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Abstract

Let G be a compact, connected, simply-connected Lie group. We use the
Fourier-Mukai transform in twisted K-theory to give a new proof of the ring
structure of the K-theory of G.
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1. Introduction

The celebrated Fourier-Mukai transform is a powerful tool employed in
the study of sheaves in algebraic geometry. Moreover it has deep ties to
homological mirror symmetry and the geometric Langlands program. Much
less appreciated is the potential for the Fourier-Mukai transform as a K-
theoretic tool. In this paper we will give an application of the Fourier-Mukai
transform to topological K-theory, namely, we provide a new, conceptually
simple proof of Hodgkin’s theorem:

Theorem 1.1 (Hodgkin [11]). Let G be a compact, connected, simply con-
nected semisimple Lie group of rank n. Then K*(G) is isomorphic to an

exterior algebra over Z on n odd generators py,...,pn:
j - a
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Theorem 1.1 can be divided into two statements. The first is that the
K-theory of G has no torsion and the second being the multiplicative struc-
ture. The proofs of both of these statements in [11] are highly technical,
raising the question of whether there are simpler arguments. A new proof
of torsion-freeness was given in [1] and a simpler proof of the multiplicative
structure, assuming torsion-freeness, in [2|. Theorem 1.1 can alternatively be
deduced through an application of Hodgkin’s equivariant Kiinneth theorem
[12]. In this approach, the hard work in proving Theorem 1.1 is shifted to the
non-trivial task of establishing the equivariant Kiinneth theorem. Our proof
of the theorem is independent of the equivariant Kiinneth theorem, making
it arguably the shortest proof known.

There are three main steps to the proof, carried out in Sections §3-5. In
§3 we use the Fourier-Mukai transform to obtain an isomorphism between
the K-theory of G and the twisted K-theory of G/T X T, where T C G is a
maximal torus and 7' is the dual torus. In 84 we apply the Atiyah-Hirzebruch
spectral sequence in twisted K-theory to the fibration G/T x T — T in order
to compute the twisted K-theory groups. In §5 we introduce a convolution
product in twisted K-theory which allows us to determine the multiplicative
structure of K*(G). The main theoretic tools used in the proof are twisted
K-theory and topological T-duality. We assume familiarity with twisted K-
theory (references [6],[3],[10] provide sufficient background), giving only a
brief review of important details in §2. The relevant aspects of T-duality
and the Fourier-Mukai transform will be reviewed where necessary.

2. Twisted K-theory

There are several models that can be used to describe twists of K-theory.
We will describe twists as bundle gerbes, following [6]. For a topological
space X, a bundle gerbe 7 on X will be called a twisting class, or simply a
twist. We let K*(X,7) denote the twisted K-theory associated to the twist-
ing class 7. We denote the tensor product of 7,7 by 7 ® 75, the dual of 7
by 77! and the trivial twist by 1. The tensor product, dual and trivial twist
define an abelian group structure on the set of isomorphism classes of twists,
which can be naturally identified with H?(X,Z).

Recall that the group of automorphisms 1 — 1 of the trivial gerbe is
naturally identified with H?(X,Z), the group of line bundles on X. More



generally, for an isomorphism ¢: 7 — 7 of twists and a line bundle L on
X, there is a naturally defined tensor product L ®1: 71 — 75. This product
makes the set of isomorphisms 71 — 75 into a torsor for H?(X,Z), whenever
71 and 75 are isomorphic.

A trivialisation of a twist 7 is defined to be an isomorphism \: 7 — 1.
In terms of bundle gerbes, such a trivialisation A is equivalent to a rank 1
bundle gerbe module for 7~ [6]. Thus A defines a class [\] € K°(X,771) in
twisted K-theory. Rank 1 bundle gerbe modules will be referred to as twisted
line bundles. The trivialisation A determines an isomorphism \: K*(X,7) —
K*(X), which coincides with the product ®[\]: K*(X,7) = K*(X). More
generally, an isomorphism t¢: 71 — 75 defines a class [¢)] € K°(X, 7 ® 1;1)
which realises the isomorphism ¢: K*(X, 7)) — K*(X,7y) as the product
with [¢].

To define the Fourier-Mukai transform, we need the existence of push-
forward maps in twisted K-theory [9],[10]. For our purposes the following
special case is sufficient. Let f: X — Y be a rank n principal torus bundle
and let 7 be a twisting class on Y. There is a well-defined push-forward
map f.: K/(X, f*(1)) — K’7"(Y, 7). The two main properties of the push-
forward we need are the projection formula and the base change formula.
The projection formula is the identity f.(z) ® y = fi(z ® f*(y)), where z €
K*(X, f*(n1)),y € K*(Y, 2). For the change of base formula, let g: 7 — Y
be any continuous map, f: f*(X) — Z the pullback bundle and §: f*(X) —
X the naturally defined bundle map, so that fog = go f . The change of
base formula is the identity g*(f.(z)) = f.(§*(x)), for z € K*(X, f*(1)).

3. Twisted Fourier-Mukai duality

Recall that G is a compact, connected, simply connected, semisimple Lie
group of rank n. Let T' C G be a maximal torus in GG. Letting t denote the
Lie algebra of T, we have T' ~ t/A, where A = my(T) ~ Z". Let T be the
dual torus to T, defined as 7' = t*/A*. Let t',... t" be a basis for A and
t1,..., 1, the dual basis. Using H'(T,Z) ~ A, we identify t',... " with a
basis of 1-forms on 7. Similarly tq, ..., t, define a basis of 1-forms for T". The
projection 7: G — G/T is a principal torus bundle of rank n and has a Chern
class ¢ € H*(G/T,\). Using the basis t',...,t", we write ¢ = ¢;t’, where



¢; € HX(G/T,Z). This defines a twisting class k = ¢; « t' € H¥(G/T x T, 7).

Let M = G/T and observe that G and G/T x T are torus bundles over
M. In fact they are T-dual in the sense of [7, 8, 4, 5], the meaning of which
we now explain. Set X = G, X = G/T x T, let q: X xu X = X be the
projection onto the first factor and p: X xy X — X the projection to the
second factor. The first requirement for T-duality is that the twist & is trivial
on the fibres of X , which is clearly the case here. Second, there must exist
a trivialisation P: ¢*(k) — 1 of ¢*(k) on X x,; X. Given a trivialisation
7: k| — 1 of k on the fibres of X = M, we may identify the restriction
of P to the fibres of X x3; X — M with a line bundle P on 7' x T, via
Pl = P @ q*(1). We say that P is a twisted Poincaré line bundle if on
each fibre of X — M there is a trivialisation 7: k|4 — 1 for which P’ is the
Poincaré line bundle on 7" x T. By the Poincaré line bundle, we mean the
complex line bundle on T x T with Chern class ¢; — t'. From the existence
theory for T-duals in [8, 5], we have:

Theorem 3.1. The space X = G/T x T with twisting class r is T-dual to
X = G with trivial twisting class. That is, there exists a twisted Poincaré
line bundle P on X xr X.

Choose a twisted Poincaré line bundle P. Being a twisted line bundle for
¢*(k)~1, P defines a twisted K-theory class P € K*(X x X, ¢*(k)™). We
use this to define the K-theoretic Fourier-Mukai transform 7': K*(G/T x
T, k) — K*(G) by:

T(x) = p«(q*(z) ® P). (1)

The main property of T-duality is that T-dual pairs have isomorphic
twisted K -theories under the Fourier-Mukai transform [8, 5|. Thus:

Theorem 3.2. T: K*(G/T xT, k) — K*(Q) is an isomorphism of abelian
groups.

In the following sections we will determine the additive and multiplicative
structure of K*(G) by studying the twisted K-theory of G/T x T.
4. Additive structure

To compute the additive structure of K*(G/T x T, k), we apply the
Atiyah-Hirzebruch spectral sequence in twisted K-theory to the fibration
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G/T % T — T. This gives a spectral sequence EP? converging to KPT4(G /T x
T, k). Associated to the spectral sequence is a filtration:

{0} = bk C prk C ... C FYRC FOF = KRNGQIT x Tyk)  (2)

such that the associated graded group Gr?(K4(G/TxT, k)) = Freta/Frileta
coincides with EP4. The Es-page is given by:

EY? = H'(T,K(G/T)),

where K9(G/T) is a local system with coefficient group K%(G/T). The
local system K?(G/T) is the sheaf on T associated to the presheaf 7' D
U — KYG/T x U,k|g/rxv). In this spectral sequence, we may consider
p to be integer-valued while ¢ is an integer mod 2 (this applies also to
the filtration F77). Since K'(G/T) = 0, we need only consider the terms
EPY = H(T,K(G/T)), where K(G/T) = K°(G/T).

While the fibre bundle G/T x T is trivial, the local system K(G/T) has
non-trivial monodromy arising from the twist . Observe that m(T") ~ A* is
free abelian with generators ty,...,t,. Let L; be the complex line bundle on
G /T with Chern class ¢;. The monodromy around the loop defined by ¢; is
the action of the tensor product () ® [L;]: K(G/T) — K(G/T) by the line
bundle L;. Let R[T] = Z[A*] = Z[tF, ..., t*] be the group ring of A*, which is
also the representation ring of the torus 7. Let ¢: R[T] — Z be the augmen-
tation defined by €(¢;) = 1. This makes Z an R[T]-module. The monodromy
action makes K(G/T) into an R[T]-module, giving isomorphisms:

H"(T,K(G/T)) ~ H"(A*, K(G/T)) ~ Ext? 1 (Z, K(G/T)).
By Poincaré duality H?(T',K(G/T)) ~ H,_,(T,K(G/T)) and we have:
H,(T,K(G/T)) ~ Hy(A*", K(G/T)) ~ Torf™(Z, K(G/T)).

Let R[G] denote the representation ring of G. Restriction to the max-
imal torus gives an injection ¢: R[G] — R[T] and defines an augmentation
€¢¢ = €0i: R[G] — Z. This makes Z into an R|G]-module. Recall that
there is an isomorphism K (G/T) = R[T] ®gje Z of R[T]-modules [14] (note
that the proof does not require the equivariant Kiinneth theorem). We thus
have Tor,?m (Z,K(G/T)) = Torf[T](Z,R[T] ®p(q) Z). We now recall the
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Pittie-Steinberg theorem [16, 17|, which asserts that R[T] is a free R[G]-
module. Therefore, the change of ring spectral sequence for Tor groups gives
isomorphisms:

Torfm (Z,R[T| ®pjq) Z) ~ Torf[G](Z, 7).

Recall that the representation ring R[G] of G is a polynomial ring R[G] =

Z|oy,...,0,) over the fundamental irreducible representations o7, ..., 0,. If
we set 0; = 0; — €g(0;), then R[G] ~ Z[6y,...,0,] and €z(6;) = 0. Let
Az{p1,- .., pn} be the i-th exterior power over Z on n generators pi, ..., py.

Recall the Koszul resolution for the R[G]-module Z:

1 0 e
= N\ foropd @2 RIG) = A\ {1, o} @2 RIG) -5 2,

where 0(p;) = ; [15]. Using this resolution we see that Tory <l (Z,7) ~
No{p1, ..., pn} is a free Abelian group of rank (Z) Combining this with
K'Y (G/T) = 0, we see that

EP:q ~ /\;{pla v 7pn} q = O (mod 2)
2T 0 ¢ =1 (mod 2).

Thus E;” is torsion-free and has total rank 2”. This is the rank of H*(G),
hence also the rank of K*(G). It follows that there can be no non-trivial
differentials in the spectral sequence beyond this point, so that EY? ~ EP4.
Since there is no torsion there is no obstruction to splitting the filtration
(2). Keeping track of even and odd degrees, we have shown that as abelian
groups:

KGQ)~7*"", KYG)~7*"".

5. Multiplicative structure

The twisted Fourier-Mukai map T: K*(G/T x T, x) — K* (@) is not
a ring isomorphism. In fact, the twisted K-theory groups of a space with
non-trivial twisting class do not naturally carry a product. Instead we will
show how to equip K*(G/T x T', k) with a convolution operation, which cor-
responds to the product on K*(G) under the Fourier-Mukai map.

As X is a trivial T-bundle, the group multiplication fi: TxT—TonT
induces a fibrewise multiplication m: X xy X — X. Since 1-forms on 7' are
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primitive, we see that m* (k) ~ % (k) @3 (k), where my, mo: X x 3y X — X are
the projections to the first and second factors. Let A: 7} (k) @75 (k) — m*(k)
be an isomorphism of twists.

Definition 5.1. Let P be a twisted Poincaré line bundle on X Xy X. View
P as a trivialisation P: ¢*(k) — 1 of ¢*(k). We say that P is multiplicative if
there exists an isomorphism \: 7{(k)®@75 (k) — m* (k) for which the following
diagram commutes:

¥ (N
T (08) © Ti(a7K) — 2 (10 x id)* (¢ k)
iwr;),(m@w;g(m \L(mxid)*(P)
1 ! 1

wh€7”€7T13,7T231 XXMXXMX —)XXMX and7r12: XXMXXMX — XXMX
are the projections onto the factors indicated.

Remark 5.2. One may view P as an element P € KX xu X, (¢"k)™Y)
and X as an element A € K%(X xp X, m*k @ (71r) ™t @ (75k)71). Thus, we
obtain an element:

0 = (1l x id)"(P) @ mj5(P) " @ m33(P) " @ miy(A) (3)

in KOX %y X xar X). In fact § is naturally a line bundle, since it is an
automorphism of the trivial twist. The twisted Poincaré line bundle P 1is
multiplicative if and only if there is a A such that 0 is the trivial line bundle.

Proposition 5.3. There exists a multiplicative twisted Poincaré line bundle
on X Xy X.

Proof. First note that m*(k) ~ 7mj5(k) ® m53(k), so certainly an isomorphism
A:m*(k) = 71 (k) @75 (k) exists. Choose such an isomorphism. We obtain a
line bundle § on X x5, X x,; X given by Equation (3). From the definition
of T-duality, there exists a trivialisation 7: k| — 1 of x along the fibres
of X such that on the fibres 7' x T of X xj; X, the trivialisations P and
¢*(7) differ by the Poincaré line bundle P’ — T x T. Since X is a trivial
torus bundle over M, any line bundle on the fibre T x T extends to a line
bundle on X x 3; X. Therefore we may assume that A restricted to the fibres
T x T is the isomorphism induced by 7, namely (7%(7) @ m3(7)) " o 7n*(7).
Then since the Poincaré line bundle is a multiplicative line bundle, it follows
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that 0 is trivial on the fibres T x T x T. Now since H'(M,Z) = 0, we have
that ¢ is the pullback of a line bundle on M. Tensoring P by d, we obtain a
multiplicative twisted Poincaré line bundle. O

Given a multiplicative twisted Poincaré line bundle P and corresponding
isomorphism A: 77 (k) ® m3(k) — Mm*(x), we define a convolution product

~

% Kf(f(,f—i) ® K¥(X, k) — K"™™(X, k) as follows. Let x € Ki(X,H),y €
KJ(X, k). Take the external product z Xy = 7}(z) @ m5(y) € K(X Xy
X,7(k) @ m5(k)) and set:
rxy=m((zXy) @ N).
Recall the Fourier-Mukai transform T: K*(G/T x T, k) — K*"(Q),
which we have defined by Equation (1).
Proposition 5.4. We have T(x xy) = T(x) ® T(y).

Proof. The proof is a direct calculation which closely parallels the corre-
sponding result in algebraic geometry [13]:

T(xxy) =p.(q"(z*y) @P)

(

(13 q

(¢"(2) ® P) ® (m13)(733(¢" (v) @ P)))
(q"( ) @ ppu(q"(y) @ P)

= p.(¢"(2) @ P) @ p..(q*(

O

Since the Fourier-Mukai transform is an isomorphism, this shows that
K*(G/T x T, k) equipped with the convolution product is a ring isomor-
phic to K*(G).



It can be shown that the convolution * induces a multiplicative structure
on the Atiyah-Hirzebruch spectral sequence for the fibration G /T x T T
(for instance, one can use the Chern character in twisted K-theory to pass to
twisted cohomology, where it is easier to describe convolution). This means
that * is compatible with the filtration on K*(G/T x T, ) in the sense that
Frk y prlk' C prtp'=nk+k Tt follows that there is an induced product on
the associated graded group Gr?(K9(G/T x T, k)) ~ EP4 ~ EP9. This is a
map of the form EP? @ EP? — EPYP =97 Gince EPY = 0 for odd g, we
are only concerned with the products E2° @ EL0 — gL' =m0,

Let p: my(T) — Aut(K*(G/T)) denote the monodromy representation of
the local system IC(G/T). For a space Z and a representation ¢: m(Z) —
Aut(K(G/T)), we write K(G/T), for the corresponding local system on
Z. Thus K(G/T) = K(G/T),. Recall that EY° = H?(T, K(G/T),). The

product EP° @ EY — BP0 i then given by the following composition:
H*(T,K(G/T),) ® HY (T, K(G/T),)

pi(-)~p5(+)

HP (T x T, K(G/T)pi(0) ® K(G/T)ps ()

X

HP (T % T, K(G/T)pio4030))

HP (T % T, K (G/T) ()

fn

HP T, K (G/T),),

where p1,ps: T x T — T are the projections to the first and second factors
and x: K(G/T)prp) @ K(G/T)ps(py — K(G/T)ps(p)4p5(0) 15 the homomor-
phism of local systems given by the product on K(G/T).

The convolution is easier to express by switching to Tor groups. Under
Poincaré duality Exty,(Z, K(G/T)) ~ Torfg,] (Z,K(G/T)), so the product

has the form Tory " (Z, K(G/T))@Torl " (Z, K(G/T)) = Tor (2, K (G/T)).

p+p’
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To simplify the notation we let R = R[G], S = R[T] and K = K(G/T),
viewed as an S-module. We let w1, m5: S ®z S — S be given by m; = id ® €,
Ty = € ® id respectively. We also use m: S ®z S — S to denote the ring
multiplication in S. The ring structure on K(G/T') defines a module ho-
momorphism x: 7} (K) @z m5(K) — m*(K). In terms of Tor groups the
convolution product is given by the following composition:

Tor3(Z, K) @z Tory(Z, K)
®

Tory 5 (Z,mi (K) @ m3(K))

p+p

X

Torgfpzs(Z m*(K))

Mk

T orp o

(Z,K).
This is exactly the internal product of Tor groups [15].

Let m,m,m: R ®z R — R be defined as for S. Consider the following
diagram:

Tor[(Z,7) @z Tor}(Z,7) —Tory (Z, K) @z Tory (Z, K) (4)

Tor®=%(7,7) To S®ZS(Z i (K) @z m5(K))

p+p

X

™ Torff’pzs(z m*(K))
Torl, ,(Z,7) Tor$, ,(Z, K)

where the horizontal arrows are the natural maps induced by the change of
ring spectral sequence for Tor groups.

Proposition 5.5. The diagram (4) is commutative.
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Proof. 1t is clear that the upper square in (4) commutes. What needs to
be shown is that the lower square also commutes. For this we consider the
commutative diagram of rings:

R@ZR&S®ZS
R——"—=5

where i: R — S is the natural inclusion. This commutative diagram in-
duces a map between the change of ring spectral sequences associated to
(i®i): R®z R — S®zS and i: R — S. Thus we get a commutative square:

Torf@z,R(Z, Z)—— Toriflf,s(Z, (S®z S) ®reyr L)

Tor® (Z,7) Tor, (Z,S ®@r7Z)

p+p’ p+p’

We claim that this square coincides with the lower square of (4). To see this,
write 7 (K) ®z m5(K) as (S ®z S) ®pe,r Z. Then the map x: 7 (K) ®z
75 (K) — m*(K) is given by:

m® id: (S®Z S) ®R®ZRZ—> S®RZ

Making these identifications, it follows that the two squares coincide as
claimed. ]

We have established that the convolution product on K*(G/T x T, K)
coincides with the product on Torf{(Z,Z) given by the left column of (4).

This is the internal product of Tor groups. Next, we determine the ring
structure of Tor’(Z, 7).

Proposition 5.6. As a graded ring Tor(Z,7) is isomorphic to an exterior
algebra N\,{p1, ..., pn} over Z on n generators, where the p; have degree 1.

Proof. This follows easily by taking the tensor product of two Koszul reso-
lutions for Z over R [15]. O

Corollary 5.7. The twisted K-theory K* (G /T x T, ) with convolution
product is isomorphic to the exterior algebra Ny{p1,...,pn}-
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Proof. We have that K*~"(G/T x T, ) admits a filtration for which the asso-
ciated graded ring, by Proposition 5.6, is an exterior algebra A,{p1,...,pn}.
Since Ap{p1,---,pn} =~ FP 171 C K" G/T x T, r), there are canonical
lifts p1, ..., pn € K" HG/TXT, k) of p1,..., pn. Notethat K*"(G/TxT,r)
is a ring with identity as it is isomorphic to K*(G). For reasons of degree,
the identity must correspond to a generator of Z ~ F™" C K™(G/T x T, K).
Comparing with the associated graded ring, it is clear that pq, ..., p, together
with the identity generate the whole of K* (G /T x T,x). The elements
p; anti-commute, since they map to elements of K'(G) under the Fourier-
Mukai transform. Thus K*"(G/T x T, k) is isomorphic to a quotient of
A {p1,- .-, Pn}. Any non-trivial quotient will have rank less than 2", hence
we must have K**(G/T x T, r) ~ Ny{p1, .-, pn} O

This concludes our proof of Theorem 1.1.

References

[1] S. Araki, Hopf structures attached to K-theory; Hodgkin’s theorem.
Ann. of Math. (2) 85 (1967) 508-525.

[2] M. F. Atiyah, On the K-theory of compact Lie groups. Topology 4 (1965)
95-99.

[3] M. Atiyah, G. Segal, Twisted K-theory. Ukr. Math. Bull. 1 (2004), no.
3, 291-334.

[4] D. Baraglia, Topological T-duality for general circle bundles, Pure Appl.
Math. (). to appear.

[5] D. Baraglia, Topological T-duality for torus bundles with monodromy,
arXiv:1201.1731, (2012).

[6] P. Bouwknegt, A. Carey, V. Mathai, M. Murray, D. Stevenson, Twisted
K-theory and K-theory of bundle gerbes. Comm. Math. Phys. 228
(2002), no. 1, 17-45.

[7] P. Bouwknegt, J. Evslin, V. Mathai, T-duality: topology change from
H-flux. Comm. Math. Phys. 249 (2004), no. 2, 383-415.

[8] U. Bunke, P. Rumpf, T. Schick, The topology of T-duality for 7"-
bundles. Rev. Math. Phys. 18 (2006), no. 10, 1103-1154.

12



[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

A. L. Carey, B.-L. Wang, Thom isomorphism and push-forward map in
twisted K-theory. J. K-Theory 1 (2008), no. 2, 357-393.

D. S. Freed, M. J. Hopkins, C. Teleman, Loop groups and twisted K-
theory I, J. Topol. 4 (2011), no. 4, 737-798.

L. Hodgkin, On the K-theory of Lie groups. Topology 6 (1967) 1-36.

L. Hodgkin, The equivariant Kiinneth theorem in K-theory. Topics in
K-theory, pp. 1-101. Lecture Notes in Math., Vol. 496, Springer, Berlin,
1975.

D. Huybrechts, Fourier-Mukai transforms in algebraic geometry. Ox-
ford Mathematical Monographs. The Clarendon Press, Oxford Univer-
sity Press, Oxford, 2006.

B. Kostant, S. Kumar, T-equivariant K-theory of generalized flag vari-
eties. J. Differential Geom. 32 (1990), no. 2, 549-603.

S. Mac Lane, Homology. Springer-Verlag, Berlin-Géttingen-Heidelberg,
1963.

H. V. Pittie, Homogeneous vector bundles on homogeneous spaces.
Topology 11 (1972) 199-203.

R. Steinberg, On a theorem of Pittie. Topology 14 (1975), 173-177.

13



