T-duality of current algebras and their quantization

Pedram Hekmati and Varghese Mathai

ABSTRACT. In this paper we show that the T-duality transform of Bouwknegt,
Evslin and Mathai applies to determine isomorphisms of certain current al-
gebras and their associated vertex algebras on topologically distinct T-dual
spacetimes compactified to circle bundles with H-flux.

Dedicated to Steven Rosenberg on the occasion of his 60" birthday

1. Introduction

T-duality is a fundamental symmetry in string theory, which in particular gives
an equivalence between type ITA and IIB string theories on spacetimes that are com-
pactified in one spatial direction. The duality in this case is simply an interchange of
the radius R +» 1/R, or more precisely the Fourier transform in the circle direction.
The relationship between T-dual manifolds in a topologically trivial H-flux was
first worked out using non-linear sigma models by Buscher in [11] and was further
elaborated upon by Rocek and Verlinde in [29]. In the presence of a topologically
non-trivial integral 3-form flux on spacetimes that are compactified as circle bun-
dles, the topology and background flux of the T-dual spaces were determined for
the first time by Bouwknegt, Evslin and Mathai in [7}, [§]. There the authors also
established an isomorphism between the charges of the Ramond-Ramond fields on
spacetime and its T-dual partner in twisted K-theory and twisted cohomology.

In [12], Cavalcanti and Gualtieri showed that the T-duality transformations
in [7, [8] can be understood in the framework of generalized geometry introduced
by Hitchin [18] and developed by Gualtieri [17]. The title role in this geometry is
played by the generalized tangent bundle. This is the direct sum of the tangent and
cotangent bundles of a manifold and comes equipped with a canonical orthogonal
structure and a Courant bracket. The latter depends, up to isomorphism, on the
choice of a real degree three cohomology class of the manifold. The analogy with
the ordinary Lie bracket also holds up to skew-symmetry only, since the Courant
bracket violates the Jacobi identity. Generalized geometry has the very nice feature
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that it subsumes complex and symplectic geometry as particular extremal limits.
In [12] it was shown that T-duality can be viewed as an isomorphism between
the underlying orthogonal and Courant algebroid structures of the T-dual circle
bundles, where the H-flux now plays the role of twisting the Courant brackets.

In the present paper we use this perspective on T-duality, as well as the obser-
vation of Alekseev and Strobl [2], which maps a particular current algebra to the
Courant algebroid. These current algebras appear as Noether symmetries of certain
sigma models that are of fundamental importance in string theory. We show that
T-duality gives an isomorphism of an invariant version of the Alekseev-Strobl cur-
rent algebras on T-dual spacetimes that are circle bundles with H-flux. We enhance
this further to an isomorphism of the associated universal vertex algebras [22] on
the T-dual pair. A key observation here is the two ways in which the H-flux can
be transported to the loop space. This is achieved either by transgression, which
determines a twisted symplectic 2-form on the cotangent bundle of the loop space,
or by looping the flux to an integral 3-form on the loop space. The relationship
between the algebraic structures associated to these forms was discovered in [2] and
is clearly stated and derived in Proposition Similar kinds of T-duality isomor-
phism of vertex algebras and generalizations thereof have recently been established
in some special backgrounds, see for instance [1l, [21].

For higher rank torus bundles, an analogous T-duality procedure works pro-
vided that the integral 3-form satisfies iy iy H = 0, where V., W are vector fields
tangent to the fibres, as was shown in [6], 26], 25, [24]. That is, one can consis-
tently iterate the T-duality procedure in this case one circle at a time. The higher
rank case was also carried out in the context of generalized geometry and (twisted)
Courant algebroids in this context in [12]. Relaxing the restriction above on the
H-flux, it was shown by Mathai and Rosenberg [26], 25] that the T-dual manifold
may be viewed as a noncommutative space, which is a C*-bundle with fibres that
are (stabilized) noncommutative tori. It is an open problem to explore the analogue
of this in terms of generalizations of current algebras and their quantizations.

The first six sections of the paper reviews the literature in a form that is
suitable for our context. Our first main result is Proposition which is the
bottom horizontal arrow in the diagram below,

Poisson Algebra Lie Algebra of Local Distributions

Inclusion

Fourier Transforml \LTaylor Expansion

Poisson Vertex Algebra Weak Courant Dorfman Algebra

Proposition 7.1

It says that any Poisson vertex algebra gives rise to a weak Courant-Dorfman al-
gebra. The latter was introduced by Ekstrand and Zabzine [15), 16] by relaxing
certain axioms of a Courant-Dorfman algebra [30]. It was further shown in [16]
that such a structure is naturally induced on the space of local functions by the Lie
bracket on currents (or local distributions). Proposition asserts that the two
different ways of constructing a weak Courant-Dorfman algebra from a Poisson al-
gebra are equivalent, or in other words, the diagram above commutes. The last two
sections contain our other main results, which detail the T-duality isomorphisms of
Alekseev-Strobl current algebras and of their associated universal vertex algebras.
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This paper is an initial step in our program towards establishing a T-duality
isomorphism for more general current algebras and their quantizations on toroidally
compactified spacetimes with H-flux.

2. Cotangent bundle of the loop space

Let E be a smooth manifold and denote by LE = C*(S!, E) the space of
smooth parametrized loops endowed with the standard structure of a Fréchet man-
ifold. Recall that a tangent vector to a loop « € LE is a vector field along the map
z(t), namely T,LE = T'(S',2*TE) is the space of smooth sections of the pullback
bundle z*TE. In fact, there is a natural diffeomorphism of the manifolds TLE and
LTE which covers the identity on LE [31]. The following map

d
(2.1) LE - TLE, z(t) — 0x(t) = (z4) (dt> (t)
defines an inclusion of the loop space into its tangent bundle, where ¢ — (t, %) is the
natural section of T'S* — S!. The group of orientation preserving diffeomorphisms
of the circle Diff, (S!) acts smoothly on the loop space by precomposition,

Diff, (S*) x LE — LE, (¢,2)+> x0¢

and its fixed point set is the space E of constant loops.

The cotangent bundle of the loop space T*LFE is the phase space of non-linear
sigma models on the cylinder ¥ = S x R with target space E. However, unlike
TLE, the definition of the cotangent bundle is more subtle. While LT*E is mod-
elled on the vector space LR"™, the process of dualizing means that the model space
for T*LE is the dual space (LR™)* consisting of R™-valued distributions on the
circle. However, the inclusion

LT*E = Homg(LTE, LR) C Homg(LTE, LR) £ Homg(LTE,R) = T*LE

induced by the S'-equivariant functional £: LR — R, f — E(f) = [4 fdt is
injective. There is further a natural pairing

T,LE x L,T*E — C®(E), (£,a) — | (£(t),a(t))dt
Sl

induced by the pairing (-,-): TEXT*E — C*(FE). We shall therefore adopt LT*E
as our definition of the cotangent bundle T*LE, rather than (T'LE)*.

Let ¢ : T*LE — LE denote the projection map. The cotangent bundle carries
a canonical 1-form n € QY (T*LE) defined by

100 = [ (@)a (00, ale)r

where o € T;LE and x € To(T*LE). Its differential determines the canonical
symplectic form w = dn € Q%(T*LE), which in local Darboux coordinates (%, p;)
on T*E takes the familiar form

N
w= Z . dp;(t) A dx' (t)dt |

where N = dim E. Here d : Q*(T*LE) — Q*"1(T*LE) denotes the usual de Rham
differential. Since w is exact, the associated line bundle £, over T*LE is a trivial
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bundle with connection
V=d+n.
We conclude with some remarks on the topology of the loop space. Namely, if
F is an H-space, then LE ~ QF x E where QQF denotes the space of loops based
at the identity element in F, and it follows that

T (LE) = meq1(E) X me(E) .

More generally, when E is a smooth connected manifold with base point zg, the
fibration sequence

OF - LE 2% F

is locally trivial and it splits by the embedding of F into LE as the subspace of
constant loops. Here evy denotes the evaluation of loops at ¢ = 0.

3. Transgression

Transgression determines a homomorphism in integral cohomology
. H"(E,Z) — H" ' (LE,Z) ,

which on the level of differential forms is given by pullback along the evaluation
map,
ev: S' X LE = E, (t,x) — x(t) ,

followed by fibre integration over the circle,

7:Q%E) - Q" YLE), aw— 1(a)= / ev'(a) .
Sl
This map is invariant under the action of Diff | (S1) x Diff,(E), where Diff,(E)
denotes the a-preserving diffeomorphisms of F, and it commutes with exterior
differentiation,
dLE OT =TO dE

Let H € Q3(F) denote a closed differential 3-form on E with integral periods
and let Gy be an associated bundle gerbe with H as its Dixmier-Douady invariant
[28]. A geometric realisation of the cohomological transgression homomorphism

7. H3(E,Z) — H*(LE,Z)

has been described by Brylinski and McLaughlin in the language of sheaves of
groupoids [9), [10], and more recently by Waldorf in the framework of bundle gerbes
[32]. In fact, the transgression can be refined to a homomorphism in Deligne coho-
mology, sending a bundle gerbe Gy with connective structure on F to a principal
C*-bundle Lz with connection on LF.

Following the description in [32], the fibre of L over a loop x € LE consists
of the set of isomorphism classes of flat trivialisations of the pullback bundle gerbe
z*Gy on S'. Identifying the elements of C* with principal C*-bundles with flat
connection over S, via z — P, such that Holp_(S') = z, the right C*-action on
the fibres is given by

LaxC =Ly, ([T],2)=[TeFP].

The transgressed connection # on L can be characterised by its parallel transport.
Namely, consider a path p : [0,1] — LE and denote by Ty € L 5, and T1 € Lu 4,



T-DUALITY OF CURRENT ALGEBRAS AND THEIR QUANTIZATION 5

the trivialisations of G at the end-loops of the path. The parallel transport P, :
Lz, = LHz, is determined by the bundle gerbe holonomy

Holg,, (p, To, T1)

over the associated cylinder p : S' x R — E, where the fibre elements 7p,7; at
the endpoints determine the boundary conditions. Locally on a coordinate chart
U; C E, the pullback of the connection 1-form 6; to LU; is given by the transgressed

curving B; € Q2(U;) on Gy,
91 :/ eV*Bi 5
Sl

where dB; = H|y,. The curvature of Ly on the other hand is described globally
by the transgressed flux,

T(H)z(&,x) = /51 Low(t)y Ha (§(1), x(t))dt

where &, x € T, LE. Moreover, if £, denotes the line bundle associated to the
canonical symplectic structure on T*LE, then the product bundle

EWH = Ew ® q*ﬂH 1)
has as its curvature the twisted symplectic form wy € Q% (T*LE) given by
(3.1) wp =w+¢'7(H) ,

where as earlier ¢ : T*LE — LE denotes the projection map. The L?-sections of
this pre-quantum line bundle correspond to the wave functions of the quantised
sigma model.

4. Space of local functionals

Let us regard the cotangent bundle T*LE as sitting inside the space of smooth
global sections of the trivial bundle X := T*E x S — S! and denote by J*°(X) —
S1 the associated infinite jet bundle. Recall that points on J°°(X) are equivalence
classes of smooth sections of X whose Taylor coefficients coincide to all orders.
Since the fibered manifold X is a product, it follows that the infinite jet bundle is
also trivializable,

Jo(X) =S xH
where the fibre H is an infinite dimensional vector space. In local canonical coordi-
nates (2%, p;) on T*E, the induced coordinates on the infinite jet bundle are given
by (t,2%, p;, 02%,0p;, . .. ).

Since J>°(X) is obtained as an inverse limit of topological spaces {J*(X)},
where J¥(X) is the fibre bundle of k-jets of smooth sections of X, there exist
natural projections 7¥: J®(X) — J*(X) for all k € Z.

DEFINITION 4.1. A smooth function f € C°°(J*°(X)) is called local if it fac-
torizes as f = f o «* for some f € C°°(J*(X)) and some non-negative integer k.
Let Vo denote the subspace of local functions on the infinite jet bundle.

In other words, local functions on J°°(X) are pullbacks of smooth functions on
a finite jet bundle. On open charts, the local functions thus only depend on finitely
many loop derivatives of the coordinate functions. We note that Vj,. is a unital,
commutative, associative algebra under pointwise multiplication.
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In order to define local functionals, let us introduce a differential on the space
of local functions,
dn: Viee =+ Vioe ® Ql(Sl), f — 8fdt ,

where Jf is the total derivative in the loop direction. In any system of local
coordinates {u;};cz on T*FE where T = {1,2,...,2N}, it takes the familiar form

m 0
dnf=of+ > u™Y L
_ ul™
i€L,meZy 7
with ugm) = 0}"u;. The meaning of this differential will be discussed further in the
next section.

DEFINITION 4.2. The space of local functionals is defined as the quotient
FO = Vioe ® Q1(SY)) /dpVioe -

Elements [f] € F° can be written unambiguously as an integral [f] = [q. fdt,
since we are not dealing with boundary conditions. For later purposes, we also
introduce a notion of distributions.

DEFINITION 4.3. The space of local distributions D is defined as the space of
bilinear maps,

T Vige x LR = F°, (£,6) = Ju(f) = [f4]
where ¢ € LR = C*°(S,R) denotes a test function.

Notice that there is a natural inclusion F° C D by restricting to the constant
test function ¢ = 1. We remark further that unlike the space of local functions, F°
and D are not associative algebras.

5. Variational bicomplex

The differential dj, introduced in the previous section occupies a natural place
in the variational bicomplex which we now briefly review. The space of differential
forms Q°(J*¥(X)) on the k-jet bundle is defined as sections of the exterior algebra
bundle A*(J*(X)). These form a direct limit system whose direct limit defines the
vector space 2°*(J*°(X)). Here and henceforth we shall implicitly restrict to smooth
local functions, so that Q°(J°°(X)) = Viye. The de Rham complex (Q°(J*(X)), d)
on the infinite jet bundle contains a differential contact ideal C(J°° (X)) generated
by 1-forms 6 which satisfy j*°(0)*¢ = 0, where j°°(o) is the point on J*®(X)
associated to the smooth section o € I'(X). Locally these contact 1-forms can be
written

o = dul™ — ul™adt
and they give a meaning to vertical differential forms on J°°(X). Likewise there
is a notion of horizontal differential forms with components only along the base

manifold, consult [3] for a precise definition. Together they induce a splitting of
the de Rham complex into a bicomplex

PI=(X) = P (I (X))

q+r=p
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with the differential d = dj, + d,.

corresponds to

The differential in the previous section thus

dp: QU0 (J®(X)) — QYO (J®(X)), f+ Ofdt .

More generally, we have the augmented variational bicomplex

@]

dn

@]

ol

0 Q02 QL2 F? 0
@] @] s
0 Qo2 I, L2 F? 0
@] @] s
0 e F! 0
@] @] s
0 R 000 9 1,0 S FO 0

where the surjections I are the so called interior Euler operators [3] and f Viee ®
Q(SY) — FU is the canonical projection map. In other words, the space of local
functionals can be identified with the cohomology group

FO= gl Q™9 dp) .
In fact here all the rows are exact, so the space of local functional forms F* is given
by

Fo(J®(X)) = QM (J=(X) /dn(Q7°(J*(X))) ,

for all s € Z;. The vertical edge complex

FOLFLS 20
is called the variational complex and it can be realised algebraically as the complex

of an abelian Lie conformal algebra with coefficients in the non-trivial module V.,
[13]. Furthermore, the first differential

4]
§:F = FL 1= | fund, o ulP)dt - 6f] = —
51 ou
is given by the familiar Euler-Lagrange derivative in variational calculus,

§ . ~~0f, . o OF
@f—;memdt_ > (( 9) au(m)>9mdt.

i€L i
meEZ4

This expression is well-defined on local functionals due to % 09 = 0. Also notice
that it is somewhat misleading to call % a derivative as it violates the Leibniz rule.
Applying the functor Hom(e x LR, F°) to the bottom horizontal complex, one has

Hom(F° x LR, F°) % Hom(Q° x LR, F%) % D 4 Hom(R x LR, F°)

where D = Hom(Q%° x LR, F°). This is to be interpreted as a topological Hom-
functor, but we omit the details since it will not be used in the sequal.
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6. Poisson algebra of local functions

In the remainder of the paper, we shall restrict our attention to local functions
that do not explicitly depend on the loop coordinate. These correspond to local
functions on the infinite jet space J>°(LT*E) C J*°(X), consisting of jets of smooth
maps from the circle into T* E rather than sections of X. By abuse of notation, we
shall still denote this subspace by V.. and the associated spaces of local functionals
and local distributions by F° and D respectively.

The twisted symplectic structure on the phase space wy € Q2(T*LE) deter-
mines in the usual way a Poisson bracket on smooth functions f,g € C*(T*LE) =
C>(JY(LT*E)) by

{fag} = wH(Xf?Xg)
where the Hamiltonian vector field X is defined by tx,wy = df. Next one would
like to extend this bracket to the space of local functions inside C*°(J*°(LT*E))
and subsequently to all local functionals F° and local distributions D.

For an invariant description of the Poisson bracket on local functionals see for
instance [5]. Here we simply note that any skew-symmetric bilinear map B: F! x
Ft — Q10 determines a bracket between local functionals [f], [g] € F° by

{[71,lg]} = [B(8[f], 6[gD)] -

For a Lie bracket, the Jacobi identity imposes the additional condition
[B(6[B(a,b)],c)] + [B(6[B(b, c)],a)] + [B(3[B(c,a)],b)] = 0
for all a,b,c € F'. Similarly, one obtains a Lie bracket on the space of local

distributions D by setting
{Js(f), Ju(9)} = [B(S[f¢l, 6lgy])] -

In a system of local coordinates {u;};jez on T*E, the Poisson bracket on the
coordinate functions can be extended to all real analytic local functions f, g € Ve
by repeatedly applying the Leibniz rule and bilinearity,

0 0
(6.) GO0} = Y S 2oz ult) w9}
g o

In order to extend the bracket to the space of local functionals 79, we shall consider
Poisson brackets that are ‘local” in the loop direction,

{ui(t),uj(s)} = wir (Xu,;, Xu,)o(t = 5)

where the coordinate functions are naturally identified with distributions. This
gives rise to the following Lie bracket on FY,

0 )
W) = | Y (X ) L
ijer " d !

after performing integration by parts and eliminating the §-function. This means
that locally the associated map B: F! x F! — QM is given by

B = Z wH(Xuq,Xuj)éz A Oy N Z széz A Oy A 67
i,jJ€L i,j€L
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where 07(0;) = 6%. Moreover, the Lie bracket on the space of local distributions D
takes the form

oD deta) = | Y 0 g, )

ijeT

In Darboux coordinates (z%,p;) on T*E, a straightforward calculation shows that
the local Poisson bracket induced by the twisted symplectic structure (3.1)) is given
by

{«'(t),27(s)} = 0,

(6.2) {2'(t),ps(s)} = 86(t—s),
N
{pi(0).pi(s)} = =D Hiju()dz"(1)d(t — ).
k=1

7. Algebraic structures on the space of local functions

In this section we explain how the Poisson bracket on V. determines the
structure of a Poisson vertex algebra and a weak Courant-Dorfman algebra on the
space of local functions.

7.1. Poisson vertex algebra. Following [4], we note that the Fourier trans-
form of the Poisson bracket of local functions

a (bt} = [ s g0)ar

can locally be written in the form

12 U= 5 O+ o) (-0- L
iz Uy U
m,nely

where {u;94 ,\uj}H means that the powers of @ + A are moved to the right when
the bracket is expanded in the Fourier parameter. The bracket determines a
Poisson vertex algebra structure on the space of local function&ﬂ Namely, V. is an
associative, commutative, unital algebra endowed with a derivation 0 : Vioe = Vioe
and an R-linear A-bracket {-x-}: Vioe X Vioe = Vioe @ R[A] satisfying the following
axioms:

(Sesquilinearity) — {0fag} = =M fagl, {fa0g} = (0 + M{/frg}
(Skew-symmetry) {frg} = —{g9-—o-rf}

(Jacobi identity)  {fx{guh}} = {ox{fuh} +{rg}rsph}
(Leibniz identity) {fagh} = {frg}h + g{frh}

By combining skew-symmetry and the Leibniz rule, one obtains the right Leibniz
identity
{forh} = {fosrh}og +{go4ah}- f .

Here we have identified Q%9 ~ Q1% under the natural map

Vioe =+ Vioe @ 91(51)7 f — fdt .

More precisely, it determines a sheaf of Poisson vertex algebras on T*E.
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The differential dj, corresponds to a derivation d on V.. under this identification.
In terms of the A-bracket, the Lie brackets on the space of local functionals and
local distributions take a particularly nice form,

{119} = Uigdlr=o s {Js(f), Ju(9)} = {fdrg¥}lr=o -
We also remark that any Poisson vertex algebra has an underlying Lie conformal
algebra structure obtained by suppressing the multiplicative structure on V. and
thus relaxing the Leibniz identity.

7.2. Weak Courant-Dorfman algebra. Let us recall the axioms of a weak
Courant-Dorfman algebra as introduced in the appendix of [16]. Namely it is de-
fined by a quintuple (V, R, (-,-), [, ], 9), where V and R are vector spaces, (-,-): V®
V — R is a symmetric bilinear form, [-,-]: V®V — V is the Dorfman bracket and
0: R — V is map, subject to relations
(1) [f,Ig, h1] = [1f, 91, A1 + [g. [f, 1]

2) [f 9l + g, 1 = 0(f,9)

(3) [0a,f]=0
for all f,g,h € V and a € R. By promoting R to a commutative algebra, V' to a
left R-module, 0 to a derivation and imposing the following additional axioms,

(4) [f,ag] = alf.g] + (f,0a)g

(5) (f,0{g,h)) = ([f: 9], h) + (g, [f. hl)

(6) (Qa,db) =0
one recovers the original definition of a Courant-Dorfman algebra by Roytenberg
[30]. Actually, a weaker version of the latter two axioms already follows from
(1) = 3),

(7) O((f.0(g. 1)) — ([f. 9], h) = (g.[f. R])) =0

(8) 8((8&, 8b>) =0

The Courant bracket is defined as the skew-symmetrized Dorfman bracket,

1f.gle = 5 (If. 61 - [9. /1) = [f. 9] ~ 50(7.9)

and satisfies

[[fv [[gv h]]C]]C + [[ga [[ha f]]C]]C + [[ha [[fvg]]C]]C =d Nl.](fag7 h)
where the Nijenhuis operator on the right hand side is given by

.. 1
Nij(f,9,h) = 3 ({Ifs gles k) + (lg: Ao, 1) + ([hs fles ) -
The Courant-Dorfman algebra is called non-degenerate if the map
V.= Homp(V,R), fw(f)

is an isomorphism. For such non-degenerate pairings, one can show that axioms
(3),(4) and (6) are in fact redundant [30]. Our first result is to elucidate the
relationship to Poisson vertex algebras.

PROPOSITION 7.1. A Poisson vertex algebra (V,{-x-},0) determines a weak
Courant-Dorfman algebra (V, (-,),[-,-],0) by the following assignment,

[f:9] = {fg}hr=o

(f.e) = > (_(?),J_j): ({fxg} + {gAf}> ’)\_0
j=1 ) -



T-DUALITY OF CURRENT ALGEBRAS AND THEIR QUANTIZATION 11

PROOF. We need to check that axioms (1), (2) and (3) are satisfied, where in
this case the vector spaces V' and R are both equal to V. First it is convenient to
expand the A\-bracket in so-called j-th products [22],

{hat=> (f(j)g))\]

i
JELy J

where f(;)g 1= %{hg}hzo for j € Z,. In other words the A-bracket is a generat-
ing function for the non-negative j-th products. For negative values these products
are extended by using the derivation 0,

fej—ng = (fg, jeZy,
so in particular f(_1)g = fg is the associative commutative product on V. The
properties of the A-bracket are then nicely encoded in the Borcherds identity

@3 S () (o @) = 1ty o)) =

JELy

m

> < j> (f (n+9)9) (mtp—i) 1)
JELy

for all m,n,p € Z. It should be emphasised that the locality condition on the

functions ensures that all the sums are finite. Furthermore, we note that

[f:9] = foyg
while Y
lg. f1 = —{f-x-09}|r=0 = — Z (j!)(f(j)g) .
JELy
Together these imply axiom (2),
= g
Lf. 9]+ [9. f1 = > 45— (fi;y9) = 9{f.g) -

1l
=
The Jacobi identity (1) for the Dorfman bracket follows immediately from the
Borcherds identity for the values m = n = p = 0. In particular, the 0-th product is
a derivation of all j-th products and hence of the bilinear form. Finally, the third
axiom

[0f, 9] =0

follows by the translation covariance of Poisson vertex algebras,

0f) 9= —ifi-n9
for j = 0, which in turn can be derived from the Borcherds identity, or equivalently
by the sesquilinearity of the A-bracket. (I

REMARK 7.1. The Proposition actually holds for any Lie conformal algebra,
since the multiplicative structure on V is not being used, and consequently for any
vertex algebra. We shall return to the definition of vertex algebras in Section [0}

It has been brought to our attention that a similar result has been obtained
independently by J. Ekstrand in his PhD thesis [15], which includes a further
refinement. Namely, since V is a commutative differential algebra and carries a
natural left V-module structure, it would become a Courant-Dorfman algebra if the
remaining axioms (4), (5) and (6) were satisfied. In [I5] Theorem 4.1, a one-to-one
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correspondence is established between Courant-Dorfman algebras and Zs-graded
Poisson vertex algebras, V = Vy @ V;, where the grading encodes the conformal
weight of the elements. Under the identification Vy = R and V; = V, axioms (4)
and (5) follow from the Leibniz identity and the Jacobi identity respectively, and
(6) always holds by the sesquilinearity of the A-bracket.

We conclude that the A-bracket determines a weak Courant-Dorfman
algebra structure on the space of local functions Vj,.. On the other hand it was
noted in [16] that by rewriting the Lie bracket between local distributions in the
following form,

(7.4) {Js(f), Jy(9)} = Jou([fs 9]) + c(f. 9:0,9) ,

this also induces a weak Courant-Dorfman algebra structure on Vj,.. The anoma-
lous Schwinger term is given by

(7.5 Af.gs0) = 3 [ 00051 (1. 9)ds

for some functions Cj: Vioe X Vioe — Vioe and is subject to the normalization
c(f,g;1,¢) = 0. Below we show that these are in fact the same structures and we
obtain thereby an explicit expression for the Dorfman bracket and the functions C}
in [16] in the language of Poisson vertex algebras.

PROPOSITION 7.2. The Dorfman bracket on V. defined by (7.4) coincides with
the A-bracket (7.2) evaluated at A =0,

) 1)
[f.0l ={fhgt = Y. — 3”{“2‘8%}*7@

(n)
i,jET,NELy auj

and the functions C; in (7.5) correspond to the higher derivatives of the A-bracket,

1 &’ T .
Cj(f,g):ﬁw{fxg}h:o: o j=1.

PROOF. The assertion follows by a simple Taylor expansion argument. First
let us write out the left hand side of (7.4)),

ol Toa)h = [ o) (0.0 s
X
Inserting into this the Taylor expansion of the test function,

o) = 3 @10)(s) L=

|
JELy J

we read off the following expression for the Dorfman bracket

[7.90(s) = [ {f).a(s))a

and for the functions
(t—s)

Ci(f.9)(s) = / E= 9 vy, g5Vt

st J!
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On the other hand, by expanding the exponential in the Fourier transform (7.1]),

bt} = [ @ = 3 5 [ =0, g0)b

st JELy
the result follows by a simple comparison. (I

REMARK 7.2. Notice that since the anomaly terms C; are determined by the
j-th products, they are all intertwined with each other and with the Dorfman
bracket via relations dictated by the Borcherds identity (7.3]).

8. T-duality of Alekseev-Strobl current algebras

8.1. Alekseev-Strobl currents. In [2] the authors introduced a special class
of local distributions which are parametrised by smooth sections of the generalised
tangent bundle TE & T*E. Recall that the generalised tangent bundle is equipped
with a natural Courant-Dorfman algebra structure (V, R, (-,-), [, ], 9), where V =
N(TE®T*E), R=C>(FE), 0 = d is the usual de Rham differential, (-, -) is defined
by the canonical non-degenerate pairing of TE and T*FE,

(€ @), (6. B) = 5 (1xr + 165)

and the Dorfman bracket is given by

[[(67 a)v (Xvﬂ)ﬂH = ([5, X]a [’fﬂ - Lxdo‘ + L5LXH)

where [-,-] is the Lie bracket on vector fields and H € Q3(E). In other words
this is an ezact Courant algebroid with the anchor map TE @ T*E — TFE given
by the natural projection [23]. More importantly, this Courant-Dorfman algebra
structure carries over pointwise to sections of the looped generalized tangent bundle
L(TE ® T*E) — LE. Using the natural inclusion we have, for every p €
TyLE =T(S',2*T*E) in the fibre over z € LE, a map

LE — LTE & LT*E, x — (dz,p) .

DEFINITION 8.1. An Alekseev-Strobl function is a smooth local function in
C>(JY(LT*E)) of the form

(8.1) f({,a) (ax,p) = <(£a O‘)v (ax,p» = Loz + LgD

where (§,a) € T(TE @ T*E) is extended pointwise to a section of LTE @& LT*E.
Let Vag C Vipe denote the Poisson subalgebra generated by the Alekseev-Strobl
functions.

The associated Lie subalgebra of local distributions will be denoted by Dag C D
and its elements referred to as Alekseev-Strobl currents, since special cases include
the current algebras of the Wess-Zumino-Witten model and the Poisson o-model.
Similarly we write F4g C F° for the Lie subalgebra of Alekseev-Strobl functionals.

An interesting observation made in [2] is that there is a natural correspondence
between the Courant-Dorfman algebra structure on Vags determined by the twisted
symplectic form wy € QZ(T*LE) and the above-described H-twisted Courant al-
gebroid I'(TE & T*E). Below we rederive this result in the language of Poisson
vertex algebras.
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PROPOSITION 8.1. ([2]) The Courant-Dorfman algebra structure on Vag, in-
duced by the Poisson bracket associated to the twisted symplectic form (3.1)), satisfies

[fea)s Foer)] = —fic.o)ut)ln
(fe.ar foom) 2((¢,a), (x, 8))

PROOF. Choosing local Darboux coordinates u; = (z¢,p;) on T*E, we use
formula (6.1)) to compute the j-th products between the Alekseev-Strobl functions.
First, we have

feamofos(s) = / {fie.r®), Fixp) () }dt
9 d 8 X5 m an
> /S Jealt) O ﬁ()a 0" {ua(t), uj(s) }dt .

ijel (‘3u(m) 8u§
m,n€ly

By (8.1) it follows that the only non-vanishing derivatives are
f(ea) _ N~ Oo() b OGk(@) 9f (. 9.

= = —0 - =¢ —= = i )

Dz gur 0T o P T S W@ g = @)

k=1

and similarly for f(, g) € Vas. Inserting these into the right hand side above and
using the brackets (6.2)), a tedious but straightforward calculation yields

N
;068 0
feawofoos = Z( 9 ¢ W—)Pk

i,k=1

N
8ak Zaﬁk (90[ i
2 X e axk Zf X Higi | 92"
i,k=1
= —fl€a),08)lu

Next we have
fe.ay) oo (s) = /Sl(t* S fee.a) (), fixp) (8)}dt

Repeating the same procedure, this time only a few terms survive due to the pres-
ence of (t — s)0(t — s) in the integrand and we are left with

N
Femwfons = D arx® + Bre" = 2((€, @), (x, B))
k=1

It follows that the first product is actually symmetric in this case. Similarly it is
not hard to see that the term (¢ — s)76(t — s) for j > 2 leads to the vanishing of all
higher j-th products.

Now the knowledge of all non-negative j-th products on Vg amounts to know-
ing the A-bracket and the result follows by applying Proposition O

REMARK 8.1. Notice that we have omitted the prefix ‘weak’. This is because
the axioms of the Courant algebroid I'(LTE @& LT*FE) translate into those of a
Courant-Dorfman algebra on V4g under the above correspondence.
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8.2. T-duality transform. In this section we show that the T-duality rela-
tions introduced in [7, [8] and [12] establish an isomorphism of the Alekseev-Strobl
algebras.

Let E 5 M be a principal circle bundle equipped with a connection 1-form
A € QY(E,R) and background flux H € Q3 (F), which we can assume without loss
of generality is T-invariant. The curvature F' = dA provides a real representative of
the first Chern class ¢ (F) in the de Rham cohomology of M. Define E L M tobe
the principal circle bundle with ¢; (E) represented by the 2-form fT H and choose a

connection A such that the curvature F' = dA has the property that F= fT H. This
is always possible by geometric prequantization [22]. Consider the correspondence
space commutative diagram,

EXME

P2
N

H=ANF-7°Q,
for some Q € Q3(M), while the T-dual H is the T-invariant integral 3-form given
by

Then

H=FANA-7*Q.
Disregarding torsion, the T-dual flux is uniquely determined by the relation
(8.2) p*H—p*H =dF,

where F = p*A A p*A € O%(E x E) The following transform establishes an
isomorphism of twisted de Rham complexes

T2 (Q(B)", di) = (B dg)
a—T(a)= /eFAp*a
T
where dg = d — HA is the twisted differential, and in particular one has

The map T is the smooth analogue of the Fourier-Mukai transform [27] in the case
when the flux H = 0. It was generalized by Hori [19] to the case when the flux is
exact, H = dB, and defined in general in [7), [8].

The connection A on the circle bundle E determines a looped connection on
LE which we shall also denote by A. This furnishes us with a splitting

ITEQLT*E=LTM & Lt® LT*M & Lt*

and similarly on the T-dual manifold. Any element of I'(LTE ® LT*FE) is thus of
the form (&, ., o, o), where € is horizontal, « is basic and (&, ap) € Lt@ Lt*. Here
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we have identified LTT = Lt and LT*T = Lt*, corresponding to the ‘winding’ and
‘momentum’ components respectively. T-duality is an exchange of these quantities,
so we define a map

U:T(LTE & LT*E) — T(LTE & LT*E)
to be the interchange of these entries,
(&5 Gwsr oy ) = (& apy @, &) -
The induced map on the space of Alekseev-Strobl functions ¥ : Vg — i}AS is thus

f(§7§q;;,0£70¢p) = f(f,ap,a,f»w) :

Let Vig C Vas denote the subalgebra of Alekseev-Strobl functions parametrized
by the T-invariant sections of TE®T*E. We write F 34 and DY ¢ for the associated
Lie subalgebras of invariant Alekseev-Strobl functionals and currents respectively.

THEOREM 8.1. The map ¥ determines an isomorphism of the Courant-Dorfman
algebras of invariant Alekseev-Strobl functions,

(VESv <'a '>a [['7 Hva) = (]7;11;5’ <'7 '>7 [[', ']]a a)

PRrROOF. The idea is to adapt the isomorphism between Courant algebroids [12]
to the looped generalized tangent bundles. Firstly, there is a natural action

I'(LTE ® LT*E) x Q*(LE) — Q*(LE)
given by the parity reversing map
& o) w=tw+ahw.
This further extends to an action by the Clifford bundle CI(LTE & LT*E) due to
(8.4) (& a)- (6 0)-w) = ((§a), (§a)w,

so the space of differential forms on LE becomes an irreducible spin module.
Secondly, any T-invariant form on LE obtained by looping an invariant form
in Q*(E)T can be written as

w=7"(a)+ AAT*(B)

where 7: LE — LM, «, 8 € Q*(LM) and A is the looped connection on LE. We
note that this is not true for any invariant form in Q®(LE)T. The map T: Q*(E)T —

Q'H(Eﬁ extends pointwise to the looped bundles and sends w to
T(w) = #(8) - AA7*(0)

where #: LE — LM. If (¢, ) and w are invariant, a straightforward calculation
shows that

(8.5) T((§a) w)=¥((¢ a)) T(w) .

Thirdly, the Dorfman bracket on I'(TE* @ TFE) is a derived bracket in the sense
that

[[(f,a), (X,ﬁ)ﬂH W= Hde (5’05)]’ (Xvﬂ)} Tw
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and again this extends pointwise to I'(LTE* @& LTE), as does the intertwining
relation (8.3]). It is now an easy task to show that the T-duality map ¥ preserves
the Dorfman bracket on I'(LTE* @ LTFE). Namely,

([ ), (x; B)m) - T(w) = T([
= T(
[

I
o

which implies

(€, @), (x: B)]m) = [((& ), U ((x, A g -

Similarly, the exchange of the bilinear forms

(€, 0), (6 B)) = (¥((& ), ¥((x; 8)))

is a simple consequence of the Clifford action (8.4) and (8.5). The assertion finally
follows by applying Proposition [3.1 O

We have immediately the following result.

THEOREM 8.2. The map ¥ extends to an isomorphism of Poisson algebras of
inwvariant Alekseev-Strobl functions,

(VESW K {'v }) = (9ES7 ) {'a })

and consequently to an isomorphism of the associated Poisson vertex algebras and
of the Lie algebras of invariant Alekseev-Strobl functionals and currents.

PROOF. Recall that the Poisson bracket between Alekseev-Strobl functions is
given by

{fle.y®)s Foep) ()} = = f1ie.0). 0081 ()0 (E = 8) + 2((&; ), (X, B))(5)0ed(t — 5)

when viewed as distributions. Since the map W preserves the pointwise multipli-
cation of functions, it clearly extends to an isomorphism of Poisson algebras. It is
also clear that the A-bracket, which is the Fourier transform of the Poisson bracket,
is preserved under the T-duality map. Finally, the isomorphism of the invariant
Alekseev-Strobl current algebras follows by Proposition and Flig & .7??15 is a
consequence of the inclusion ]-'}E s C DE g- O

REMARK 8.2. An interesting consequence of T-duality is that it induces an iso-
morphism of the Lie algebra cohomologies of the invariant Alekseev-Strobl current
algebras,

H.<D£S7R> = H.<ﬁ£S7R>
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Furthermore, we have the following correspondence diagram for the phase
spaces of the T-dual manifolds,

T*LE xppy T*LE

By (8.2) it follows that the twisted symplectic structures are related by
v —'og =d [ e ((gop)An(aon)A)
Sl

where ¢ and ¢ are the projection maps of the cotangent bundles to the loop spaces.
In fact, in [6] it was observed that wy and wy are both obtained by symplectic
reduction of a T x T—invariant symplectic form on the correspondence space.
Lastly, recall that a Dirac structure is a subbundle L C TE & T*FE that is
Lagrangian and its space of sections I'(L) is closed under the Courant bracket. As
noted in [2], Dirac structures correspond to anomaly-free current algebras (i.e. the
vanishing of the Schwinger term in ) Since Dirac structures are interchanged
by the map ¥, we conclude that anomaly cancellation is preserved under T-duality.

9. Quantization of Alekseev-Strobl current algebras

In this section we make some remarks on the quantization of Alekseev-Strobl
current algebras and its behaviour under T-duality. To set the stage let us recall
the definition of vertex algebras [14].

DEFINITION 9.1. A wertex algebra is a quintuple (V;]0), 0, [-»-],: :) such that

(7) (V,0,]-a7]) is a Lie conformal algebra,
(#4) (V,]0),0,: :) is a unital differential algebra satisfying the strong quasi-
commutativity relation

(9.1) caibes—:b:aci—: (/_(;[aAb]d)\) .

(#9t) The A-bracket [-5-] and the ‘normally ordered product’ : : are related by
the non-commutative Wick formula

A
(9.2) [ax : be ] =: [arb]c : + : blaxc] : +/0 [[axb]cldp .

Next let us consider a family of vertex algebras (Vi, |0)s, On, ['x*]#, : :r) depend-
ing on a formal parameter h. In other words, V3 is a free module over R[[A]] such
that [Vza\Vi] C hVy. The quasiclassical limit of this family is defined by

V=1mV;:= Vh/th ,
h—0
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where we denote by 1,0, and - the images of |0), 0y, and : :; respectively in this
quotient. Similarly we write {a)b} for the image of %, where a,b € V; are
pre-images of a,b € V. These are defined up to a multiple of & which disappears
when we pass to the quotient, so {a b} is independent of the choice of pre-images.

It is not hard to check that since the integral terms (or ‘quantum corrections’)

in (9.1) and (9.2)) are of non-zero order in the parameter A,

0 A
/ [axb]d\ € RV, / [[axbl.cldp € B*Vy |
;) 0

they vanish as ‘h tends to zero’ and the quasiclassical limit (V,1,-,9, {-x-}) becomes
a Poisson vertex algebra. Indeed, the commutativity of the product - follows from

(9.1) by setting ¢ = |0). Similarly by rewriting (9.1)) as
o o
mabic:—:a:be = / afbycldX : +: / blaxc]dA :
0 0

we conclude that the product becomes associative in the limit 2~ — 0. In other
words, a Poisson vertex algebra is a vertex algebra without ‘quantum corrections’.

Quantization is the inverse operation to the quasiclassical limit. Below we
explain a general procedure for quantizing a Lie conformal algebra [22]. There is
a Lie algebra Ry ;. associated to any Lie conformal algebra R defined by the same
underlying vector space and with the Lie bracket

9.3) la,b] = / laxbldA

)
for all a,b € R. We construct a family of Lie conformal algebras by setting
(94) Rﬁ = R, [a)\b]h = h[a)\b] .
Now the associated universal enveloping algebra

(9.5) U(RaLic) = T(R)/ (a@ b—b®a— /

0

[a)\b]hCD\>

-8

determines a family of vertex algebras Vi = U(RpLie). This follows by the fact that
Rprie is canonically isomorphic to the creation Lie algebra (Lie Rp)y associated
to Rp, so the vector space (9.5) inherits the natural universal enveloping vertex

algebra structure on
U(Lie Ry)/U(Lie Ry)(Lie Ry)— = U((Lie Rp)4) .

Here Lie Ry = (Lie Ry)_ @ (Lie Rp)4 is the unique d-invariant splitting of the Lie
algebra Lie Ry = Ru[t,t=1]/(0 + 0;)Rp[t,t~!] with the bracket

m m )
at™, bt"] = N (an bt
fat™ bi"] Z(J( oY)

The vacuum vector |0) € Vj corresponds to the image of 1 € U(Lie R;) and
0 extends to Vj by derivations. The quasiclassical limit of V; is the symmetric
algebra

V:%EI})VHZT(R)/(a(@b—b@a) =S(R)

with its associative commutative product and with the Ad-bracket {a b} = [ab] for
a,b € R, extended to S(R) by the left and right Leibniz rules.
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Returning to the invariant Alekseev-Strobl Poisson vertex algebra V4, we can
apply the above described quantization to the underlying Lie conformal algebra.
Let Vg 4 denote the associated family of vertex algebras. By combining ,
and Theorem [8:2] it is clear that the map U constructed in the previous section
induces an isomorphism of these families of vertex algebras.

THEOREM 9.2. T-duality determines an isomorphism of the families of invari-
ant Alekseev-Strobl vertex algebras,

(VI;H:ASv |O>’ 9, ['A']h’: :ﬁ) = (‘7I;H:AS, |0>a 0, ['A']h’ : :ﬁ) :

REMARK 9.1. Since the Alekseev-Strobl current algebra DY ¢ is fully deter-
mined by the Lie conformal algebra structure on VES, the Theorem implies that
the quantized current algebras are isomorphic under T-duality. Notice that by the
argument above we have the following commutative diagram,

(Voodad) —=— V.. {a})

Quantizationl llnclusion

h—0

(Vi ths {oabn) —— (S(V), 0, {:x-}) -

The horizontal maps can be viewed as an analogue of the symbol maps (of differ-
ential operators) and the Poincaré-Birkhoff-Witt Theorem in this context.
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