinct) such that:

k
4 ®Fq F’1 = @ ‘/72/7
i=1

where V/ =V, ®o(V;)®--- & o%=1(V;) and d; is the least positive integer such that o% (V;) = V;.
But if V @p, F, =2 W ®p, Fy, then the same summands V; occur in V and W the same number of
times, hence V' and W are isomorphic over Fy, i.e. p1, p2 are conjugate. O

By this proposition, two representations p1, p2: I' = G L, (F,) are conjugate over F, if and only
if they are conjugate over Fg, i.e. if and only if they are isomorphic as representations over F,,.
Similarly, p; and p, are special conjugate over Fq if and only if they are conjugate over Iy, i.e.
if and only if they are isomorphic as representations over F,. Putting together the results of this
section with Katz’s theorem, we have:

Theorem 3.8. Suppose there is a polynomial A(t) € C[t] and a positive integer N such that for
every finite field F, of order q with ¢ = 1 (mod N), the number of isomorphism classes of n-
dimensional reductive representations over Fy (resp. n-dimensional reductive representations over
F, with trivial determinant) equals A(q). Then A(q) is the E-polynomial of the complex character
variety Rep(T', GL,,(C)) (resp. Rep(I',SL,(C))).

4. COUNTING REPRESENTATIONS

Our goal is to compute for n = 2,3, the number of isomorphism classes of reductive represen-
tations of I" into GL,,(F,) or SL,(F,), where by isomorphism class, we mean conjugate under the
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action of GL,(F,). This can be worked out from the number of absolutely irreducible represen-
tations, so our first task is to compute this. We will indirectly compute the number of absolutely
irreducible representations by first computing the total number of representations and then sub-
tracting away all representations which are not absolutely irreducible.

To explain our strategy further, we introduce some notation. Let X, denote the set of all iso-
morphism classes of representations of I" into GL,,(F,) and /’?n C X, the set of such representations
with trivial determinant. Let X (resp. X°d) denote the subset of X, (resp. X,) consisting of
reductive representations, similarly write X", /'?,‘1“ for non-reductive representations and X!, X ai

n
for absolutely irreducible representations. We will stratify A, into a disjoint union of subsets X,E 2

in such a way that:
(1) each X5 will consist entirely of reductive representations or entirely of non-reductive
representations, and
(2) for every p € Xy(f), the size of the stabiliser of p under the PG L, (F,)-action by conjugation
depends only on i and will be denoted by s;.

We get an induced stratification of X, by setting X( D= X( N X,.

Let a be the total number of strata, so ¢ runs from 1 to a. Set I = {1,2,...,a}. Let R C I be
the set of indices i € I for which X\ C Xred and N C I the indices i € I with a0 c xnrso I
is the disjoint union of R and N. We will choose the strata in such a way that Xél) = X2 hence

s1=1and 1 € R. We write Agy, (¢) = |X™4| and Asy, (q) = |X2| for the number of reductive
representations into GL,,(F,) and SL, (F,), so that:

Acr, (@) =Y 120 = 123+ 120,

i€R ik
(4.1) T
Asp, (@) =Y |XW] =122+ 1x0).
i€R =

On the other hand, the orbit-stabiliser theorem gives:

[ Hom/(T', G Ly ( Zw“w ZW XalHZWH ZIXé“I

|PGL S S; S; Si
i€ER ieN zsé}l% ieN
|Hom(T, SLy( 1X) 128 T 12| 1X49|
POLLE)  — 2 T2 e SIS
iI€ER ieN Zzgéll% ieN
Re-arranging gives:
|HO’ITL(F GL |an)| |X7(ll)|
x| = S,
POL,(F {’; i Dhrs
(4.2) ' .
|Hom(I‘ SL |Xn X9
Xdl J— _—
% iEN

i#1
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These expression will be useful as they give the number of absolutely irreducible representations in
terms of the total number of homomorphisms of T" into GL,,(F,) or SL, (F,) minus the remaining
strata, which can be expressed in terms of lower rank representations. Substituting (4.2) into (4.1),
we have:

|Hom(T', GL,,(F,))] 1 ; 1,
A = T— =) X0 =y =
GLn(q) |PGLn(]Fq)‘ +’;% 5 | n | iEZNSi n ‘7
(4.3) .
‘ |Hom(T', SL,,(F,))| 1Y 5 1~
A = 1— =) &9 =y —1x).
sL.,.(q) |PGL,(F,)| Jr; 5, 17 ieZNSiI )
i#1

The important feature of these expressions is that the absolutely irreducible representations do
not appear on the right hand side.

4.1. Case of GLy and SLy. We restrict ourselves to odd ¢. For rank 2 representations our
stratification will consist of 6 strata: R = {1,2,3,4}, N = {5,6} as we describe below. We will
also need the following notation:

e For any integer j > 1, let m; be the number of homomorphisms I' — Z;.

e Let A be a 1-dimensional representation of I' over F,. We let bi, denote the dimension of
the group cohomology H’(T', A) over F,. When A is the trivial representation, we write
b in place of bY,.

e For any integer m > 0, let [m], = (¢™ —1)/(¢ — 1).

Strata XQ(U, /’?2(1). These are the absolutely irreducible representations.

Strata XQ(Q),/?Q(Z). These are the irreducible, but not absolutely irreducible representations.
Thus they have the form A @ o(A), where A corresponds to a homomorphism p4 : I' — IFqX2 and
o(A) 2 A. Thus \X2(2)| = (mg2_1 —mg—1)/2. For )?2(2), note that the trivial determinant condition
gives Ao(A) =1, hence p4 is valued in pg41 = {2z € ]qu2 | 2971 = 1}. Then since ig41 is cyclic of
order ¢+ 1 and fi441 NF = {£1}, we find that |2?2(2)| = (mg+1 —m2)/2. The stabiliser of AGo(A)
in GLy(FF,) consists of diagonal matrices of the form diag(x, o(z)), where x € quz. Hence sy = g+1.

Strata X2(3), 2?2(3) These are of the form A @ B, where A, B are distinct rank 1 representations
over F,. Hence |X5%| = my_1(mg_1 —1)/2, |27 | = (mg_1 —m2)/2, s3 = q — 1.

Strata X2(4)7 2?2(4). These are of the form A @& A, where A is a rank 1 representation over IF,.
Hence |X3"| = mq_1, |X3] = ma, 51 = |PGLy(F,)| = ¢* — q.

Strata X2(5)72?2(5). These are non-trivial extensions A — E — B, where A, B are distinct
rank 1 representations over IF,. For fixed A, B, such representations correspond to elements in
the projectivisation of H'(I', B* ® A). Noting that A 2 B if and only if B* ® A % 1, we get
47
ilarly |/f2(5)| =D (a]a2 ;‘él}[b}qz]q7 where the sum is over the non-trivial rank 1 representations A
with A% 22 1. We also find that s5 = 1.

= Mq-1 (4 ;él}[b}él]q, where the sum is over the non-trivial rank 1 representations. Sim-
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i 25”| 125"
2| S(mg_1—mg1) | 3(mgyr—ma) | (¢+1)
3| gmg—1(mg_1 —1) | 3(mg—1—m2) | (¢—1)
4 Mg_1 ma (qg -q)
5 | ma—1 2 (azny Dhla | 2qajaz1y Dhzlg 1
6 mqfl[bl]q m2[b1]q q

TABLE 1. Sizes of strata and their stabilisers in the rank 2 case.

Strata XQ(G), 2?2(6). These are non-trivial extensions A —+ E — A, where A is a rank 1 repre-
sentation over F,. Using similar reasoning as above we get |X2(6)| = mgy_1[b'],, |X2(6)\ = ms[bl],,
S = (.

Our calculations are summarised in Table 1. Putting all of this into Equation (4.3) and simpli-
fying gives the following theorem.

Theorem 4.1. Let q be odd. Then Agr,(q), Asr,(q) are given by:

|Hom(T', GLy(F,))| 1\ mge g 1\ mi,
A = 1— —— ) 2= 1— —
Gra(0) PGLs(F,)| +1) 2 T g—1) 2
—mg-1[bt — 1]y —mg Z AP
{A[A£1}
|[Hom(T', SLy(Fy))| 1 Mg+1 1 Mg-1
A = 11— —— 1— ——
s2(4) BA r1) 2 —1) 2
—molbt =1y = D [blhely
{Alaz2£1}

4.2. Case of GL3 and SL3. For rank 3 representations, the calculation of the sizes of the strata is
already quite involved and the details depend considerably on the particular choice of group I'. As
such we will restrict ourselves to the case that I' = m1(X,) is the fundamental group of a compact
oriented surface of genus g. We will also assume that ¢ = 1 (mod 6). Our chosen stratification will
consist of 30 strata: R ={1,2,...,7}, N ={8,9,...,30} described below. We will also make use
of the following lemma.

Lemma 4.2. Let X = {(A,B,C) € Hom(I',Fy) | ABC = 1 and A,B,C are distinct }. Then
| X|=m2_; —3mg_1 + 2ms.

Proof. Let Y = {(A,B,C) € Hom(I',F) | ABC =1}, Yap = {(4,B,C) € Y | A= B },
Yge = {(A7B7C) ey | B=C }, Yac = {(A,B,C) ey | A=C }, Yapc = {(A,B,C) S
Y| A= B =C}. Notethat Yap NYpe = YapNYac = Yec NYac = Yape. It is easy to see
that |Y‘ = mg_l, |YAB| = |YBC| = |YAC‘ = Mg-1 and |YABC| = ms. Thus

X[ =|Y|—|Yag| — [YBc| = [Yac| + 2[Yasc| = mi_y — 3mg_1 + 2ms.
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1) 50 . . .
Strata Xé ), X?f ). The absolutely irreducible representations.

Strata X3(2), 2??52). The irreducible, but not absolutely irreducible representations. These have
the form A@® o (A) @ o?(A), where A is a rank 1 representation corresponding to a homomorphism

pa: ' — IE‘qX3 such that o(A) 2 A. Thus \X§2)| = (mgs_1 —mg—1)/3. To compute |2?3(2)|, note that
the condition Ao(A)o(A)? = 1 is equivalent to pa taking values in i34, = {z € Fos | gt =
1}. Since we assume ¢ = 1 (mod 6), we find [p1444+42 NFy| = 3. So |/%3(2)| = (Mmg24q+1 —m3)/3.
The stabiliser in GL3(F,) consists of diagonal matrices diag(z,o(x),0?%(x)), where x € IF;,, hence
s9=¢ +q+1.

Strata X§3), 2?3(3). The reductive representations of the form As @ Ay, where A, is an absolutely
irreducible representation of rank 2 and A; has rank 1. Then X?)(S) = mq,1|X2(1)|, Xéd) = \Xz(l)|
and s3 =¢q— 1.

Strata X§4),2?3(4). The reductive representations of the form A @ o(A) & B, where B is a
rank 1 representation over F, and A is a rank 1 representation over Fg. with o(A) 2 A. Thus

|X3f4)\ = (Mmg2_1 — Mg—1)mg—1/2, |.5(V:§4)| = (mg2_1 —mg—1)/2. The stabiliser in GL3(IF,) consists
of diagonal matrices of the form diag(x,o(z),y), where z € Fqﬁ, yeFy sos,=¢*—1.

Strata Xf), /'?3(5). The reductive representations of the form A @ B & C, where A, B,C are
distinct rank 1 representations over F,. Thus |X355)\ = (M), \X§5)| = (m2_y —3mg_1 +2m3)/6
(by Lemma 4.2), and s5 = (¢ — 1)2.

Strata Xéﬁ),)?é(j). The reductive representations of the form A & A @& B, where A, B are
distinct rank 1 representations over F,. Thus \X§6)| = mg—1(my_1 — 1), X3(6) = Mg_1 — M3,
s6 = |GL2(Fy)| = q(q+1)(g — 1)*.

Strata Xén, )?357). The reductive representations of the form A & A & A, where A is a rank 1
representation over F,. Thus |X37| = mg_1, | X3 | = ms, s = |PGL3(Fy)| = ¢3(¢* — 1)(¢® — 1).

The strata for 8 < ¢ < 11 are the reducible representations which contain exactly one proper,
non-trivial invariant subspace.

Strata X§8)7 /17358). The non-trivial extensions Ay — E — A;, where A; is rank 2 absolutely
irreducible and A; has rank 1. Note that dim(H'(I', Hom(A;, As))) = —2x(2,) = 49 — 4. Thus

8 1 (8 1
1250 = mg_1 |80 |[4g — 4]g, |X] = |25 |49 — 4], 55 = 1.

Strata X?fg), .9?359). The non-trivial extensions A1 — E — As, where A, is rank 2 absolutely irre-
ducible and A; has rank 1. These are the dual representations to Xg(s), X?J(S). Thus |X§9)| = |X§8) l,
|X?fg)\ = \X§8)| and sg = ss.

Strata Xélo),félo). The non-trivial extensions Ay — E — A, where A; has rank 1 and
Ay = A® o(A), where A is a rank 1 representation over Fp2 with o(A) 2 A. For a fixed Ay, A,
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these are classified by the projectivisation over Fy2 of the F,2-vector space H'(I', Hom(A;, A))
which has dimension 2¢g — 2. Thus \Xé10)| = smg_1(mgz_1 —mg_1)[29 — 2] 2, |.;\,;3(10)| =1(mg_1—
mq_l)[Zg — 2](12, S11 = 1.

Strata Xéll),féu). The non-trivial extensions Ay — E — A,, where A; has rank 1 and

Ay = A@ o(A), where A is a rank 1 representation over F» with o(A) 2 A. These are the dual

representations to Xélo), )?3(10).
The strata for 12 < i < 16 are the decomposable, non-reductive representations.

Strata X3(12), /'?3(12). Representations A @ E, where E is a non-trivial extension B - E — C
and A, B, C' are distinct rank 1 representations. Thus |X3(12)\ =mg_1(mg_1—1)(mg_1—2)[29—2]4,

|/'?3(12)| = (mg_l —3mg_1 + 2m3)[2g9 — 2], (using Lemma 4.2), and s12 = (¢ — 1).

Strata X?flS), /'F?EB). Representations A @ E, where E is a non-trivial extension A -+ F — C
and A, C are distinct rank 1 representations. Thus |X§13)| = mg_1(mg—1 — 1)[29 — 2], |X3§13)| =
(mg—1 —m3)[29 — 2]g; s13 = q(g = 1).

Strata XSEM), /'F?EM). Representations A @ E, where F is a non-trivial extension B - F — A
14)

and A, B are distinct rank 1 representations. These representations are the duals to Xg(M), /’?3( .

Strata Xéw), ??3515). Representations A @ E, where F is a non-trivial extension B - E — B
and A, B are distinct rank 1 representations. Thus |X§15)\ = mg—1(mg—1 — 1)[29]4, |X3(15)| =
(mg—1 —m3)[29]q, 815 = q(q — 1).

Strata X3(16), /'Fg(lﬁ). Representations A@ E, where F is a non-trivial extension A - F — A and
A is a rank 1 representation. Thus |X?f16)| = my—1[2¢],, |/\7§16)| = ms3[2g],. We now compute the
stabiliser. Identify A ® F with the vector space IFS equipped with an action of T'. Let (1,0,0) span
A@®0 and (0,1,0),(0,0,1) span 0@ E. Further suppose that (0, 1,0) spans the invariant subspace
A CE. Using Hom(A® E,A® E) = Hom(A,A) @ Hom(A,E) ® Hom(E,A) ® Hom(E, E), we
see that any invariant endomorphism ¢ : A® E — A @ E has the form

b

0
¢= d
0

oo Q

e
d

for some a, b, c,d,e € F,. The determinant of this matrix is ad?, hence it is an isomorphism if and
only if @ and d are non-zero. Thus the stabiliser in GL3(F,) has order ¢3(¢—1)? and s16 = ¢>(¢—1).

The strata for 17 < i < 20 are the representations with at least two rank 1 invariant subspaces
and exactly one rank 2 invariant subspace. It follows that the rank 2 invariant subspace is decom-
posable.

Strata Xg(w),/'%(l?). The non-trivial extensions A ® B — E — C, where A, B,C are dis-
tinct rank 1 representations, such that A - E/B — C and B — E/A — C do not split. Thus
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517 = Simg 1 (mg 1 = 1) (mg—1 —2)[29— 202, |27 = §(m2_, —3mg_1+2ms)[2g— 22, 517 = 1.

Strata Xélg),féls). The non-trivial extensions A § A — E — C, where A,C are dis-
tinct rank 1 representations, such that for every invariant rank 1 subspace t:: A — A & A,
the induced sequence (A @ A)/u(A) — E/i((A) — C does not split. For given representa-
tions A, C, such extensions correspond to classes ¢ € HY(I', Hom(C, A & A)) with the follow-
ing property. Let V = HYT,Hom(C,A)), which is a 2g — 2-dimensional vector space over
F,. Then{ e VeV = H om(]Fg, V). The condition on & is that it is injective when viewed
as a map &: ]F(ZI — V. Two such ¢ define isomorphic extensions if and only if they lie in
the same orbit of GLy(F,) acting on Hom(F2,V) through the standard action on F2. Thus
the number of such extensions is |Gry(2,2g — 2)|, where Gry(m,n) is the Grassmannian of m-

dimensional subspaces of F'. This is given by |Gry(2,29 — 2)| = (ngE::ll))(Equzj;)S —Y . Thus

18 (18
|X3( )| = mg-1(mg—1 — 1)(qi1) 29 — 2]¢[29 — 3]q. |X3( )| = (mg—1 — mS)(qil) 29 — 2]¢[29 — 3]q:

S18 — 1.

Strata Xélg),.)?élg). The non-trivial extensions A @& B — E — A, where A, B are distinct
rank 1 representations, such that A — E/B — A and B — E/A — A do not split. Thus

A5 ) = g1 (mg—y —1)[29 — 2]4[29)g. 18| = (mg—1 — ma3)[2g — 2)4[294. 519 = g

Strata Xg(20)’)?3(20). The non-trivial extensions A ® A — E — A, where A is a rank 1 rep-
resentation, such that for every invariant rank 1 subspace ¢t: A —+ A & A, the induced sequence
(A A)/u(A) — E/i(A) — A does not split. By the same reasoning as used for Xéls), we find

20 (20
that [ X% = mg_1 15512014129 — g, 1X5™7 ] = mat55120)420 — g, 520 = 2.

The strata for 21 < ¢ < 24 are the representations E with at least two rank 2 invariant subspaces
and exactly one rank 1 invariant subspace C. It follows that E/C is decomposable. These are the
duals of the strata 17 < i < 20.

Strata Xém), 2?3521). The extensions C' — F — A® B, where A, B, C are distinct rank 1 repre-
sentations and for which the extension class in H!(I', Hom(A® B, C)) restricts to non-trivial classes

in HY(I', Hom(A, C)) and H(I', Hom(B, C)). These are the dual representations of Xé”), )E?)(N).

Strata XPEQQ)J%(?Q). The extensions C — F — A ® A, where A, C are distinct rank 1 repre-

sentations and for which the extension class in H!(I', Hom(A & A, C)) restricts to a non-trivial
class in HY(T', Hom(A, C)) for every invariant rank 1 subspace ¢ : A — A ® A. These are the dual
) (18) 5(18)
representations of X3~ , X357,
Strata X3(23), 2?3523). The extensions A - E — A® B, where A, B are distinct rank 1 represen-
tations and for which the extension class in HY(I', Hom(A @ B, A)) restricts to non-trivial classes

in HY(T', Hom(A, A)) and H'(T', Hom(B, A)). These are the dual representations of X%, X{'?.

Strata X§24),)?§24). The extensions A -+ E — A @ A, where A is a rank 1 representation
and for which the extension class in H'(T', Hom(A @ A, A)) restricts to a non-trivial class in
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HY(T', Hom(A, A)) for every invariant rank 1 subspace t: A — A @ A. These are the dual repre-

sentations of X?)(ZO), féQ()).

The strata for 25 < i < 30 are the indecomposable representations containing exactly one rank
1 invariant subspace and exactly one rank 2 invariant subspace. They are given by iterated non-
trivial extensions.

Strata ng%), 21’;525). The non-trivial extensions A — E — F, where F' is a non-trivial extension
B — F — C and A, B, C are distinct rank 1 representations. Let A, B, C be fixed. The number of
isomorphism classes of non-trivial extensions B — F — C'is [2g — 2],. Fix such an extension. An
extension A — E — F is given by an element ¢ € H'(I', Hom(F, A)). The long exact sequence in
cohomology associated to Hom(C, A) = Hom(F, A) — Hom(B, A), together with the vanishing
of H)(T', Hom(B, A)) and H*(T, Hom(C, A)) = H°(T', Hom(A, C))*, gives a short exact sequence:

0 — HYT,Hom(C,A)) - H T, Hom(F, A)) — HY(T', Hom(B, A)) — 0.

Thus, up to isomorphism, the number of extensions A — E — F which restrict to non-trivial classes
in HY(T', Hom(B, A)) is [2g — 2],¢*?~2. Then |X3(25)| =mg_1(mg—1 —1)(mg_1 —2)[29 — 224972,

X2 = (m2_, — 3mg1 + 2m3)[29 — 212¢°972, s05 = 1.

Strata X3(26), 2?3(26). The non-trivial extensions A — E — F, where F is a non-trivial extension
A — F — C and A,C are distinct rank 1 representations. Let A,C be fixed. The number of
non-trivial extensions A — F — (' is [2g — 2],. Fix such an extension. An extension A —
E — F is given by an element £ € HY(I', Hom(F, A)). The long exact sequence in cohomology
associated to Hom(C,A) — Hom(F, A) — Hom(A, A) together with H*(T', Hom(A, A)) = F,,
HO(T,Hom(F, A)) = 0, H*(T, Hom(C, A)) = 0 gives a long exact sequence:

0—F, — H' (I,Hom(C, A)) — H (T, Hom(F, A)) — H'(T', Hom(A, A)) — 0.

Thus, up to isomorphism, the number of extensions A — E — F which restrict to non-trivial
classes in H'(T, Hom(A, A)) is [2g]4¢* 3. Then |V = my 1 (mg_1 — 1)[29 — 2],[29]4¢% 3,
52| = (mg1 — ms)[20 — 2]4[29]46% %, 526 = 1.

Strata X3(27), 2?3(27). The non-trivial extensions A — E — F, where F' is a non-trivial extension
B — F — B and A, B are distinct rank 1 representations. These are the dual representations of
X3(26) 2?9526).

Strata XPSQS), /'%(28). The non-trivial extensions A — E — F', where F' is a non-trivial extension
B — F — A and A, B are distinct rank 1 representations. Let A, B be fixed. The number of
non-trivial extensions B — F — A is [2g — 2],. Fix such an extension. An extension A —
E — F is given by an element ¢ € H*(I', Hom(F, A)). The long exact sequence in cohomology
associated to Hom(A, A) — Hom(F,A) — Hom(B, A) together with H°(T', Hom(B, A)) = 0,
H?(T,Hom(F,A)) = H°(I',Hom(A, F))* = 0, H*(I', Hom(A, A)) = H°(T,Hom(A, A))* = F,
gives a long exact sequence:

0 — H' (T, Hom(A, A)) — H (T, Hom(F, A)) — H*(T', Hom(B, A)) — F, — 0.
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Thus, up to isomorphism, the number of extensions A — E — F which restrict to non-trivial

classes in H'(T', Hom(B, A)) is [2g — 3],¢%9. Then [X>Y| = mq_1(mq_1 — 1)[2g — 2]4[29 — 3]¢4**.
52| = (mg1 — ms)[2g — 2]4[29 — 340, 525 = q.
Strata X3(29) , f§2g). The non-trivial extensions A — E — F, where F'is a non-trivial extension
A —- F — A and A is a rank 1 representation satisfying the following condition. Let 5 €
HY(T',Hom(A, A)) be the extension class of A — F — A, let £ € HY(T, Hom(F, A)) be the
extension class of A - F — F and let a € H'(I', Hom(A, A)) be the restriction of £ under the
inclusion A — F. Then we require that o, 3 € H'(I', Hom(A, A)) are not multiples of one another.
Fix the representation A. The number of non-trivial extensions A — F — A is given by [2g],.
Fix an extension class 3 € HY(T', Hom(A, A)) representing such an extension F. The long exact
sequence in cohomology associated to Hom(A, A) — Hom(F, A) — Hom(A, A) takes the form:

(4.4) 0—TF, -2 HY(T, Hom(A, A) — H'(T, Hom(F, A)) — H'(T, Hom(A, A)) <5 F, — 0

where UB: HY(I', Hom(A, A)) — F, is the map sending a class o« € H'(T', Hom(F, A)) to the cup
product a« U3 € H?(I', Hom(A, A)) 2 F,. Let V.= H (I, Hom(A, A)), which is a 2g-dimensional
vector space over I, and 3 is an element of V. The cup product defines an alternating bilin-
ear foorm V ® V. — F,. The long exact sequence (4.4) gives a non-canonical identification of
HYT, Hom(F, A)) with the set of pairs £ = (y,a) € V & V satisfying a U 8 = 0, modulo the
subspace spanned by (3,0). Under this identification the restriction map H(T, Hom(F, A)) —
HY(T, Hom(A, A)) sends (v,a) to a. We seek to count the number of isomorphism classes of
non-trivial extensions A — E — F defined by extension classes £ = (v,a) € HY(I', Hom(F, A)).
For this we note that two pairs &1, &> define isomorphic extensions if and only if they lie in the
same orbit of the natural action of Aut(F) on HY(T', Hom(F, A)), where Aut(F) is the group of
automorphisms of F. At the level of pairs (7, @), the action of Aut(F) is generated by rescaling
(v,a) = (¢7,ca), c € Fy and shifts (v,a) — (v + ta,a), for t € F,. It follows that the number
of isomorphism classes of pairs £ = (v, ) with a not proportional to 3 is [2g — 2],¢*9~!. Thus

6527 | = mg-1(29]4[29 — 20402, || = ma2g]4[29 — 2]4¢%77, 520 = q.

Strata X?)(SO), /’?3530). This is the same as for ng), ./'F?Sw), except we assume that «, 5 are propor-
tional. It follows that for given A and /3, the number of isomorphism classes of pairs £ = (7, &) with

a proportional to 3 is ¢29~!. Thus |X§30)| = mg-1[29]4¢*9 71, |.j(§30)| = m3[29],¢* 7, s30 = ¢*

The calculations in this section are summarised in Table 2.

5. COUNTING |Hom(T,G)|

Let G be a finite group and let Hom(T', G) be the set of homomorphisms from T" to G. In this
section we recall that for certain I', one can compute the size of Hom(T', G) using character theory.
Let us introduce the following notation; for a function f: G — C, we define

1
/G f(z)dz = @;f<w>.

The main tools we use are the following results:
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i 45" 14”)
2 3(mga_y —mg_1) 3(Mgzq41 —ms) ¢ +q+1
3 mga] 25" 25" (4-1)
4 %(qu,l — Mg—1)Mg—1 %(qu,l —Mg—1) (¢>—1)
5 (m‘gl) %(mg_l — 3mg_1 + 2ms3) (g—1)2
6 mg-1(mg-1 —1) Mg—1 —ms (g +1)(g—1)°
7 Mg—1 mg ¢*(¢* = 1)(¢° — 1)
8.9 mg-1|25"[4g — 4] 5" 49 - 4], 1
10,11 3Mg—1(Mmg2 1 —mg-1)[29 — 2]z 3(mgz_1 —mg_1)[29 — 2] 1
12 mg—1(mg-1 — 1)(mg—1 — 2)[29 — 2], (m3_y —3my—1 +2m3)[2g — 2], (¢—1)
13,14 mg—1(mg—1 — 1)[29 — 2], (mg—1 —m3)[29 — 2], q(g—1)
15 mq-1(mq-1 —1)[2g], (mq—1 —m3)[29]4 q(g—1)
16 mq-1[29]4 m3[2g], ¢*(¢—1)
17,21 | gmg_1(mg_1 — 1)(mq—1 — 2)[29 — 22 3(m2_y —3mg_1 4 2ms)[29 — 2]2 1
18,22 | mg-1(mg-1 — D) ggy(29 — 2lg[20 = 8l | (mg—1 —m3) 55(29 — 2]¢[29 - 3], 1
19,23 mg—1(mq—1 —1)[29 — 2]4[29]4 (mq—1 —m3)[2g — 2]4[29], q
20,24 my—1 i1y (2914129 — g ms iy (2910129 — g ¢
25 Mmg—1(Mmg—1 — 1)(mg—1 — 2)[29 — 2]3(]29—2 (mi 1 — 3mg_1 + 2ms3)[2g — 2]3(]29—2 1
26,27 mg—1(mg—1 — 1)[29 — 2]4[29]4¢%9 > (mg—1 —m3)[29 — 2]4[29],¢*9 3 1
28 Mmg-1(mg—1 — 1)[2g — 2]4[29 — 3]4¢* (mg—1 —m3)[2g — 2]¢[29 — 3]qq2g q
29 mq-1(29]4[29 — 2]4*7" m3(29]4[29 — 2]4¢*7! q
30 mq-1(29]4¢* " m3[2gl4q*9 " 7

TABLE 2. Sizes of strata and their stabilisers in the rank 3 case.

Proposition 5.1 ([6], Theorem 4.5.4). Let §: G — C be given by

6(9)

Then

:{;

if g=1,
otherwise.

1
=G zX:X(l)X

where the sum is over the irreducible characters of G.
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Proposition 5.2 ([8], §2.3). Let x be any irreducible character of G and z any element of G. Let
w(zy,...,T,) denote a word in xy,...,T,. Then

_ x() w(x Tp))dx x
/"x(w(a:l,...,a:n)z)dxl...da:n— X(].)/'/LX( (x1,...,2p))dxy ... dxy,.

Proposition 5.3 ([8], §2.3). For any irreducible character x, we have
1
-1, —1
x(xyx™ 'y~ )daedy = —.
.x 1=

Let x be an irreducible character of G and n a positive integer. Then we define the n-th
Frobenius-Schur indicator v, (x) by

It is known that v, (x) is an integer [9]. When n = 2, v5(x) is the usual Frobenius-Schur indicator
and we have:

1 if x is real,
va(x) =< 0 if x is complex,
-1 if x is quaternionic.

5.1. Fundamental groups of compact oriented surfaces. Let I' = w1 (X)), where ¥ is a com-
pact oriented surface of genus g. Then I' has a presentation

I'=(a1,b1,...,aq4,by | [a1,b1]...[ag,bg] =1).
Hence

|Hom(T, G)| = |G|*¢ 0([ar,01] - - - [ag, bg])das .. . db,
G2

) /G (lav,bi] . - [ag, by])das . .. db,

g
— 16 ([ o o)
X G?
=GP x(1)*7%,
X
and we have recovered the well known formula:

|Hom(T',G)| 1G] \*7?
> c] ‘?(m) |

5.2. Fundamental groups of compact non-orientable surfaces. Let I' = m(X), where X is
a compact non-orientable surface of Euler characteristic e. Then ¥ = #FRP?, where k = 2—e. So
T" has a presentation

['={aj,as...,ax | aias...a; = 1).
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Hence

|Hom(T,G)| = |G| / . §(a?...a2)day ... day
G

= |G|k71 Zx(l) /Gk X(a% .. ai)dal .odag
X

k
_ k—1 2—k a2 a
= (6P S ([ xteaa)
=G xR ()

so we have found:

|Hom(T',G)| 161 ’“—QVk
2 | ‘;(xm) 200

5.3. Torus knots. Let a,b be coprime positive integers and set I' = 71 (S3 \ K), where K is an
(a,b)-torus knot. Then I' is known to have the presentation

L= (z,y|a"=y").
Hence,

|[Hom(T,@)| = |G / 5(a®y~)dudy
G2

=161 [ xaty)dady

— 1615 ([ xtayas) ([ xto-tian)

=G va()m(x)
X
so we have found:
Hom(T,
(5.3) ' OTTG| 2 =Dl

5.4. Characters of GLs(F,;). Assume ¢ is odd. For an abelian group A, we let A= Hom(A,C*)
denote the character group of A. The character table for GLy(F,) is [5], [18]:
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classes a 0 a 1 a 0 z 0
0 a 0 a 0 b 0 a9
a#b x # x4
# classes | g1 -1 @-Da-22 -1
class size 1 ¢ -1 q(g+1) q(qg—1)
RE(a,B) | (a+1)a(a)B(a) ala)B(a) ala)B(b) + a(b)B(a) 0
~RE.(w) | (g 1)w(a) —w(a) 0 —(w(z) + w(z?))
oa(1) a(a?) a(a?) a(ab) a(zitl)
oa(Sta) qa(a?) 0 a(ab) —a(xdth)

In this table a,b € F)X, a # b, = € IFqXQ, x#z2%, a,BeF;, a#bwe IF;Q, w # wi. Swapping
a with b or z with z? gives the same conjugacy class. Similarly swapping « with 8 or w with w?

gives the same character.

5.5. Characters of SLy(F;). Assume that ¢ is odd. Let o € Iﬁqx be the unique element of order
2 and similarly let wy € fig+1 be the unique element of order 2. The character table for SLo(Fy)
is [5], [18]:

classes a O a b a 0 z 0
0 a 0 a 0 at 0 =
a= =1 a= =1 ad¢{l,-1} x # x4
# classes 2 4 (g—3)/2 (g—1)/2
class size 1 (> —1)/2 qlg+1) q(g—1)
Rf(a) | (¢+1)a(a) a(a) aa) +a(a™) 0
[ 0@ 20y s 0
—Rf.(w) | (¢-w(a) —w(a) 0 —(w(z) + w(a))
[ @ 2 ay) 0 ()
1 1 1 1 1
Sta q 0 1 —1

4> T € pigy1 with  # 29, o € EIX with
a# 1,00, w € figr1 with w # 1,wp, b is either 1 or y, where y € Fy is some fixed non-square, ¢
denotes the complex number ag(ab)/ag(—1)q. Note that replacing a by a=! or @ by =1 = 29
gives a different representative for the same conjugacy class. Similarly, replacing o by a~! or w

by w™! gives the same character.

In this table pg1 = {z € Fp; | 27*! = 1}, a € Fy
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5.6. Frobenius-Schur indicators. Assume ¢ = 1 (mod 4) and ¢ = 1 (mod a). By a direct
computation from the character table, we find the Frobenius-Schur indicators for GLy(F,) are:

X Va(X) Va(X)
a even a odd
RG(a, B) | daadge + 0garzgers + 52 00ape  Gaadpa + 5 50ap0
—RY (W) | —6wa + Spasnyasz + (GEQ) Op(a+ya  —0Oya + (a;1)5w<q+1>a
oa(1) Ona Ooa
o (Sta) So + 25 00 @=1) 5,20

In this table, 6, =1 if a=1,, =0if o #£ 1.

Similarly the Frobenius-Schur indicators for SLy(F,) are as follows. In this table we calculate
Ve (x) under the assumption that ¢ = 1 (mod 4) and ¢ = 1 (mod a).

X Va(X) Va(X)
a even a odd
R§(0) | ae =1+ 5(1+a(-1)) Do + @=1 1+ a(-1))
i a %a— 1)
0 2 2
—RG.@) | —1+5(1+w(-1) (a; D14 w(-1))
Xfo -1 0
1 1 1
Sta a—1 a—1

5.7. Case of GL3(F,;). We assume ¢ = 1 (mod 3). In this section we will compute |Hom(I', GL3(Fy))|
in the case that I' = m1(X,) is the fundamental group of a compact oriented surface of genus g.
From (5.1), we have

) 2‘(]72

where the sum is over the irreducible characters of GL3(F,). To compute this we need to briefly
review some facts about the irreducible characters of the general linear groups over finite fields
[14], [8] [7].

|[Hom(T', GL3(F,))|

IGLs(Fy)l Z(

X

|G L3(F,)|

(5.4) Ve

Let P,, be the set of all partitions A of m and write m = |A|. Let P = Uy,>0Pnm,, where, Py
consists of just the trivial partition {0}. A non-trivial partition A may be written as A = (A >

Ao > - >N >0), where [N\ = A1 + Aa+ -+ A Set (A, \) = 2221(23' —1)A;. Following [8], we
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define for each partition A a modified hook polynomial H(q) by

Halg) = ¢ MV [ = ¢"®),

z

where the product is over the boxes z of the Young diagram and h(z) is the hook length of z. For
the trivial partition {0}, set Ho}(q) = 1.

For each positive integer r, let I',. = IT?Xd. If » divides s then the norm map Fys — F,~ induces
an inclusion I',, = I'y. Let I' = lim I';. be the direct limit of the I',. with respect to these inclusions.
The Frobenius automorphism o acts on I' via o(y) = 2. The degree d(v) of v € T' is defined as
the size of the orbit of v under the Frobenius action. There is a canonical bijection between the
irreducible characters of GL,(F,) and maps A: I' = P which commute with ¢ and satisfy

Al =) 1AM = n.

In particular, finiteness of the sum means that A(y) = {0} for all but finitely many ~. Let P, (T")
be the set of all maps I' — P satisfying these conditions. Given a A € P,(T), let mgyx be the
multiplicity of (d, ) in A, where d is a positive integer and A a partition. That is,

max = |[{y €T | d(y) =d, Aly) = A}

Note that [A| = 3, y mad|A|l. The collection {mgx} of all multiplicities is called the type of A
and will be denoted by 7(A). In particular, |A| depends only on the type and so we will write |7
for |A| where 7 = 7(A). For a given type 7, let

Ho(q) = [ Haleh)™
d,\

Given A € P,(T), let xa be the corresponding irreducible character. Then [§]

|GL, (Fg)| 152
— = (=1)"q2" H,
xa(1) =1)e

where 7/ = 7(A’) and A’ is the map I' — P sending 7 to A(y)’ (the dual partition of A(7)).

To compute the right hand side of (5.4), we simply need to work out which types 7 have |7| = 3
and then count the number of A of each type. We summarise this information in the following
table:
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T H-(q) # of A of type T
ms =1 —q 3 (® - 1) (¢®—q)/3
Moy =myg =1 3 1)(g—1) (¢* —a)(g—1)/2
mis =1 72 (> = 1)(* = D(g—1) (@—1)
my2+1 =1 —q 3 (¢® — 1)(g— 1) (¢—1)
mii14141 = 1 —¢ 3 (¢® - 1)(¢® - 1)(g - 1) (g—1)
myg =my1 =1 *lf%(QQ —1)(g—1) (q—1)(qg—2)
my 141 =my1 =1 _qu(qz —1)(qg— 1) (¢g—1)(qg—2)
mig =3 —q 2(qg—1)° (¢—1)(q—2)(q—3)/6
Thus
om 3 g 2 - 2 9-
|H |((;1256(¥£3)(|]Fq))| _ (g . q) (¢*(¢" - 1))2 2, (¢ q;(q 1) (*(¢® — 1)(q - 1))2 2
(¢—1) (¢*( q3 (- D —-1) 7+ (- 1) (P® - Dg—1))* 7
(0= 1) (@ = D@ = D= 1)* "+ (g - Dl —2) (¢*¢* - (g~ 1)?)*
+ (@@ —2) (@ - D -1H)" "+ G/ 5 2a=3) (¢(q—1)*)* 2.
We can simplify this further, giving:
Hom(I',GL3(F, 2 29—2 2 — 5 292
(|q_ 1)gg—1|G3L(3(}}<2£| _(q ;‘Q) (@ +¢* + ) i (g _ q) (@ - %)
(=P +A) T+ (P -+ D)
(5.5) + (q5 _ qs _ q2 + 1)2g—2 + (q _ 2) (q(j _ q5 _ q4 _|_q3)29—2
-2 (@ -t~ Jr(12)29—2 n (g — 2)6(q— 3) (¢° - 2¢* +q3)29_2.

5.8. Case of SL3(F,). We assume ¢ = 1 (mod 3) and compute |Hom(I', SL3(F,))|, again for the
case that I' = m(X,) is the fundamental group of a compact oriented surface of genus g. For
this, we need to relate the irreducible characters of SL,,(F,) with GL,(F,). Let Irr(GL,,) be
the set of irreducible characters for GL,,(F,) and Irr(SL,) the irreducible characters of SL,,(F,).
There is an action of F* on Irr(SLy,) by (90)(h) = 6(ghg™"), where g is any element of G Ly, (F,)
with det(§) = g. There is also an action of qu on Irr(GL,) by tensor product, where one

views EIX as the 1-dimensional representations of GL,,(F
det: GL,(F,) — F.

¢) which factor through the determinant
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Proposition 5.4 ([12],[10]). There is a bijection Irr(GLn)/@qX = Irr(SLy) /Ty given as follows.
Let x € Irr(GLy). Then there is a unique . -orbit [0] € Irr(SLy,)/Fy such that

X|SLn(]Fq) = Z 9/'
0’€[0]
Moreover, letting Stab(y) C fﬁqx denote the stabiliser of x wunder the ﬁ; -action we have that
|[0]] = [Stab(x)|-

For a given 0 € Irr(SLy,) let t(0) be the size of the orbit |[0]]. If x € Irr(GL,) is related to 0 as
in Proposition 5.4, then we will also denote ¢(¢) by t(x). The action of F* on Irr(SL,) preserves
dimension of the representation, i.e. (gf)(1) = 6(1) for all g,0. It follows that x(1) = t(x)6(1).
Using this, we find:

|Hom(I', SL3(F,))| 3 <|5L3(1Fq)|)2g_2
)

|SL3(Fy)| 9elrr(SLn 6(1)

|SL3(IF )| 292
= Y (2
0)€Irr(SLy,)/Fg ( 9(1) )
= [SLs(Fy)[\*~
- [X]GI”‘T%L”)/E‘\X t(X) (X(l)/t(x)>
(0% (|GLs(F)\*
= Z t - .
IX|€Irr(GLy)/FL (¢—=1) ( x(1) )

3 1) (|GL3(Fy)\*
B (q—1)291< x(1) )

x€Irr(GLy)
= Z M}L?g*?.
TR

To complete the computation, we just need to know for each type 7 and for each positive integer
t, the number of A such that 7(A) = 7 and t(xa) = t. View F as a subgroup of I', so that F
acts on I' by translation. Then the action of ﬁ; on A: I' — P is given by precomposition by the
action of IAF; on I'. From this it is straightforward to determine the A € P5(T") for which ¢(xa) # 1.
Namely, this can only happen for the types ms 1 = 1 and my 1 = 3. In fact, there are 2(¢ — 1)/3
different A of type mg 1 = 1 for which ¢ = 3 (all others have ¢t = 1) and there are (¢—1)/3 different
A of type my 1 = 3 for which ¢t = 3 (all others have ¢t = 1). Thus we find:

[Hom(I', SL3(Fg))| 29—1 (g—1)(g+2) 4 29-2 | (¢° —q) _3\29—2
s (o R )@ i) )

+ (qs 7q6 —q5+q3)29_2+ (qﬁ 7q5 fq3+q2)
(5.6) (- D) T -2 (-~ )

2g—2

2g—2

29—2 _ —1)(q—4 29—2
+(q—2)(q5—q4—q3+q2)g +(32g 1+(q )(q ))(q5—2q4+q3)g .

6
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6. COMPUTATIONS FOR GLy AND SLo CHARACTER VARIETIES
6.1. Free groups. In this section I' = F;. is the free group on r generators.
Lemma 6.1. Let A be a non-trivial rank 1 representation of I' over Fy. Then by =r—1.

Proof. Since F, has cohomological dimension one, equating Euler characteristics gives:
dim(H°(T, A)) — dim(H* (T, A)) = dim(H*(T,F,)) — dim(H*(T, F,))
=1-r.

Since A is non-trivial, we have H%(T', A) = 0 and so dim(H(T', A)) = r — 1. O

6.2. Case of GL;. By Theorem 4.1, we have:

Ao @ = a1 @ 0+ a0 g+ 1y 4 -1 O D gy
T(qr71 B 1) _ _ r _ ro_ (qT71 — 1)
-(¢-1) NTEDE (¢—1)"((¢g—1) 1)7@_1)
=(q-1)"(-q" "+ (- 1)Tg(q Tyt (g -1y 5 (g1

—(q=D"(g-1)" g = 1)
=(¢—1)" (((f’ A (R ) B (;(q +1) %(q - 1)r—1>) .

This agrees with [19]. This is polynomial count and hence gives the E-polynomial of the corre-
sponding complex character variety.

6.3. Case of SLy. By Theorem 4.1, we have:

Asp,(@) = (@° =)' + (1 - qi1> (‘JJFTUT + (1 - 1) (g1

—2'[r—1]g — Z [r—1]q

{A]A2£1}

r— q r— q—2 r— r
=@ = S+ )T g )T =2 =1

—((g=1)"=2")[r 1]

— (qS _ q)r—l + %(q+ 1)r—1 + g(q _ 1)r—1 _ <q _ 1)7"—1
_ (q _ 1)r—1(qr—1 _ 1)
= -9 "+ %( +1)7 g(q e R U S

N | =

=@ - = (®—a) " +q (;(q +1) 7+

(¢ - 1)’“1) :

This is polynomial count and agrees with [19].

6.4. Fundamental groups of compact orientable surfaces. In this section I' = 7 (X,), where
Yg is a compact oriented surface of genus g > 1.
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6.5. Case of GLy. Assume that ¢ is odd. By Theorem 4.1, we have:

PG Ly (F,) g+1 2 g1
~(¢—-1)*[29 — 1~ (a—1D* ((¢ - D> —1) 29 - 2],
_ |Ho|7;zD(CI;Lf(Lz()| )l n 5( g+ 129 (g —1)% 4 (‘I_Tz)
_ ( )4g 1(q2g 2 1) ( 1)2gq2g—2
_ [Hom(I', GLy(Fy))|
|PG L (F,)

2

(-1t

q
T ol

q _
q+1)%7 (g - 1)29+§(q—1)49 !

— (g =1 1g% 7% — (g —1)*9¢*?
_ [Hom(T', GLy(Fy))|
|PGLy(F,)|

+(g—1)* (q (;(q +1)27 (g - 1)291> — (=11 - q292> :

By Equation (5.1) and the character table for GLy(F,), we also have:

[Hom(T, G Ly (Fy))| _ |GLa(F )|\
|G Ly(Fy)| _Z( x(1) )

(-2

S (@ — q)2 (g — 1)%972 4 q(g—1) (@ +q)2 (g —

2
+ (q _ 1)2g—1(q3 _ q)2g—2 + (q _ 1)2g—1(q2 _ 1)2g—2.

Hence:

|Hom(I',GLo(Fy))| (g —2) g 0. 4 -
(6.1) IPGLo(F)| 2 (@ = 9)* (g = 1) + (¢ +)* (g - 1)*

+(¢* =9 (g 1D)* + (¢ = 1)* (¢ - ).

This gives:

1)29—2

Acr,(q) = (g—1)* ((q3 — ¥ P+ (P - 1) +q (;(ff +9)¥ % + %(q2 — q)29‘2>

_ ~ 1 I ~
—q(q®> — q)*72 — ¢* 2+q<2(q+1)2g fgla-1¥ 1>)

29

This is polynomial count. Note that it is (¢ — 1)?9 times a polynomial in ¢ but this polynomial is

not the corresponding E-polynomial for SLs.

6.6. Case of SLy. We again assume that ¢ is odd. Then by Theorem 4.1, we get:
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_ |Hom(T', SLy(FF,))| 1\ (g+1)% 1\ (¢g—1)%
Asta(0) =BG, ) *(“m) g +(1‘q1> 2
—2%9[2g — 1], — ((¢ — 1)*9 — 2*9) [2g — 2],
|

_ |Hom(T', SLo(Fy)) q
|PGL2(F,)| 2
1

-2
(a+ 0% + 45 -

_ [Hom(T', SLy(Fy))| +q (1((] S 1) 4 %(q _ 1)2g—1> — 272 (g — 1)21 4 2%9)

[PGLy(F,)] >
_ |Hom(T', SLy(FF,))| 1 D T S 2 2en 29 202
= —paLm,)  Te\gutVT gD (g-1)(¢* ) 9204292,

Using Equation 5.1 and the character table for SLs(F,), we have:

|Hom(T', SLo(F,))| |SLy(Fy)] \ 22
|SLy(F,)| ‘Z< x(@) )

q-3 - - - q—1 -
( 5 )(qQ_q)2g 2+22g 1(q2_q)2g 2+( 5 )(q2+q)29 2

+22 7P+ )2+ (* - P2+ (P - 1),

X

so in total we get:

Asp, (@) = (® —)* 2 + (¢ = 1972 —q(¢® — @)% = 2%9¢%9 2

(¢—1)

+ 5 (@)™ 4 (P =@ + 277 (P + )Y+ (¢ - 9)*77)
+q (;(q +1)% %(q - 1)29—1> :

This calculation recovers at once the results of [13], which computed the cases g = 1,2, [15] which
computed the case g = 3 and [16] which computed the case g > 3.

6.7. Fundamental groups of compact non-orientable surfaces. In this section I' = 71 (X),
where X, is a connected sum of k > 1 copies of RP?. Recall that I" has the presentation

I'=(a,az...,a; | ad3...a2 =1).

Let Ao denote the representation Ao : I' — IE‘qX sending a1, as,...,ar to —1 € F;.

Lemma 6.2. Let ¢ =1 (mod 4). Then there exists L: T — FX such that L* = Ao, if and only if
k is even. When k is even there exists exactly my = 2F such L.

Proof. Suppose L: ' — F is a square root of Aym. So for each i, L sends a; to a square root
of —1. Thus L sends a?a3...a? to (—1)*. As this equals 1, we must have that k is even. Since
g = 1 (mod 4), we have that —1 has two square roots F7. It follows that when k is even, we get
2% square roots of Aom. O
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Lemma 6.3. Let A: T — F) be different from 1 and Aorn. Then dim(H' (T, A)) = k —2. We
also have that diim(HY (T, Aorn)) = k — 1.

Proof. Follows from Poincaré duality and the fact that X, has Euler characteristic 2 — k. |

6.8. Case of GLy. Assume ¢ =1 (mod 4). By Theorem 4.1, we have:

AGL2 (Q) =

|Hom(I‘ GLQ(IT‘Q)” +q(q— 1)1971((]_’_ 1)]@72 +2(q_2)(q_ 1)2k73

|PGLy(F,)
—2(g - DF k-2, — 20— )P (2g - VP — 1) (k- 20, — 2g - ) gE?
_ |Hom(I, GLy(E,)) . . . .
PGLy () T DT e DY 4 20(g - PR (g - )7
—4(q— 13" = 1) = 2(g - D
_ |Hom(T, GLa(F,)| L : ]
= PGLF,)| +qlg— D" ((q+D* 2 +2(¢ - 1D)*?)

_ 4((] _ 1)2k—3qk—2 _ 2(q _ 1)k—1qk—2.

By Equation (5.2), the character table and Frobenius-Schur indicators for GLy(Fy), we have:

[Hom(T', GLy(F,))| _ ~ (1GL2E)\" 7
(= DIPGLF,) ~ 2 (Fapt) e
_ (qg 1)qk—2(q _ 1>2k—4 + (g ; 1) (q3 _ q)k—Q

+2¢° (g + D) (g - 1)+ 2(g + DR (g - 1)

— (g—1)F2 ((q ; 1) (=) 2+ ((1%1)((]2 )2 — )P 4+ 2(g% — 1)k—2> .

Thus:

(;4fo)(]€(]_)1 = (qgl)(q %(q +9F" 2 +2(¢* —q)fF 2+ 2(¢ — D)

+q((q+ D)2 +2(q—1)"2) —d(g—1)F2¢F 2 — 2452

2 q)k—2 +

This is polynomial count. When k > 3, the leading order term in Agr,(q) is 2¢**~7, so this
character variety has two irreducible components of dimension 4k — 7. Let p: I' — GL3(F,) be
a representation. Then det(p(a? . ak)) =1, so det(p(ay . ..ax)) = 1. The two components are
distinguished by the value of det(p ( . ak)), ie. Whether the determinant line is a square or not.
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6.9. Case of SLy. We again assume ¢ = 1 (mod 4). First suppose k is even. By Theorem 4.1, we
have:

_ |Hom(T, SLy(F,))|
A5 (D) = par,m,)

oM~ 9], — (2(g — DR — 28 [k — 2], — 2F [k — 1],

_ |Hom(T', SLy(F,))
[POL(F,)]

+ Qk[k - 2]q - 2(‘] - 1)k72(qk72 - 1) - 2k[k - l]q

_ |Hom(T', SLy(F,))
[PGL(F,)]

+qlg+ 1) 2+ (¢—2)(g—1)*?

+q(g+1) 2 +q(g—1)F 2 —2(¢— 1)k

+qlg+ )" 2 +qlg—1)F 2 =2F¢F 2 —2(? — ¢)F 2.

Second, suppose k is odd. Then:
|Hom/(T', SLy(F,))]
A =
S0 = TS E,)
- Qk[k — 2] — (2((] - 1)k71 - Qk) [k —2],
_ |Hom/(T', SLy(F,))]
|SLa(Fy)
—2(¢ - D" -1
_ |Hom(T', SLa(Fy))|
|SLa(Fy)

+q(g+ D)2+ (¢—2)(g— "2

+qlg+ 1) 2+ (q—2)(g—1)"?

+qlqg+ 1) 2 +qlg— 12 —2(¢ —g)F 2

By Equation (5.2), the character table and Frobenius-Schur indicators for SLs(F,), we find, for &
even, that:

Hom(C,SLa(E)) _ ~ (1Sl
SLa(F,)] ‘Z(xm )M)

X

_ (q ; 3) (qz . q)kfz + 2k71(q2 _ q)kfz + (¢ ; 1)(q2 Jrq)k;fz
+25" M P+ ) P+ (P - P (- )P
(¢—1)

= ((@+"*+ (- " )+ @ -1 —g)f

+ 2P+ )+ (* - )"+ (P - 1)

()

For k odd, we find:
|Hom(T', SLa(Fy))| _ [SL2(Fg)[)
s =2 ()
= (" ="+ 2" P -9t
— 2P+ ) P+ (P - P+ (P - )PP
=@ " P+ (@ - D" =2 NP+ 2 - (P -9

So when k is even, we have:
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. 3 D (g + 0" 2 + (¢ = ) 2) + (2~ 1)(g2 = )2

+2" NP+ )+ (6 - )F 2+ (P - 1)F 2
+q(g+1)F 2+ qlg— 12 —2F¢F2 —2(¢% — ¢)"2

_ (q ; 1) ((q2 + q)k—2 + (q2 . q)k—2> + (2k—1 _ 3)((]2 _ q)lc—2

+ 2" NP+ )+ (@ — )2+ (P - 1)F 2
+q(g+1)"2 +q(g—1)F2 —2kg"2

=@ - P+ (- + (((1—21) + 2’“) (P+)" 2+ (@ —q)F?)

-3 - 9" = 2" g (g + ) TP+ (e - D))
For example, putting k = 2, ¥, is the Klein bottle and we get:

ASLz (Q) =

ASL2(Q) :1+1+(q+3)—3—4+2q
=3q — 2.
When £k is odd, we have
ASL2 (Q) — (qS _ q)k—2 + (q2 _ 1)k—2 _ 2k—1(q2 + q)k—2 + (Qk—l _ 1)((]2 _ q)k—Q
4 q(q + 1)k—2 + q<q _ 1)k—2 _ 2(q2 _ q)k—Q
= (=" H (P -T2 P+ P+ (2 = 3)(° - )
+a((g+ D)2+ (g-1)F?).
For example, when k = 3, so X, is a connected sum of three copies of RP?, we get:
Asry(@) = (@° =) +(¢* = 1) = 4(¢* + @) + (¢ — @) +2¢°
= q3 —6qg — 1.

These are polynomial count. The E-polynomials of the SLy(C)-character varieties of m1(3y) were
computed for k£ = 2,3 in [17]. The above examples show that our general formula agrees with [17]
in these cases.

Setting ¢ = 1, we obtain:

Theorem 6.4. For k > 2, the Euler characteristic of Rep(m1(3k), SL2(C)) is 2283 — 3. 2k=2 jf
k is even, —2%73 + 2k=2 if k is odd.

6.10. Torus knot groups. Let a,b be coprime integers and I' = (z,y | 2% = 3°) be the fundamen-
tal group of the complement in S3 of an (a, b)-torus knot. Throughout we assume ¢ = 1 (mod ab)
and ¢ = 1 (mod 4).

Lemma 6.5. Let A: I' — F. Then there exists a unique w € F)* such that A(z) = w®, A(y) = w®.
In particular mg—1 = q — 1.
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Proof. Recall that F¢ is cyclic of order ¢ — 1. Consider the map f: Z, 1 ® Zq—1 — Zg—1 given
by f(u,v) = au — bv. Since a,b are coprime there exists u,v such that au — bv = 1. Hence f is
surjective and so the kernel of f has ¢—1 elements. Consider the map g: Z;—1 — Zq—1®Zq—1 given
by g(w) = (bw, aw). Clearly g maps to the kernel of f. Moreover g is injective, for if bw = aw = 0,
then w = (au — bv)w = u(aw) — v(bw) = 0. Thus every solution to au = bv is of the form u = bw,
v = aw. O

Lemma 6.6. Let A: T — F;, Then

1 ifA=1,
by =141 if A(x*) = A(y*) =1, A(z) #1, A(y) #1,
0

otherwise.

Proof. Let A be the representation A(z) = w®, A(y) = w®. Consider the cocycles for H(T', A).
Such a cocycle is determined by its values a, 3 on  and y. The equation z® = 3° gives the cocycle
condition

(1+wb+w2b+.”+wab7b)a: (1+wa+w2a+“'+wab7a)6'
A coboundary is a solution to the cocycle condition of the form o = (w® — 1)z, 8 = (w® — 1)z, for
some z € F,. The result now follows easily. (|

6.11. Case of GLy. Assume first that a and b are odd. By Equation (5.3) and the Frobenius-Schur
indicators for GL2(F,), we get:

Hom (T, GLy(F,))|
CLaE, 20

- ;;ﬂ (5aa5ﬁa + (a; Uaaaﬁa) (%565 + (l);l)aabﬁb> +1
+ W + ;w; (—m ;e 5 1)5w(q+1>a> (—5wb + (1);1)%(}%)
:1+(a—1)(b71)(q12)
Hence by Theorem 4.1,
Aonale) = et (g 0= a1 PIRC
—(g-1) (1+(a—1)(b—1)(qj‘:2) +24 qu —(a—l)(b—l))

~ -1 (s +@-vp-nI72).

So in particular, every irreducible components has dimension at most 2 and the number of 2-
dimensional irreducible components is 1+ (a — 1)(b — 1).

Next suppose that a is even and b is odd. Then:
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Hom(D, GL(F)| _
CLaE, 20

X

= % Z (5aa5ﬁa + 5aa/26a/2 + (a ; 2) 6aaﬁa> (50455[317 + (b_l)(sabﬁb)

2
a#B
-1
U
2
1 —2 b—1
+ - (-%a + dtatyase + ((I)5w<q+1>u> (_5wb + ( )6w(<1+1)b)
2 2 2
wHwd
a(b—1)

=14+ —-—"2(qg+1).
1 (g+1)
Hence,

2 2

Ao =ta -1 (1+ 1)+ 1412 -6 )
=(qg—1) (q+(b_1)mq3“+4))_

4
In particular, the number of 2-dimensional irreducible components is 1 + %a(b —1).

6.12. Case of SLy. First, suppose a and b are both odd. By Equation (5.3) and the Frobenius-
Schur indicators for SLy(Fy), we get:

|Hom(T', SLo(Fy))|
o 20

Iy (5aa+(a;”<1+a<1»> <6ab+<b‘”<1+a<1>))

2

a1,a0
+2(a;1> <b;1> +% 21: 2(“;1) (bgl) (1+w(-1))
t14(a—1)(b—-1) T

P %(a Db -1)(g+2).

Thus by Theorem 4.1,

|Hom(T, SLa(F,)| _ a . a—2 1
Asr,(q) = \PGLQ(IFQ)|q tot - Z [b4z]q

{AlA%#1}
1
I+5@-D0-D@+2)+(¢-1) - > [zl
{A]A%1)

=g+ (e =10 1)(g+2) = 2Aa—1)(b-1)

=g+ 5la- 10— 1) -2)
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In particular, this implies that the irreducible components of the character variety have at most
dimension 1 and that the number of 1-dimensional irreducible components is 1+ 3(a — 1)(b— 1).
This agrees with the results of [20].

Now we suppose a is even and b is odd. For this calculation we will also need to assume
g =1 (mod 2a). Then:

|Hom(T', SLo(F))|
|SL2(]Fq2)| = Zya(X)Vb(X)

X

_ % 3 (5aa 1+ g(l +a(—1))) (@ + (b; D +a(—1)))

a#l,a0

+2 (g) (bgl> + % Y (@-1) (1);1> (1+w(—1))

w#1,wo
F14(a—1)(b—1)

= (a—1)(b—1) (q;1> = <b;1)+a(b2_1>

F(a—1)(b-1) <q;1>+1+(a—1)(b—1)
:1+%(a—1)(b—1)(Q+2).

So we again have that Agr,(q) = ¢+ 3(a—1)(b—1)(¢— 2) and that the number of 1-dimensional
irreducible components is 1+ %(a — 1)(b — 1). Again, this is in agreement with [20].

7. SL3, GL3 CHARACTER VARIETIES FOR FUNDAMENTAL GROUPS OF COMPACT ORIENTED
SURFACES

Let I' = m1(3,), where X, is a compact oriented surface of genus g > 1.

7.1. Case of GLj3. We assume that ¢ = 1 (mod 6). By (4.3) and the calculations in Section 4.2,
we have:

= @ _ ima} gg((g;))ﬁ . (1 R 4]q) 280
() e
s (1 - (qgl_l)) (myes =) + 5 (1 s 1)) (qu—f . 1>
" (1 - 61(€/+1)1(q—1)2> (a1 =1+ (1 PP - 11)(613 - 1))
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(mg—1 —1) -~
TR 241, #g—1)
- 2(mtrl - 1)[29 - 2]q[29]qq2g_3 - (mq,1 - 1)[29 - 2]q[2g - 3]qq2g_1
— [29]4[29 — 204¢*97% — [29]4¢* % — (m2_, — 3mg_1 +2)[29 — 2]

—amwynﬂwmm—mfwmﬁJ—mkmw—mw

(mg—1 —1) _ _ _ 2
(q 1) 29 2]11[29 3]11 qg(q T 1)

Collecting some terms and noting that mgs_i/mg—1 = mg24 441 gives:

2g]g — (mZ_y —3mg—1 +2)[2g — 2]2¢%*

-2 [QQ]qu*l]q'

Acrs(q) _ |[Hom(I',GL3(F,))| ( 1 ) (1) 1( 1
= v(1- —— —oug—a, ) 1A+~ (1 —
Mgt Myt PGLy(F,)) P ) A R P e
+1 1,# +1 ]_f;
9 2 —1) Mg2-1 3 (@ +q+1) Mg24q+1
1 Mg—1 (mo_y —3mg—1+2) (mg—1—1)
L L 99— 2], —2WMa1 = Vg, o
¢ qlg—1) (¢—1) 129 = 2la qlq—1) 29 =2,
(mqfl_l)

da—1) [29]4 — mpg]q — (mg_y — 3mg—1 +2)[2 — 2J3¢*7°

—2(mg—1 —1)[2g9 — Q]q[QQ]qQQQig — (mg—1—1)[29 — 2]4[29 — 3]qq2971
— [29]4[29 — 2]40® 7% — [29)4¢* % — (mi_y = 3mq—1 +2)[29 — 2]

- z(mqfl — 1)[29]¢[29 — 2]q — (mg2—1 — mq-1)[29 — 2]

(mq_1 — 1) 2
—2——129g — 2|,129 — 3|, — ———12¢9],|29 — 1],.
E) 29 — 2)4[29 - 3], q2(q+1)[ 9la[29 —1]q
Further simplifying, we get:
Agr,(q) |Hom(T',GL3(F,))| ( 1 ) W, , 1 ( 1 )
= (1 —— —2ug -4, ) |2V + > (1- ———
Mr et | PGLA(E,)) P ) L A G Py
n 1 1 1 n 1 1 1
2\ @-n) " s T (@) e
2
69—6 Mg—1 (mqfl — 3mg-1) Mg—1
— %0 ¢ - 29— 2], — 2 29 — 2
q(g — 1) (¢—1) [ ks Q(qfl)[g h
Mg— _ _
- q(qq_ll) 29]q — (mﬁ_l —3mg-1)[29 — 2]3‘129 2— 2mq-1[29 — 2}11[29](1‘129 3

—mg-1[29 — 2]¢[29 — 3]qq29_1 - (mg—l —3mq-1)[29 — 2]2

2
- 6mq71[29]q[29 —2]q — (mgz—1 —mg-1)[29 — 22

- 2((] 3_711) [29 - 2]4[29 - 3]‘1

37
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Recall that |X2(1)\ is given by:

Hom(T,GL(2,F,)|  m2_, My2_1 _
71 M) = | ) L))l [l _ q —m2 20 -9 —m. 292
TR e E, T a0 agey P e

So we get:

|Hom(T', GL(2,F,))|
L ) Py

Acry(q) _ [Hom(I',GL3(F,))| (
mg—1 mq_1|PGL3(Fy))|

1 1 1 1
Sl (R (1 Ve — 09
+3( (q2+q+1)>m"2+"“+2< (q+1>>m“2 Lo

11 1 1 T W
" (6 2q-1) " 3g-12  (g-1) g = dla 29 2]q> -t

+ (¢%70 = *77 — 9 4 [29 — 2]4[29 — 1] + [29 — 20429 — 4],) mg1.

Substituting (5.5) and (6.1) into the above, we get:
Acrs(@) _ (@P+a) 5 4, m22  (@®—q) 5 3202
D= 3 @) T ()
2g—2
(PP (¢~ — P g
292 29—2
(= =+ )T+ (-2 (- — "+ )
29-2  (9—2)(¢—3)

+(q—-2) (" —¢* — *+ %) +T(q5*2q4+q

+ (g —2¢%7") ((61_22)(612 — ) (g -1 + %(q2 +9)* (¢ - 1)2g_1>
+(¢-2¢""") (@ = 9* 2@ D>+ (@ - 1)¥ (- 1)*)

+%( + )( Ptg+1)% 1+%(q2—Q)(q2—1)29‘1—q6”‘6
( 4)  go9-6 q29—1> (g—1)%

(4"

=) (- D)P (T =D P = 2) (g - )P

2)25]72

3)2g—2

+ o+

6
-6 _
In particular, Agr,(q) is a polynomial, so it gives the E-polynomial of the GL3(C)-character

variety.

7.2. Case of SL;. We continue to assume ¢ = 1 (mod 6). From (4.3) and the results of Section
4.2, we get:
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_ |Hom(T', SL3(FF,))| 4 (1 _

1 (1)
Asny (o) = oS Loy, ) S

1 1
+ 6 <1 — (q—l)z) (mg_l — 3mq_1 + 2m3)

+§<wain)ww1‘m“”+;0‘mué+n>“W““_mﬁ

1 1
- (1 Cqlg+1)(g— 1)2) (Mg = ma) (1 A1) - 1)) "
(mj 1 —3mg—1+2ms) - (mg1—ma),

(mg—1 = m3) m 2 2 2g-2
_ 61@7—1)3[29](1 - Wil)[Zg]q — (mg_q — 3my—1 +2m3)[29 — 2] q
= 2(mg—1 — m3)[29 — 2]4[29]44* % — (mg—1 — m3)[2g — 2]4[29 — 3]4¢*

—m3[2g]q[29 — Q]qq2gi2 —m3 [29}11‘1%73 - (m§_1 — 3mg—1 + 2m3)[2g — 2}5

—gme—mﬂ@mw—mf4mﬂ4—mrmw—mf
oM T ) ool g 8y — 2 mal2g],20 — 1],

(g+1) *(g+1)

Collecting some m3 terms and my_; terms gives:

[Hom(D,SLs(F)) (1 . m 1(, 1 2
Asl )= parye, T\ g IR (U e ) e
+ 1 1 _ # + } 1 _ ;
2\ @) T30 @) e
2
ms Mg—1 (mq—l - qu71 + ng) (mq_l — mg)
_ns _ 2g—2], —2—91  Sog_9
£ T ada-1) @1 29 =2y = 2= oy 29— 2

(mg—1—ms),  __ ms
q(g—1) 26l ¢*(g—1)

—2(mg—1 —mg3)[29 — 2}q[2g]qq2973 — (mg—1—m3)[2g9 — 2]4[29 — 3]qq2g71

—ms([29]q[29 — 2]¢*9 7% — m3[29]4¢°7 " — (mi_) — 3mg_1 + 2ms3)[2g — 2]

~ Z(my-1 = ma)l2gl[29 ~ 2y — (mgry = my-1)[29 2

29]g — (mZ_y — 3mq_1 + 2m3)[29 — 2]2¢*9 >

(mq—l —mg)

(q+ 1) [2.9 - 2]‘1[29 - 3]‘1 -

mmspg]qu - 1]«1-

The m3 terms when collected give —¢%9=6m3, so
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Asz,(q) = o STl (1 - q% —2Mg - 4“) AR <1 B (q—ll)) ™

|PGL3(F,))| -t
n 1 1 1 n 1 1 1

(11— )me_1+=-(1-———=|m

2 (@-1)) 73 (@@ +q+1)) et

2

69—6 Mg_1 (mg_y —3mg—1) Mg—1

—q mg + — 29 —2|,—2 29 — 2
q(q—1) (g—1) [ b qlq — 1)[ ks
Mmg—1

a(q—1) [29]4 — (mg 1= 3mg-1)[29 — 2}2 2972 2mq-1[29 — Q]q[Qg]qug_s

—mg-1[29 — 2]q[29 — 3}qq2971 - (mﬁq —3mq-1)[29 — 2]3

= Zimya[204[29 — 2y — (mppos = ma1)f2g ~ 2
Mg—1
(g+1)
From (7.1), we get:

[2g — Q]q[Qg - 3]!1'

ASLS ((]> -

|Hom(T', SL3(F,))| 1 B |[Hom(T', GL(2,F,))|
PCLy(F,)] (1 [l 4}‘1) [PGL2.Fy)

1 1 1 1 69—6
3T @rgry) e T U ) e T

1 1 1 1

—_ 4g —4],¢%97% — 29 — 2 2
+<6 2(q—1)+3(q—1)2+(q—1)[g loa 2 ]q>mq_1
+ (¢%7° = 77 — 97 4 [29 — 2]4[29 — 1] + [29 — 2]4[29 — 4]4) mg1.

Substituting (5.6) and (6.1) into the above, we get:

Asr,(q) = <2 .32 4 w

29—2
+(q8_q6_q5+q3)9 +(q6_q5_q3+q
29—2 29—2

+ (@ ==+ )T T 0= (- '+ )T
29—2 _ q q—4 29—2
+(q_2)(q5_q4_q3+q2)q +<329 1_|_()6()>(q _2q4+q3)q
q—2 _ _
( q4g 4)(( 5 )(q2_q)2g 2((]—1)29 1_~_

+
+(
_’_7

2
2)2!]72

> (q5—|—q4+q3)2g_2—|— (¢* —q) (q —gq )29 2

2
2q4g—4) ((q3 _ q)2g—2(q _ 1)2g—1 + (q2 _ 1)29—2(q _ 1)29—1)

Q<q2 + q)2g—2<q _ 1>2g—1>

q —

L ) i )

S(@+ )@ +a+ 1P+ S (6" - q)(q® — 1) - %08
@ +q) B B

< G 4 q69 6 q2g 1> (q _ 1)4!] 2

(g6 — N (- D)¥ + (- D)@+ P = 2) (g - 1)

+
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This is a polynomial, so it gives the E-polynomial of the corresponding SLs(F,)-character variety.
Setting ¢ = 1, we obtain:

Theorem 7.1. For g > 1, the Euler characteristic of Rep(m1(2,), SL3(C)) is 2-3%973 —7.32%972,

10.

11.

12.
13.

14.

15.

16.

17.

18.
19.
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21
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