MODULI SPACES OF CONTACT INSTANTONS
DAVID BARAGLIA AND PEDRAM HEKMATI

ABSTRACT. We construct the moduli space of contact instantons, an analogue
of Yang-Mills instantons defined for contact metric 5-manifolds and initiate the
study of their structure. In the K-contact case we give sufficient conditions for
smoothness of the moduli space away from reducible connections and show the
dimension is given by the index of an operator elliptic transverse to the Reeb
foliation. The moduli spaces are shown to be Kahler when the 5-manifold M is
Sasakian and hyperKéhler when M is transverse Calabi-Yau. We show how the
transverse index can be computed in various cases, in particular we compute the
index for the toric Sasaki-Einstein spaces YP9.

1. INTRODUCTION

The study of moduli spaces of the anti-self-dual instanton equation xF4 = —F)y
has generated stunning advances in our understanding of smooth 4-manifolds. While
in dimensions greater than 4 the classification of smooth structures is far better
understood, it is expected that higher dimensional instantons will prove a useful tool
in the study of certain geometric structures on these manifolds. Higher dimensional
instantons may be defined in d > 4 dimensions by choosing a (d — 4)-form Q2. We
say that a connection A is an anti-self-dual Q-instanton if the curvature 2-form Fy
satisfies

(1.1) * Fy=—QAF,.

Such equations were considered by physicists in [6] and further popularised by Don-
aldson and Thomas [§] and Tian [24]. Particular cases of include Hermitian-
Einstein connections on Kéhler manifolds, Go- and Spin(7)-instantons [§]. In the
special case where € is a closed form, as considered in [24], we find on differentiating
and using the Bianchi identity that a solution to is automatically a solution
of the Yang-Mills equation d4(xF4) = 0. In general A is only a solution to the
Yang-Mills equation with torsion [11]

da(xF4) +dQ N Fy = 0.

Somewhat surprisingly, there are special cases of the 2-instanton equation in which
Q) is not closed, but for which every solution of is nevertheless a Yang-Mills
connection because the term d2 A F4 automatically vanishes. This was observed
for nearly Kéhler manifolds in [27] and for geometries related to Killing spinors in
[12]. A third such instance, the subject of this paper, is that of contact instantons,
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introduced by Kéllén and Zabzine in [15] arising from the study of a 5-dimensional
super Yang-Mills theory. For this let M be a contact metric 5-manifold with contact
form n. An anti-self-dual contact instanton is a solution to (|1.1)) with = 7, that is

*Fg = —n N\ Fy,
while a self-dual contact instanton is a solution with 2 = —n,
*FA =" A FA.

Then even though dn # 0, the anti-self-dual contact instantons are Yang-Mills con-
nections as one can show that dn A Fy = 0.

In this paper we construct the moduli spaces of self-dual and anti-self-dual con-
tact instantons on compact K-contact manifolds. Note that in order to construct
a reasonable moduli space we find it necessary to assume the K-contact condition,
that is, the Reeb vector field ¢ is a Killing vector for the metric on M. The Reeb
vector field defines a 1-dimensional foliation F; on M and we find that the trans-
verse geometry of this foliation plays a significant role in understanding the contact
instanton moduli spaces. For instance, we find that the dimension of the moduli
space is given by the index of a complex which is transverse elliptic to the Reeb
foliation.

The flow along & defines a 1-parameter group of isometries on M. As we recall in
Section [2], the closure of this 1-parameter group in the isometry group of M defines
a torus 1" of rank r > 1 acting on M by isometries. When r = 1, M is quasi-reqular
and is a Seifert fibration over a symplectic 4-orbifold X. In this case we prove (up
to some minor details) that contact instantons on M correspond to ordinary instan-
tons on the orbifold X. On the other hand when r > 1, M is irregular and the
contact instanton equation can not be reduced to lower dimensions. We show that
even when M is irregular, it is possible to get a smooth moduli space of irreducible
contact instantons under reasonable assumptions. We also prove that these moduli
spaces are generally non-empty by looking at the case of the irregular Y79 spaces,
in Section

Given a contact instanton A on a principal G-bundle P we prove in the irreducible
case that the action of the torus 7" lifts to the principal bundle and preserves A.
From this we are able to re-express the dimension of the moduli space of contact
instantons as the index of a complex transverse to a group action, as defined by
Atiyah in [2]. In general, computing the index of a complex elliptic transverse to a
foliation is extremely difficult. That we are able to convert the index to one trans-
verse to a group action is a notable simplification. While it is still a very difficult
problem to obtain such an index, we isolate some cases in which it becomes possible
to carry out the index computation to the end and determine the dimension of these
moduli spaces.

When the contact manifold M is Sasakian we can say more about the moduli
spaces. The anti-self-duality equation can be interpreted as the Hermitian-Einstein
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equation for bundles with transverse holomorphic structure. We show in Section
that the moduli space of irreducible anti-self-dual contact instantons on M carries
a natural Kahler structure. This extends a theorem of Biswas and Schumacher in
which the moduli space was constructed in the quasi-regular case and shown to be
Kahler [4]. Furthermore, if M has a transverse Calabi-Yau structure we prove that
the moduli space in fact has a natural hyperKéahler structure.

The Reeb foliation F¢ on M has codimension 4, so it is possible to speak of
self-duality /anti-self-duality in the transverse directions. As explained in the paper,
the contact instanton equation can be thought of as a transverse connection with
self-dual /anti-self-dual curvature. One may generalise this to higher dimensional
manifolds equipped with a codimension 4 foliation and consider transverse anti-self-
dual connections. Such instantons have recently been considered by Wang in [26].
It is therefore worth pointing out how our work differs from [26] and the features
that are unique to the contact case. An important difference is that we consider
moduli spaces of arbitrary solutions of and all possible deformations within
the space of connections, while in [26] one fixes a transverse structure and considers
only basic connections and basic deformations. It is a non-trivial result of our paper
that under certain circumstances all sufficiently small deformations of the contact
instanton equation are basic. Furthermore we prove a number of results specific to
the contact case, such as the Gysin sequence of Proposition [3.3] the Kahler structure
in the Sasaki case and the lifting of the torus action 7" in Proposition [2.8

We briefly outline the contents of the paper. In Section 2| we introduce the contact
instanton equation along with a review of K-contact manifolds and transverse ge-
ometry. Section |3]is concerned with the construction of the moduli space of contact
instantons starting with the infinitesimal theory in and the full deformation the-
ory in §3.2] In we give conditions under which the moduli space of irreducible
contact instantons is smooth. Section [l deals with the case where the contact man-
ifold is Sasakian. In we give geometric conditions for smoothness of the moduli
space in the Sasaki case and in we prove that the smooth points of the moduli
space have a Kahler structure. We finish with Section [5| in which we address the
problem of calculating the transverse index and carry out the computation in special
cases. In §5.1) we deal with the quasi-regular case and gives the computation
for a family of irregular Sasaki-Einstein manifolds, the Y79 spaces.

2. CONTACT INSTANTONS

Let M be a manifold of dimension 2n + 1. Recall that an almost contact met-
ric structure (§,m, P, g) on M consists of a vector field &, 1-form 7, endomorphism
®: TM — TM and a Riemannian metric g such that n(¢) =1, ®* = - I +n® ¢
and g(®X,PY) = g(X,Y) — n(X)n(Y) for all vector fields X, Y. Alternatively this
is a reduction of structure of the tangent bundle to U(n) C GL(2n + 1,R). We
let V' be the rank 1 subbundle spanned by & and H = Ker(n) the annihilator of 7.
Then we have an orthogonal decomposition TM =V & H together with a unitary
structure on H. The restriction J = ®|y of ® to H defines the complex structure
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on H and letting w(X,Y) = g(X, ®Y), we find that w is a 2-form which restricted
to H is the Hermitian 2-form associated to J. We say that (£, n, P, g) is a contact
metric structure if in addition dn = w. This implies that 7 is a contact form and &
the associated Reeb vector field. In this case we will also say that M is a contact
metric manifold.

In this paper we take M to be a compact, connected 5-manifold with contact
metric structure (&,7, ®, g). A differential form o € QF(M) will be called transverse
if ica = 0. We let QF (M) = I'(M,\*H*) denote the space of transverse k-forms.
A transverse form a € QF (M) is further said to be basic if igdo = 0. If this is the
case then da is also basic. We let Q% (M) denote the space of basic k-forms and
dg: Q% (M) — QEFL(M) the restriction of d to basic forms. The cohomology of the
complex (5 (M), dp) will be called the basic cohomology of M and denoted Hp(M).
Since H is 4-dimensional we have a decomposition Q% (M) = QL (M) & Q, (M)
into self-dual and anti-self-dual transverse 2-forms. A 2-form « € Q%(M) is self-
dual/anti-self-dual if and only if it satisfies xa = £nAq, or equivalently o = i (*a).
Following [I5] we may introduce the notion of self-dual/anti-self-dual connections
on M.

Let G be a compact Lie group with Lie algebra g and let P — M be a principal
G-bundle with connection V. We say that V is a self-dual contact instanton (or SD
contact instanton) if the curvature F' of V is self-dual

xF'=nNAF.

Similarly we say that V is an anti-self-dual contact instanton (or ASD contact
instanton) if F' is anti-self-dual

xF'=—nAF.

Remark 2.1. In the case of instantons in 4 dimensions there is no essential differ-
ence between the self-dual and anti-self-dual cases, since these are interchanged by
reversing the orientation of the 4-manifold. In the case of contact instantons, a
choice of orientation is distinguished by the contact structure. This leads to some
important distinctions between the self-dual and anti-self-dual cases. As discussed
in the introduction, we see that any ASD contact instanton satisfies the Yang-Mills
equations dy (*F") = 0, while this is generally not the case for SD contact instantons.

Recall that a contact metric structure (§,n, ®, g) is said to be K-contact if £ is a
Killing vector of g. In this case we will also say that M is a K-contact manifold. If
M is K-contact, the Killing vector £ generates a 1-parameter subgroup {exp(t§)}
of Isom(M,g), the isometry group of (M,g). By the Myers-Steenrod theorem
Isom(M,g) is a compact Lie group acting smoothly on M. Let T' C Isom(M, g)
be the closure of {exp(t§)}. Since T is a closed, connected, abelian subgroup of
Isom(M,g), it must be a torus of rank » > 1. That M is a K-contact manifold
imposes non-trivial restrictions on the rank of 7". In fact, one can show that we
have 1 <r < 3 [23]. We say that M is quasi-reqular when r = 1 and irregular when
r> 1.
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Example 2.2. Let (X,w) be a symplectic 4-manifold such that the cohomology
class of w is integral and choose a lift of [w] € H?*(X,R) to ¢ € H*(X,Z). Let
m: M — X be the principal circle bundle over X with Chern class ¢. Then M
admits a K-contact structure (£,7n,®, g) such that £ is the generator of the circle
action and 7 is a connection for the circle bundle M — X. Such contact manifolds
are called regular and the projection m: M — X is known as the Boothby-Wang
fibration. If V is an instanton on X then the pullback 7*V is a contact instanton on
M. Not every contact instanton on X arises in this manner. For instance V = d+in
on the trivial circle bundle over X is a self-dual contact instanton which is not a
pullback. Moreover d + in is not a Yang-Mills connection. For another example, let
X = CP? and for an integer k > 1 take as a symplectic form k times the standard
Kihler form on CP?. Then M is the lens space S°/Z; and any non-trivial flat
connection on M is a contact instanton which is not a pullback from X.

Example 2.3. We can extend the construction of the previous example as fol-
lows. Suppose that (X, w) is a symplectic 4-orbifold such that the local uniformizing
groups I, are cyclic for all x € X and suppose that [w] € H*(X,R) admits a lift
to a class ¢ € H2, (X,Z), the degree 2 orbifold cohomology of X. Then ¢ defines
an orbifold principal circle bundle 7: M — X. Recall that the structure of such
a bundle involves homomorphisms ¢, : I', — U(1) of the local uniformizing groups
and that M is a manifold if and only if ¢, is injective for each x € X. In this
case M — X is a Seifert fibration and M admits the structure of a quasi-regular
K-contact manifold. Now suppose that P — X is an orbifold principal G-bundle
and that V is a connection on P with self-dual/anti-self-dual curvature. Clearly

(P, V) can be pulled back to define a contact instanton on M.

Example 2.4. The previous examples are effectively 4-dimensional objects. In
this example we show that there are contact instantons which can not be reduced
to 4 dimensions. For this take M to be a Sasaki-Finstein 5-manifold. In Section
2.1l we will introduce the transverse Levi-Civita connection V on H and show in
Proposition that the induced connection on A*H* is self-dual/anti-self-dual.
If M is irregular this gives non-trivial examples of contact instantons on irregular
contact manifolds. Note that compact irregular Sasaki-Einstein 5-manifolds exist,
for example we consider the Y7 spaces of [10] in Section [5.2]

2.1. Transverse bundles and connections. Let F be a foliation on a smooth
manifold M with tangent distribution T/ C T'M and let 7: P — M be a princi-
pal G-bundle. We say that P is a transverse (or foliated) principal bundle [20] if

there exists a foliation F on P with tangent distribution 7° F C TP such that F is
G-invariant, dim(F) = dim(F) and x,(TF) = TF. An isomorphism of transverse
principal G-bundles (P, F ), (P ,]T"’ ) is a principal bundle isomorphism ¢: P — P’
such that ¢(F) = F'. A connection A € Q(P, g) on P is called transverse (or basic)
[20] if A is basic with respect to the foliation F, that is icA = L¢(A) = 0 for every

vector field £ tangent to F. Not every transverse structure on P admits a transverse
connection.
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Let m: P — M be a principal G-bundle on M and A a connection on P with
curvature Fy. If Falrz = 0 then the horizontal lift of T'F with respect to A
is integrable and gives P a transverse structure. With respect to this transverse
structure we see that A is transverse if and only if ¢cF4 = 0 for all vector fields &
tangent to JF. Suppose this is the case. The space of transverse connections on P
with respect to this transverse structure is an affine space modelled on

Qb(M, gp) = {0 € Q' (M, gp) | igt) = 0, igdath = 0 for allé € D(M, TF)).

Given a transverse structure JF on a principal G-bundle P we may define basic
characteristic classes as follows. Let V be a transverse connection on P with cur-
vature F' € Q% (M, gp) and let ¢ € S*(g*) be an invariant polynomial on g*. It is
clear that ¢(F) is a closed basic 2k-form on M and thus defines a basic cohomol-
ogy class [p(F)] € H¥(M). By a straightforward extension of the usual argument
in Chern-Weil theory, we see that the cohomology class [p(F')] is independent of
the choice of transverse connection. This shows that to every characteristic class
P ¢(P) € H®(M,R) defined over R there is a corresponding basic characteristic
class (P, F) — cp(P,F) € H¥(M) such that cz(P, F) is sent to ¢(P) under the
natural map Hg (M) — H®(M,R).

Example 2.5. Let M be a compact contact metric manifold of dimension at least
5 and let L = M x C be the trivial line bundle with U(1)-connection V = d + i\,
for A € R. Then V has curvature F' = i \w. Let F = L & L* be the associated
SU(2)-bundle. The basic Pontryagin class p; g(£) of E is represented by

1 Z/\w 0 2 )\2 2

Note that the class [w?] is non-trivial in HE(M) but maps to a trivial class in
H*(M,R), since w? = d(n A w). This example shows that that basic characteristic
classes can take on a continuous range of values and can be non-trivial even when
the underlying bundle is trivial.

When G = U(1) we may speak of transverse line bundles. With the aid of trans-
verse connections we find that the group (under tensor product) of isomorphism
classes of transverse U(1)-line bundles is given by the fibre product Hg (M) X y2(ar)
H*(M,Z).

Let V be a contact instanton on a principal G-bundle P — M and let F' be the
curvature. The self-dual/anti-self-dual condition on F' implies that icF" = 0, where
¢ is the Reeb vector field. Thus, letting F be the foliation generated by & we have
that P inherits the structure of a transverse principal bundle and V is a transverse
connection. In understanding the moduli space of contact instantons it will be im-
portant to take into consideration the transverse structure of P.

On a compact K-contact manifold M we have a long exact sequence relating basic
cohomology to the usual cohomology of M [25]:

(2.1) o= HE(M) -1 H¥(M,R) — HEN(M) <2 HEFY(M) = -
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called the Gysin sequence of M. In this sequence j: HE(M) — H¥(M,R) is the map
induced by the inclusion Q% (M) — QF(M) of basic forms. We let dy: Q% (M) —
QF, (M) be given by dya = icda and dp: Q& (M) — Q5FH(M) by dra = da—nAdya.
Let di: QF (M) — QF(M) be the formal adjoint of dp. If M is a compact K-
contact manifold then d7}. sends basic forms to basic forms. The restriction of dj. to
Q5(M) defines an operator dj: Q5(M) — Q% (M) which we may consider to be
a formal adjoint to dg. The basic Laplacian is then defined as Ap = dpd}; + dpdp.
Then it is clear that a basic form « is basic harmonic, i.e. Aga = 0, if and only
if dga = dya = 0. Let H% denote the space of basic harmonic k-forms. We have
natural maps H% — H%(M). From basic Hodge theory [16] these maps are isomor-
phisms when M is K-contact.

Recall that when M is 5-dimensional we have a decomposition Q% (M) = Q},(M)®
Qy(M). If M is K-contact then the Lie derivative £¢ commutes with the Hodge
star * and we may speak of self-dual/anti-self-dual basic 2-forms. This gives a cor-
responding decomposition Q%(M) = QL(M) & Q5z(M) of basic 2-forms. We now
define groups H3 of basic harmonic 2-forms which are self-dual /anti-self-dual giving
a decomposition H% = HL®H 5. We let HZ (M) denote the image of H3 in H3(M)
and note that this gives isomorphisms H% ~ Hz(M). Since w is self-dual, we may
deduce from the Gysin sequence that the natural map j: Hz — H?*(M,R)
is injective, while the natural map j: Hj — H?*(M,R) has 1-dimensional kernel
spanned by w.

Proposition 2.6. Let M be a compact K -contact 5-manifold and let Mi(l) denote

the group (under tensor product) of isomorphism classes of U(1)-contact instantons
on M. Then as abelian groups we have isomorphisms:

Mim = (HE(M) < p2ury HA(M,Z)) x (H'(M,R)/H" (M, Z)) .

Proof. We give the proof in the SD case, the ASD case being simpler. Let C*
be the space of basic closed self-dual 2-forms which have integral periods. Let
j: H(M) — H?*(M,R) be the natural map from basic to ordinary cohomology
and i: H*(M,Z) — H*(M,R) the map induced by Z — R. Set A = j(H};(M)) N
i(H*(M,7Z)) and note that A is a finitely generated free abelian group. Using the
identification Hy (M) = H}, we obtain a short exact sequence 0 — Ker(j) — CT —
A — 0, which may be split giving C* = A @ Ker(j). We recall also that Ker(j) is
the 1-dimensional space spanned by w. Let V be a U(1)-contact instanton and Fg
the curvature. The map V — %Fv defines a homomorphism f: Mal) — C* which
is clearly surjective. We claim that there exists a splitting C* — M§(1). Since A is
a free abelian group it suffices to give a lift Ker(j) — ./\/lg(l). For \w € Ker(j) we
take the trivial line bundle with connection d — 2miAn, which gives the desired lift.
Thus MZ}(I) ~ Ct @ Ker(f). The kernel of f is the space of isomorphism classes of
flat connections on M:

Ker(f) = H?

tors(M7 Z) X H1<M7 R)/Hl(M7 Z)7
where H2 (M, Z) is the torsion subgroup of H*(M,Z). The proposition now follows

by noting that C* x Hg (M, Z) = H5(M) X g2(upr) H* (M, Z). O

tors
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Remark 2.7. From Proposition [2.6] we see that every connected component of the
moduli space of U(1) ASD-contact instantons is a torus 7% ) of dimension b'(M)
and that the transverse structure of the underlying line bundle is fixed on each
component In contrast the connected components in the SD case are products
R x T M) of a torus and a real line and the transverse structure of the underlying
line bundle changes as one moves in the R-direction.

Let G be a compact Lie group and denote the centre of G by Z(G). If P — M
is principal G-bundle and V a connection on P, we let Aut(V) denote the group of
gauge transformations of P which are V-constant. By choosing a basepoint one can
identify Aut(V) with a closed subgroup of G. Clearly Aut(V) must contain Z(G).
We say that V is irreducible if Aut(V) = Z(G). If this is not the case we say V is
reducible.

Proposition 2.8. Let G be a compact, connected, semisimple Lie group with trivial
centre and let V be an irreducible contact instanton on P. The torus action of T
on M lifts to an action of T on P by principal bundle isomorphisms preserving V.

Proof. Let B be an invariant metric on the Lie algebra g of G. Using the connection
V to decompose TP into horizontal and vertical subbundles, we obtain a G-invariant
metric gp by using B on the vertical bundle and ¢ on the horizontal. Let ¢; be the
l-parameter family of diffeomorphisms of M integrating £. By integrating the hori-
zontal lift f of £ we obtain a 1-parameter family d)t of principal bundle isomorphisms
covering the 1-parameter family ¢;. Moreover if A € Q'(P, g) is the connection form
for V then LA = icF' = 0, so the 1-parameter family ¢: preserves V. Observe that

for each ¢, ¢; is an isometry of (P, gp).

Recall that the torus 7' is defined as the closure of {¢;} in Isom(M, g). Similarly
we define a torus T as the closure of {¢;} in Isom(P, gp), noting that P and hence
Isom(P, gp) are compact. Since each ¢ is a principal bundle isomorphism preserving
V, the same is true of each ¢ € T'. This defines a homomorphism f: T — Isom(M,g)
sending ¢; to ¢;. From this it follows that f(T) = T. Let K be the kernel of
f:T — T and let v» € K. Then ¢: P — P is a principal bundle isomorphism
covering the identity on M and preserving V. So v is a gauge transformation
covariantly constant with respect to V. Now as we assume V is irreducible and G
has trivial centre, ¢ must be the identity and f: T — T is an isomorphism. This
gives the desired lift of T

O

Remark 2.9. If V is reducible or GG has non-trivial centre then we do not necessarily
obtain a lift of T' to automorphisms of (P, V), but as in the above proof we obtain a
torus T acting on P by automorphisms and a surjection f: T — T with the action
of T on P covering the action of T on M.

Remark 2.10. From the lifted action of T' one can recover the transverse structure
on P. One simply takes the vector field ¢ tangent to the action of the 1-parameter
subgroup {¢;} C T and this defines the foliation F on P. More generally, a lift
of the torus T to an action on P by principal bundle isomorphisms determines a
transverse structure on P in the same manner.
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Let M be a K-contact 5-manifold with Levi-Civita connection V. In a local
foliated coordinate chart the metric ¢ depends only on the transverse coordinates.
It follows that the restriction of g to the contact distribution H corresponds locally
to a metric on the space of leaves of the Reeb foliation. Thus it makes sense to
speak of the transverse Levi-Civita connection of M which is a metric connection
V on H. Alternatively we can define V by the relation

(2.2) VxY =VxY + (X, Y),
for all X,V € I'(M, H), where II is a section of H* ® H*. In fact from (2.2)) we
must have II(X,Y) = —g(Y, Vx&). Since V is a transverse connection its curvature

Ry is a section of A2H* @ A2H*. We call Ry the transverse Riemannian curvature
of M. Likewise we can define the transverse Ricci curvature Ricr and transverse
scalar curvature sy of M. With our conventions we find

1
Ricr(X,Y) = Ric(X,Y) + Eg(X, Y)
sT=s5+1

where X, Y are horizontal. Following [3] the transverse curvature Rr can be viewed
as a self-adjoint map Ry: A% H* — A2H* which in an orthonormal frame ey, ..., e,
takes the form e’ A e/ — LRy ;e® A el Under the decomposition A2H* = ANTH* &
A~ H* we have

(2.3) Rp= |12 L7

where szf are the self-dual/anti-self-dual components of the transverse Weyl curva-
ture and By: A~ H* — ATH* corresponds to the trace-free part of the transverse
Ricci curvature. We say that M is transverse Einstein if the trace-free part of Ricr
vanishes, in particular if M is Einstein then it is automatically transverse Einstein.
The trace-free part of Ricy vanishes if and only if By = 0 and we have:

Proposition 2.11. Let M be a K-contact 5-manifold which is transverse Einstein.
The transverse Levi-Civita connection on ANYH* (resp. A~H*) is a self-dual contact
instanton (resp. anti-self-dual contact instanton) with structure group SO(3). In
either case the structure group lifts to SU(2) if and only if M is spin.

3. MODULI SPACES AND DEFORMATIONS

3.1. The deformation complex. To study the local structure of the moduli space
we consider the deformation theory of the contact instanton equations. We will fo-
cus mostly on the anti-self-dual case, adding remarks on the self-dual case when
differences arise.

Suppose that V is an ASD contact instanton with curvature F € Q4 (M, gp).
Let QF (M, gp) be the space of sections a € QF(M,gp) for which ica = 0. We
let dy: Q% (M, gp) — QF(M,gp) be given by dya = i¢dya and further define
dr: Q% (M, gp) — Q5 (M, gp) by dra = dya —n A dya.
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Lemma 3.1. Let I C Q*(M,gp) denote the algebraic ideal of the graded Lie al-
gebra Q*(M,gp) given by the image of the wedge product Q (M) @ Q*(M,gp) —
QO (M,gp). If M is K-contact we have dyI C I.

Proof. Tt suffices to show that dy(a®1)) € I, where a € Qp; (M) and ¢ € Q°(M, gp).
We have dy(a®1) = nAdva®@y+dya @)+ aAdgp. The last two terms clearly
belong to I so it remains to show that dya = Lea € Qp(M). However if M is K-
contact, & is a Killing vector and it follows that L:Q, (M) C Q (M) as required. [

We assume henceforth that M is K-contact. Let L* = L*(M, gp) be the graded
Lie algebra given by the quotient Q*(M,gp)/I. By Lemma we have that dy
descends to a derivation D: Lk — L**1. Moreover since (dy)? = F € I, we have
D? =0. Thus (L*, D) is a differential graded Lie algebra. Using the decomposition
of forms induced by the splitting TM =V & H, we obtain identifications

LOZQO(M’gP)7 LIZQI(M79P)>
L =Q}(M,gp) ®nAQy(M,gp), L*=nAQ5L(M,gp).

and L* =0 for k > 3. If (L*, D) is a differential graded Lie algebra recall that an
element w € L' is called a Maurer-Cartan element if it satisfies Dw + %[w,w] = 0.
From the definition of L*(M, gp) we have:

Proposition 3.2. Let v € L*(M,gp) = QY (M, gp). The connection V + 1 is an
ASD contact instanton if and only if ¢ is a Maurer-Cartan element of (L*(M, gp), D).

(3.1)

The terms of L* may be arranged into a complex, the deformation complex for V:
(3.2) 0— L0 2t Bypr 2o

A direct computation shows that (3.2]) is an elliptic complex. If M is compact
then the associated cohomology groups, denoted H*(gp), are finite dimensional. For

k =0,1,2 we may interpret these groups in terms of the contact instanton equation
as follows:

e H%gp) is the Lie algebra of infinitesimal automorphisms of V,

e H'(gp) represents infinitesimal deformations of V as a contact instanton,

e H?*(gp) may be used to describe the obstruction to extending an infinitesimal
deformation to a genuine deformation.

It is of particular importance to calculate the dimension of H'(gp), since this rep-
resents the expected dimension of the moduli space of contact instantons. As M is
odd-dimensional the index for the elliptic complex vanishes giving dimH°(gp)—
dimH'(gp) + dimH?(gp) — dimH?3(gp) = 0. This turns out not to be useful in de-
termining the dimension of H'(gp) and one has to work harder to determine the
dimension of the moduli space.

The decomposition of T'M into vertical and horizontal components determines a
bi-grading on Q*(M, gp) by setting QP4(M,gp) = T'(M,N\PH* @ N1V* @ gp). The
ideal I generated by Q5 (M, gp) is a bi-graded ideal, hence the bi-grading passes to
the quotient L*, defining spaces LP9. Note that the contraction i¢c: Q*(M, gp) —
Q*1(M,gp) sends I to itself, so defines a contraction i¢: L* — L*~! of bi-degree
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(0, —1). Letting L% denote the kernel of ig on L*, we find that L*0 = L% Similarly
the wedge operation nA: Q*(M,gp) — QT (M, gp) descends to nA: L* — L*t!
having bi-degree (0,1). It is clear that n: L¥® — LF! is an isomorphism and
hence we identify L®! with L% . Similarly the wedge operation wA: Q*(M, gp) —
Q*T2(M, gp) descends to an operator L* — L**2 which we continue to denote by
a—wAa.

Define Dy : Ly — L of degree 0 by Dya = ig¢Da and Dr: L — L of degree
1 by Dra = Da—nA Dya. Then for a € L** = L% we have Da = Dra+nA Dya,
while for n A 3 € L*' = n A Lk we have D(n A 8) = w A 8 —n A Dpf3. From this we
see that the bi-complex (L**, D) has the following form:

-D -D
QOH<M7 gP) — Q}-I(Mv gP) — QJFFI(Ma 9P>
DVT Dy WA DVT
0 Dr_ o1 Dr_ o+
QH(M79P) - QH(Mng) - QH<M79P)'
From D? = 0 we have Dy Dy = Dy Dy and D3« = —wADya, where a € Q°(M, gp).
The deformation complex for self-dual contact instantons is much the same, with

one important distinction. Since w is self-dual, terms of the form w A are projected
out and the complex takes the form

—D —D _
Q?{(M79P) —> Q}I(Mvgp) HT'QH(‘]\/[agp)

o] o] o

D D _
Q%<M7gp) — Q}{(Mvgp) — QH(Mng)'
In this case we have Dy Dy = Dy Dy and D% = 0.

We say that an element o € L* is basic if icce = 0 and i¢ Do = 0. This is precisely
the kernel of Dy : LY — L%. We let L} denote the complex of basic forms. Observe
that if « is basic then so is Da, hence D restricts to a differential Dp: LY, — Lk
on basic elements. This defines the basic deformation complex

(3.3) 0= QU(M, gp) 25 QL (M, gp) 22 QL(M, gp) — 0.

We let H}(gp) denote the cohomology of this complex. Note that Dg is only defined
on basic sections so this is not a complex of differential operators in the usual sense,
much less an elliptic complex. The basic complex is however a transverse elliptic
complez, transverse to the foliation of M by the Reeb vector field £. This implies
that the cohomology Hj;(gp) is finite dimensional [9].

Proposition 3.3. Suppose that V is an ASD contact instanton. We have a long
exact sequence

(34) - = Hp *(ap) < Hi(ap) = H"(gp) — HEy '(gp) % HE (ap) = -+
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Suppose that V is an SD contact instanton. Then
H*(gp) ~ Hy(gp) ® H '(gp).

Proof. We begin with the ASD case. Let B(, ) be an invariant metric on g and use
this to define an inner product (,) on Q*(M,gp) by (a,b) = [,, B(a,*b). Let
s7: Q8 (M) — Q3 %(M) denote the transverse Hodge star, which is related to
the Hodge star on M by kb = (— i (xb), for b € Q% (M). Therefore if a,b €
OF (M, gp), we have ( = [,; Bla,*rb) An. Let D*, D;,, Dj denote the formal
adjoints of D, Dy, Dy Wlth respect to (, ). We also let A: QF (M, gp) — Q% (M, gp)
denote the adjoint of the operator L = wA: Q% (M, gp) — QE(M, gp). From the
identity

= / LeB(a, *7b) A = / B(Dya,*rb) An+ / B(a, Dy *7b) An
M M M
we obtain D (b) = (—1)*"! xp Dy (x7b), where b has degree k. Since £ is a Killing
vector we see that Dy and xr commute, giving D, = —Dy,. Taking the adjoint of
the relation DTDV = DVDT we obtain DvD} = D%DV

Let A= DD*+ D*D: L* — L* be the Laplacian associated to D. Further define
Ar = DyDi + D3Dr — Di. We have that A is elliptic and it follows that Ar is
also elliptic since it has the same symbol as A. We let H* denote the kernel of A
on LF and H% the kernel of Ar on L*. Since Ar respects the bi-grading we can
further decompose the kernel of Az into spaces H%?. Taking the wedge product

. . . : k,0 k1
with 1 gives an isomorphism H;~ ~ H; .

From Hodge theory we have 1somorphlsms H*(gp) ~ H*. We claim that similarly
there are isomorphisms H%(gp) ~ H3°. Clearly an element o € L*? is Ap-harmonic
it and only if Dya = Dja = Dya = 0. Thus « is basic and Dga = 0, so there is
a natural map f: 7-[,:];’0 — H%(gp). Suppose that fa = 0. Thus a = D3, where
Dy = 0. Then 0 = Dja = D} Drpf3, giving f = 0. Hence f is injective. Now let
a be closed and basic, that is o € LF° with Dpa = Dya = 0. Since Ay is elliptic,
Hodge theory implies that there exists 3,y € L*" such that

with Ap8 = 0. Applying Dy to (3.5) we obtain ArDyvy = 0, hence in particu-
lar D3~ = 0 and thus Dyy = 0. Applying Dy to we find Dy D5 Dypy = 0.
Taking the inner product with Dz, we find D5D7y = 0 and thus (3.5) gives
a = 3+ DpDi~. This shows that every cohomology class in H(gp) has a Ap-
harmonic representative, showing that f is surjective. This proves the claim that
Hf(gp) =~ Hy".

Let (A*,d) be the complex with A% = #%° @ #5510 and differential d(a, §) =
(w A ,0). Note that this is a well-defined differential because either w A f = 0 or
B e 7—[2:0 in which case we clearly have w A 5 € H?F’O. Let j*: (A*,d) — (L*, D) be
the chain map given by j*(a, 8) = a4+ n A 5. To prove exactness of the sequence
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(3.4) it will suffice to show that j* is a quasi-isomorphism. We must show that
g% H*¥(A*) — H*(L*) is an isomorphism for 0 < k < 3. The case k = 0 is trivial.
For the case k = 3 it suffices to note that H® = {a € Q},(M,gp) | Dia =0, Dya =
0} = ”H%’O. The cases k = 1, 2 require more care. First consider a class [a] € H*(gp),
with a = 8+n/A~ the A-harmonic representative. Then Da = D*«a = 0 is equivalent
to

Drf+wy=0 AB— Djvy=0.

From this we find DyD43 — D% = DpDyy — DyDry = 0. Taking the inner
product with § we find D}8 = Dy = 0. Thus also Dpy = 0 and Dyy = 0.
If £ = 2, the wvy term is zero, hence also Dy = 0. This shows that every class
[a] € H*(gp) can be written as a = 84 n A, where 8 € H2°, v € #3°. Therefore
j%: H*(A*) — H?(L*) is surjective. Now consider the case k = 1. The term Af
vanishes, hence D}y = 0. Further, applying D} to D8 + wy = 0, we find

0= DDy + Di(wy)
= D5Drf — *xpdp(w?)
= D3 Drf — #r(w A dry)
= DrDrfs

where we have used the fact that Di: QF (M, gp) — Q' (M, gp) is given by — 7 dr.
Taking the inner product with 8 we have Drf = 0, hence also wy = 0. We
have shown that (§,vy are Ap-harmonic and that wy = 0. This establishes that
gt H'(A*) — H'(L*) is an isomorphism.

It remains only to show that j*: H?(A*) — H?*(L*) is an isomorphism. Since we
have shown it is surjective it will suffice to show that dim(H?(A*)) = dim(H?*(L*)).
In fact we have 0 = Y, (—1)*dim(H*(L*)), since (L*, D) is an elliptic complex on a
compact manifold of odd dimension. Similarly it is clear that >, (—1)*dim(H*(A*))
= 0, hence dim(H?(A*)) = dim(H?(L*)) as claimed. This proves the proposition
in the anti-self-dual case. The self-dual case is similar, but considerably easier since

now we have an equality A = Ap. From this we have H* = H%° @ H% " and thus

H*(gp) = H(gp) ® Hy; '(gp). O

Proposition 3.4. Let V be an ASD contact instanton. The map w: H%(gp) —
H%(gp) is injective.
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Proof. Let a € H%(gp) be such that [w®a] =0 € H(gp), so a®w = Dpb for some
b e QL(M, gp). Then

1
lalf =5 | Blaw,aw) An

1
:—/ B(Drb,aw) A n
M

Thus a = 0, proving injectivity. 0

Corollary 3.5. Let V be any ASD contact instanton or an irreducible SD contact
instanton. We have an isomorphism Hy(gp) ~ H'(gp) induced by the inclusion
LY — Lk

3.2. The moduli space of contact instantons. In this section we proceed to con-
struct the moduli space of contact instantons and use an obstruction map to give a
local description of this space. Our construction is modelled on the construction of
the moduli space of instantons on a 4-manifold as in [3],[7], which in turn are based
on the Kuranishi approach to deformation theory. To simplify the presentation we
will give the construction for ASD contact instantons. The SD case works identically.

Throughout we assume that G is a compact, connected, semisimple Lie group
with Lie algebra g. Fix a principal G-bundle 7: P — M and as usual let gp denote
the adjoint bundle. To construct the moduli space of contact instantons on P we
introduce L{-Sobolev norms, construct a moduli space of Li-contact instantons for
sufficiently large k£ and argue that the moduli space so defined does not depend on
the choice of k. To keep the notation simple we will hide the dependence on the
underlying principal bundle P. Let Ay be the space of Li-connections on P and
Gr+1 the space of L, ,-gauge transformations. We take k large enough that Sobolev
embedding holds. Then one shows as in [7] that for large enough &, G is a Hilbert
Lie group acting smoothly on 4, and that the quotient By, = Ay /Gy 1 is Hausdorff
in the quotient topology. We define the moduli space of ASD LZ-contact instantons
to be the subspace M; C By of gauge equivalence classes of connections satisfying
the contact instanton equation. By this definition, M, is a Hausdorff topological
space. We also let Aj C A denote the subspace of irreducible L:-connections and
similarly define B}, Mj.

Having defined M the next step is to give a local description of its topology.
For this we turn to the standard deformation theory of the Maurer-Cartan equa-
tion. Let V be a contact instanton. Recall that V defines a deformation com-
plex (L*, D), a differential graded Lie algebra and that contact instantons on P
correspond to Maurer-Cartan elements of (L*, D). From the spaces L™ are
smooth sections of vector bundles on M. We let L]" denote the completion of
L™ in the L2-Sobolev norm. Let D*: L* — L' be the formal adjoint of D,
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A =DD*+ D*D: Lj* — L' , the associated Laplacian, H: L]" — L} the projec-
tion to the L*-orthogonal complement of Ker(A) and G: Lj* — L}, the Green’s
operator. We also set § = D*G.

Let F: Ly — Lj be the map F(a) = a + 36[a, ). For large enough k, F is a
smooth map of a Hilbert space to itself. The derivative of F' at the origin is the
identity, so in a neighbourhood of 0 € L} we have a smooth inverse map F~!. Given
c>0set U.={ne€ Li|Anp =0, ||nllx < c}. Then for small enough ¢ we have
defined F~': U, — Li. Given n € U,, set a = F~(n). We claim that « is smooth.
In fact, since n = « + %(5[04,04], applying A gives Aa + %D*[a,a] = 0. Then « is
smooth by elliptic regularity.

Let H™(gp) denote the space of A-harmonic forms in L™. Then U, is a neighbour-
hood of 0 in H'(gp). Define ®: U, — H*(gp) by setting ®(n) = H[F~'(n), F~(n))].
We call ® the obstruction map for the deformation complex (L*, D). Suppose that
®(n) = 0. Set v = F~1(n), so that n = a+1d[a, a]. Then 0 = Dy = Da+1Dé[a, al.
Next, we use the identity Do =1 — H — D to obtain

(3.6) Do + %[oz, a] — 6[Da,a] = 0.

We claim that 0[Da, a] = 0, provided c is sufficiently small. In fact, from (3.6]) we
have

5[Da, o] = 5[—%[04, o] + 8[Da, al, a]
= 0[0[Da, o], a.

Set x = d[Da, a, so that © = [z, a]. For large enough k& we obtain an estimate
of the form [|d]a,b]||x < Allallg||b||x for some constant A > 0. Hence we have
l|lz||lk < Allx||k||cr| 5. For all sufficiently small ¢ we can assume ||al|p < 1/A, giving
x = §[Da,a] = 0. Now shows that a = F~!(n) is a solution to the Maurer-
Cartan equation. Moreover, 0 = D*n = D*a + 3 D*é[a, o] = D*a, that is D*a = 0.

Let Z = {« € Lj| D*a = 0, Do+ 5[, a] = 0}. We have shown that F~! sends
®~1(0) into Z. Next we claim that all sufficiently small o« € Z are obtained this
way. Given o € Z, set n = F(a) = a + 30[o, a]. Then clearly D*n = 0. Also we
find

1
Dn = Da+ §D(5[a, al
1 1

= —5lo.al + 5(1— H = D)o o

1
= —iH{Oé, 06] - (S[DCY, Oé}

1

Thus Dy = —3H[a,a] = —®(n). The left hand side is D-exact, while the right
hand side is harmonic, hence we must have Dn = 0, ®(n) = 0.
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This shows that F~! sends ®1(0) to a neighbourhood W of 0 € Z. Let Aut(V)
be the group of covariantly constant gauge transformations of V and set I'y =
Aut(V)/Z(G), where Z(G) is the centre of G. In particular I'y = 1 if and only if

V is irreducible. As shown in [7], there is a neighbourhood of V in My given by
®~1(0)/T'y. We have thus shown:

Proposition 3.6. Forc > 0, let U. = {n € H'(gp)|||nl|x < c}. Choose ¢ sufficiently
small so that the obstruction map ®: U, — H*(gp) is defined. For sufficiently small
c there is a neighbourhood of V in My, given by ®1(0)/T'y.

Next, let us address the issue of the dependence of the moduli space M, on k.
Clearly there is a natural map My ; — Mj. Using the same argument as in [7],
we have:

Proposition 3.7. For all sufficiently large k, the natural map My — My is a
homeomorphism.

We may now speak of the moduli space M of contact instantons and the open
subspace M* C M of irreducible contact instantons. From Proposition we
obtain:

Corollary 3.8. Let V € M* be an irreducible contact instanton for which the ob-
struction map ® vanishes. Then V has a neighborhood homeomorphic to a Euclidean
space. If ® vanishes for every V in M*, then M* is a smooth manifold.

Proof. Only the last statement about smoothness requires explanation. As in [3],
this follows from local universality of the spaces F'~!(U.,.) of solutions to the Maurer-
Cartan equation, which serve as coordinate charts defining a smooth structure on

M=, U

For a contact instanton V, we define the transverse index ind(V) of V to be the
index of the basic deformation complex (3.3]), that is

ind(V) = dim(Hp(gp)) — dim(Hg(gp)) + dim(H(gp)).

When V is irreducible and H%(gp) = 0, we have that M is smooth around V of
dimension dim(M) = —ind(V). The basic deformation complex is an example of a
transverse elliptic complex.

Remark 3.9. Having constructed the moduli space of contact instantons, it is natural
to attempt to compactify these spaces. In fact the problem of compactification has
already been investigated by Wang in the case of transverse instantons [26]. These
results can be applied to our moduli spaces opening up the exciting possibility of
constructing Donaldson type invariants for contact 5-manifolds.

3.3. Vanishing of obstructions. We seek conditions under which the moduli
space M* of irreducible contact instantons is smooth. It is clear from Proposi-
tion that we can not generally expect H?(gp) to vanish, for if V is irreducible
this would force H'(gp) to also vanish, giving a 0-dimensional moduli space. For-
tunately we can prove vanishing of the obstruction map under the more reasonable
condition that H%(gp) vanishes:
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Proposition 3.10. Let V be an irreducible contact instanton (SD or ASD) for
which H%(gp) = 0. Then the obstruction map ® vanishes.

Proof. Consider first the ASD case. We will show that every infinitesimal defor-
mation in H'(gp) is tangent to a l-parameter family of deformations of V. We
then show that this forces ® to vanish. Since V is irreducible Proposition gives
H'(gp) ~ HL(gp). As in the proof of Proposition [3.3|we set Ay = DD*+D*D— D%,
Since Ar is elliptic, we have an L2-decomposition into Ker(Ar) and Ker(Ar)*. Let
Hy be the projection to Ker(Ar)+. We define the Green’s operator G of Ap as
the inverse of Az on Ker(Ar)t. Set ¢ = DiGrp and define Fpr: (LY)y — (Li)x
by Fr(a) = a+ 307, o], where (L), is the completion of L in the LZ-Sobolev
norm. For large enough k, Fr is an isomorphism of Hilbert spaces. Let ¢ > 0 be
small enough that " is defined on U. = {n € HL | ||n|x < c}. On (L2)x_; we have
A7 = DrD% — D% and thus on (L)), we have

Drép = Dy DGy
= (Ar + D})Gr
=1- Hr+ GrD}
=1+ GrDy,

where we have used the fact that Dy and G commute and that Hy = 0 on (Lz_l)T
since H4(gp) = 0 by assumption. Now let n € U, C HL and let a = F;'(n), so
that

1
(3.7) n=oa-+ §5T[oz, al.

Applying Dy to (3.7) we have 0 = Dyn = Dya + d7[Dya,al. Arguing as in Sec-
tion , we have dr[Dya, ] = 0, provided c¢ is sufficiently small. Thus Dy« = 0.
Applying Dy to we find 0 = Dy = D, + 3[a, 0], so a is a deformation of
V. Applying D7 to we have 0 = Djn = Dja + 35(D5)*Grla, o). Now as
D2 = —w A Dy, we have (D3)?(8) = Dy(AB). Then it follows that Dia = 0.

Let Z = {a € L, | D*a = 0, Da + 3[ov,a] = 0}. In Section we saw that F
sends a neighbourhood of 0 € Z to a neighbourhood of ®7*(0) in U,. On the other
hand we have just seen that F' defines a map F;': U. — Z. This shows that
® o Fo F;' = 0. However the differential of F o F.': U, — U, at 0 is the identity.
This shows that ® = 0 in a neighbourhood of 0, or ® = 0 for all sufficiently small
c. This completes the proof in the ASD case. The SD case is similar with the only
difference being that (D) = 0 in this case. O

Corollary 3.11. Let V be an irreducible contact instanton (SD or ASD) for which
H%(gp) = 0. There is an open neighborhood of V in the moduli space M* over
which the transverse structure on P remains fized.

Proof. In the proof of Proposition |3.10] we see that all nearby contact instantons are
of the form V + a, where o € QL (M, gp). Therefore V and V + « induce the same
transverse structure on P. U
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4. CONTACT INSTANTONS ON SASAKI 5-MANIFOLDS

Recall that a contact metric structure (£, 7, ®, g) on M is Sasakian if for all vector
fields X,Y on M we have (Vx®)Y = ¢g(X,Y){—n(Y)X, where V is the Levi-Civita
connection for g. In this case we say that M is a Sasaki manifold. Note also that
Sasaki manifolds are automatically K-contact. In this section we take M to be a
compact, connected Sasaki 5-manifold and consider the moduli spaces of contact
instantons on M.

4.1. Vanishing theorems. In [I3] a vanishing theorem for instantons on compact
Kéhler 4-manifolds is proven. An identical argument can be applied to the basic
deformation complex (3.3]) on a compact Sasaki 5-manifold giving:

Proposition 4.1. Suppose that M is a compact Sasaki 5-manifold with positive
transverse scalar curvature sy > 0 and let V be an irreducible anti-self-dual contact
instanton. Then H%(gp) = 0. If sy = 0 then every element of Hx(gp) is covariantly
constant.

Recall that a Sasaki structure (£,n,®,g) is Sasaki-Einstein if g is an Einstein
metric. In this case the transverse scalar curvature is automatically positive, and
we have:

Corollary 4.2. Let M be a compact Sasaki-Finstein 5-manifold and P — M a
principal G-bundle. The moduli space M* of irreducible ASD contact instantons on
P is smooth.

A second vanishing theorem is obtained by adapting the vanishing argument in
[3] to the contact instanton setting:

Proposition 4.3. Let M be a compact K-contact 5-manifold with positive trans-
verse scalar curvature and with W, = 0 (resp. W& = 0). Then H(gp) = 0 for
any irreducible self-dual (resp. anti-self-dual) contact instanton.

We say that a Sasaki 5-manifold M is transverse Calabi-Yau if M has transverse
complex structures J; = J, Jo, J3 satisfying the quaternion relations J; J, = J3, such
that the J; are hermitian with respect to g|g and the associated transverse Kéhler
forms w; = w,ws,ws are closed (in higher dimensions this would be the definition
of a transverse hyperKéhler structure). The transverse Levi-Civita connection on
ATH* is flat, since wq,ws,ws are covariantly constant. By Equation , we see
that W, and sr both vanish.

Corollary 4.4. Let M be a compact Sasaki 5-manifold with transverse Calabi- Yau
structure and P — M a principal G-bundle. The moduli space M* of irreducible
ASD contact instantons on P is smooth.

Remark 4.5. Any compact Sasakian manifold with transverse Calabi-Yau structure
is automatically quasi-regular [5], so is an orbifold circle bundle over a Calabi-Yau

orbifold.
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4.2. Transverse holomorphic bundles. On a Sasaki 5-manifold M we have an
identification QF; (M, gp)c = Q3 (M, gp) ® (% (M, gp)c Aw) ® Q07 (M, gp). Thus
a connection A on P with curvature F' is an ASD contact instanton if and only if

il =0, F*'=0, AF=0.

As usual the condition ¢ F' = 0 gives P a transverse structure and A is a transverse
connection. This means that P admits local trivialisations over foliated charts {U, }
for which the transition functions g.g: Uss — G depend only on the transverse
coordinates. The condition F2° = 0 defines an integrable 0-connection on P. Thus
P is a transverse holomorphic bundle. Since GG is compact it has a complexification
Gc. To say that P has a transverse holomorphic structure means that the local
trivialisations of P can be chosen so that the transition functions gng: Uss — Gc
are holomorphic functions of the transverse coordinates. We interpret the condition
AF = 0 as saying that A is a transverse Hermitian-Finstein connection.

Let A be an ASD contact instanton on P and write dqg = 94 + 94. To indicate
the dependence on A we will use notation such as Dz 4, Hp 4(gp) and H3 4 for Dr,
Hj(gp) and H4. Using the decomposition into (1,0)- and (0, 1)-forms, the basic
deformation complex decomposes (over (C) as follows:

QOO(M gP QOO M gP)

\ /

Q%! (M, gp) —2= Q%M. gp)

Since M is Sasakian and since the Kahler identities are local we have the transverse
Kahler identities: B _

% = —i[0a,A], 0, = i[04, A
Let Az, = a0y + 0,04 Q2U(M, gp) — QBI(M, gp) be the Laplacian associated

to 04 and let H%’j denote the space of basic d4-harmonic sections of Q%/(M, gp).

Proposition 4.6. We have isomorphisms
HY alar)e = Hy', Hpalgr)e = HY @ HYT, HE Alar)e = HY? @ HY" & MY

Proof. The proof is a straightforward apphcatlon of the transverse Kahler 1dent1t1es_.
We sketch the details for the degree 1 case. Let v € Q% (M, gp)c and write « = a+b
for a,b € Q%’l(M, gp). Then « is Dy 4-harmonic if and only if

040 =0, A(Oga+ 04b) =0,
dab=0,  dya+93b=0.
From the Kahler identites this is equivalent to
Oaa = Oab = NOga = AD4b = 0.
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Using the Kahler identities a second time this is equivalent to
Oxa = Osb = 52@ = 52() =0
which is exactly the condition that a,b are 04-harmonic. U

4.3. Geometry of the moduli space. We show that the moduli space M* of
irreducible ASD-contact instantons on a compact Sasaki 5-manifold M is a Kéahler
manifold. Throughout this section we either assume that the moduli space M* is
smooth (for instance if the transverse scalar curvature is positive), or we restrict to
the smooth points of M*. As usual choose an invariant metric B(, ) on g. We let
h be the natural L?>-metric on M*, that is for a gauge equivalence class [A] € M*
we have

(4.1) ha(o B) = /M Bla As2f) An

where «, # are the harmonic representatives of classes in Hp 4(gp) ~ TaM*. Note
that in order to show that h is a well-defined Riemannian metric on M* we need
to check that h does not depend on the choice of connection A representing the
equivalence class [A] € M*. Under a gauge transform d + A — g~1(d + A)g, the
infinitesimal deformations a, 8 map to ¢ tag, ¢g~'8g, which are the corresponding
harmonic representatives. By gauge invariance of we have that h does not
depend on the choice of representative A.

Next we define an almost complex structure J on M*. By the proof of Proposition
4.6l we have that o € QL (M, gp) is Dy a-harmonic if and only if @« = a + @, where
a € Qo’l(M ,gp) is 0 4-harmonic. It follows that the space of Dy s-harmonic 1-
forms is closed under the action of the complex structure J and thus induces an
almost complex structure J on M*. Let €2 be the bilinear form on T'M* given by
Q(a, B) = h(a, I B). Using the identity *ra = 2 Ja Aw for a € Q} (M, gp), we find

(4.2) (0,5) = 5 /M BlaAB) AwAn,

where «a, f are the harmonic forms representing elements of Hlll 4(gp). This shows
that €2 is skew-symmetric, so h is hermitian with respect to J and €2 is the associated
2-form.

Proposition 4.7. The complex structure J is integrable and the hermitian form €}
15 closed, hence M* has a natural Kahler structure.

Remark 4.8. This proposition extends a result of Biswas and Schumacher, in which
the moduli space is constructed for quasi-regular Sasaki manifolds and shown to be
Kéhler [4].

Proof. The proof is similar to [I4]. The deformation theory of the contact instanton
equations in Section [3.2] provides distinguished coordinate systems on M*. We show
that these are normal coordinates for the metric & and that in these coordinates the
1-jet of €2 at the origin is constant. This will show that €2 is closed and J is inte-
grable.
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Let A € M* be an irreducible contact instanton. Recall from Section that
there is an open neighborhood U of 0 € Hp ,(gp) over which we have a map
Fp': U — Zy={a € Qp(M,gp) | D g0 = 0, Drac + 3[o, @] = 0} and that this
gives local coordinates on M* centred at A. Here Q% (M, gp) denotes gp-valued
forms which are basic with respect to A, but since Fi.'(z) is itself basic with respect
to A, we have that A and A + F;'(x) define the same spaces of basic forms. For
this reason the connections A and A + F'(x) define the same operator Dy. We
will write f: U — Za for F;'. Thus a point z € U C H%_?’A(gp) corresponds to
the connection A + f(x) € M*. Under the identification Hp 4(gp) = Hp 4 we
can take z to be a harmonic 1-form. By definition of f(z) = F;'(x), we have
x = f(x) + 507.alf(2), f(x)], where 6p 4 = Dj ,Gra. It follows that f(z) = = —
5074z, ] + r1(z), where ri(x) has vanishing 2-jet at 2 = 0. Let A\ € H}, 4, then A
defines a vector field 0, on U and we have

f*(a)\)(l') = 8,\f(:c) =)\ — 5T,AP\> LIZ’] —+ TQ(LIZ', )\),

where for fixed A, ro(x, \) has vanishing 1-jet at x = 0. Note that 0,f(z) is a
locally defined vector field on M*. More specifically 0, f(z) represents a class in
H 4, f()(@p) which is the deformation of A + f(z) in the direction of the vector
field. In general 0, f(x) is not the harmonic representative. Let us denote by a(x, \)
the harmonic form representing [0, f ()] so that there exists a p(x, \) € Q% (M, gp)
such that a(z,\) = O\f(x) + Drayp@)p(z, ). For this to be harmonic we need
D;Aﬂ(m)a(aj, A) =0, that is

(4.3) D7t s @) Dr,as p@) (@, A) + D3y gy Onf () = 0.

This is not quite an elliptic equation, but we can easily remedy this for if u(z, \)
satisfies (4.3)), then since Dy u(x, \) = 0 we have

(4.4) ;“,A+f(z)DT,A+f(x)M(x7 A) — D\Q/M(% A) + D;“,A-&-f(a:)a)\f(x) =0,

which clearly is elliptic. For fixed z, A, any two solutions i, ps € Q°(M, gp) of (4.4))
differ by an element of 7-[%7 A+f(@)- But since A+ f(x) is irreducible this space is

trivial, hence u(x, \) is the unique solution to (4.4]). The upshot is that by standard
elliptic theory we have that p(z, ) depends smoothly on x (it is clearly linear in \).
Lastly note that p(0,\) = 0, by uniqueness.

Now we can show that z — f(x) gives normal coordinates centred at A. We use
+ ... to denote terms whose 1-jet vanishes at z = 0. Let A, Ay € H7 4 define vector
fields 0y, O, We will determine the 1-jet of h(0,,,0,,) at © = 0. Note first that

a(z,\) = A= 0pal\, 2] + Draypayp(z, ) + ...
=) — 5T,A[/\7I] + DT,A/VL<(L’, )\) + ...
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Letting (, ) denote the L*inner product on Q*(M, gp) we have:

h(0x,,0x,) = (a(z, A1), a(z, A2)))
= (M = 0ra[M1, 2] + Dpap(z, A1), Ao — 0.4 A2, @] + Dy ap(z, A2)) +
= (A1, A2) + (A1, =0ra[A2, 2] + Drap(z, A2))
+ (=Or.a[M, 2] Dy ap(x, A1), Aa) +
= (A1, A2),

where we have used the fact that Dy a\; = D7 4Ai = 0. This shows that f does in
fact define normal coordinates at A.

We now consider the hermitian form Q(a, 8). From (4.2]) we find

1

Qa(x, \),a(x, X)) = —/ B(A — dra[A, ] Ada = dra[de,z]) ANw A+ ...
M

2
1

_—/ B()\l/\)\g)/\w/\n—/ B(A Adra[Xa,z]) Nw A
2 Ju M

—/ B(5T7A[)\1,$]/\>\2)/\W/\77+...
M

so it will suffice to show that fM (07,4[ A1, ] Ad2) AwAn = 0. But this is clear since
fM 5TA )\1, ] /\)\2> /\w/\n = < T,AGT7A[/\17x]7 J)\Q) = <GT,A[A1,$], DT7AJ/\2> = 0,
since JAg is Dy 4a-harmonic. This shows that €2 is closed. In fact, since the 1-jets of
h and €2 are constant at x = 0 in these coordinates, the same is true of 7, which
implies that J is integrable and M* is Kéahler. O

Next we consider the case where M has a transverse Calabi-Yau structure. From
Corollary [4.4] we see that the moduli space M* of irreducible ASD contact instantons
on M for a principal G-bundle P is smooth. We show that M* is naturally a hy-
perKahler manifold. The transverse Kahler identities apply to each of these complex
structures showing that the space HL of harmonic forms is closed under the action
of Ji,Js, J3. This defines almost complex structures J; = J, Jo, J3 on M* which
are hermitian with respect to the L*-metric h. This gives an Sp(m)-structure on
M*, where dimg(M*) = 4m. Let 1,9, Q3 be the associated Kéhler forms, which
are given by expressions of the same form as . By the same argument used in
the proof of Proposition [£.2] the forms €; are closed and the complex structures J;
are integrable for + = 1,2, 3, giving:

Proposition 4.9. Let M have a transverse Calabi-Yau structure. Then for any
principal G-bundle P the moduli space M* of irreducible ASD contact instantons is
a hyperKahler manifold.

5. TRANSVERSE INDEX COMPUTATIONS

In this section our aim is to compute the dimension of the moduli space of con-
tact instantons. We have seen that for irreducible contact instantons with vanishing
H%(gp) this amounts to computing the index of the basic deformation complex
(3.3). This complex is elliptic transverse to the foliation F of M by the Reeb vector
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field £. Determining the index of a complex transverse to a foliation is a notoriously
difficult problem, so our first step is to replace the foliation by a group action. This
still leaves us with a difficult index problem, but one that is tractable in some cases.

We take M to be a compact K-contact manifold, P — M a principal G-bundle,
where G is compact, connected, semisimple and let gp be the adjoint bundle. Let V
be a contact instanton on P which for argument’s sake will be anti-self-dual. Recall
that as M is K-contact we have a torus 7" acting on M by isometries, defined as the
closure of the 1-parameter subgroup {exp(t£)} generated by &. Let G' = G/Z(QG)
and P’ = P/Z(G). Then gp is also the adjoint bundle of P’ and V descends to
a connection on P'. If V is irreducible then by Proposition we have that the
action of T" lifts to an action on P’ preserving V. From this we have an action of
T" on QK (M, gp) and it is clear that the space of T"-invariant sections of this is
precisely Q% (M, gp).

Consider the two-term complex

Q

where Q = (D4, Dr). Then @ is equivariant with respect to the T"-action since
T" preserves the connection V. The operator () in is a transversally elliptic
operator in the sense of [2] with respect to the action of 7", in fact @) is a transverse
Dirac operator. Since @ is not elliptic we can not expect Ker(Q) and Ker(Q*) to be
finite dimensional. However, as shown by Atiyah [2] each irreducible representation
of T" occurs in Ker(Q) and Ker(Q*) with finite multiplicity and the rate of growth
of these multiplicities is such that ind(Q) = Ker(Q) — Ker(Q*) is well-defined as a
distribution on T7. Let Ker(Q)*", Ker(Q*)T" be the subspaces fixed by T". Then
ind(Q)"" = dim(Ker(Q)'") — dim(Ker(Q*)T") is a well-defined integer.

Proposition 5.1. Let V be an irreducible contact instanton with H%(gp) = 0. The
dimension of M around V is given by dim(Hx(gp)) = ind(Q)T".

Proof. Clearly Ker(Q)!" = {a € QL(M,gp) | Dra = Dia = 0} = H: ~ H(gp).
In a similar fashion we find Ker(Q*)?" ~ H% & H2 = 0. O

Following [2] we let T M denote the subset of T'M consisting of tangent vectors
orthogonal to the action of T". This is typically not a vector bundle, but there is
still a natural projection map w: Trrr M — M. Transverse ellipticity of () ensures
that the symbol og()) of @ is an isomorphism for all A € T M away from the zero
section. The symbol complex

(52) w(gp© ') 3 7 (gp © (RO ATH))

of then defines an element in K (Tp-M), the equivariant K-theory group
of the space TprM. It is shown in [2] that the index ind(Q) depends only on the
K-theory class of the symbol complex in Kpr(Tr- M). Moreover the symbol
complex is completely determined by the contact structure H C T'M and the lifted
action of 7" on the adjoint bundle gp. The problem of computing the dimension
of M at a smooth point has been reduced to the following comparatively simpler
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problem: given a principal G-bundle P and a lift of 7" to P’ = P/Z(G), evaluate
the index of (5.2)).

5.1. Quasi-regular case. Suppose that M is quasi-regular. In this case ¢ must
generate a 1-dimensional circle action on M and the orbits of £ are the orbits of
the circle action. The quotient X = M/U(1) inherits the structure of a symplectic
orbifold with cyclic uniformizing groups and as in Example M is the total space
of an orbifold principal circle bundle over X. The quotient map n: M — X is a
Seifert fibration.

Let P — M be a principal G-bundle on M with a lift of the 7" = U(1)-action
on M to the adjoint bundle gp. Then the symbol complex is defined and
has a U(1)-equivariant index ind(P). Let ind(P)Y") € Z denote the U(1)-invariant
part of ind(P). Note that gp is an orbifold vector bundle on X and that adjoint-
valued basic differential forms on M correspond to adjoint-valued differential forms
on X. This gives an identification Q5 (M, gp) = Q*(X, gp) under which the basic
deformation complex on M becomes

(5.3) 0 — QX, gp) - QY(X, gp) - QF(X, gp) — 0.

This is an elliptic complex on X and it is clear that ind(P)Y™ is the index of
(5.3). The index ind(P)Y™ may therefore be computed by orbifold index theory.
To simplify matters we will restrict to the special case where M is Sasakian and
X has isolated singularities. Assume that P admits an ASD contact instanton A.
Then since A is a transverse connection it can be regarded as a connection on the
orbifold bundle gp. Since M is Sasakian, X is a complex orbifold and the curvature
of A is of type (1,1). This allows us to define a d-operator d4 on (gp)c and we have
the Dolbeault complex

(5.4) 0= Q°(X, gp) 2 QO(X, gp) 22 QO2(X, gp) — 0.
Let ind(0,4) = >_i(=1)'dimc(Hy ) be the index of this complex. Then from Propo-
sition 4.6{ we have ind(P)Y™") = 2ind(0,4), so it remains to determine ind(d4).

Let zy,...,z) be the singular points of X with uniformizing groups I'y;, = Z,,,
cyclic of order m;. Around z; we can find an orbifold chart of the form U;/Z,,,
where U; is a connected open subset of C? containing the origin. For k € Loy,
we let gp: C2 — C? be the corresponding linear transformation of C2. We may
assume this action of Z,,, on C? is of the form gi(z1,22) = (%21, (%% 2), where
¢j = exp(2mi/m;), 0 < w; < my is coprime to m; and k € Z,,,. We have a real
representation of Z,,, on the fibre of gp over z; and we let xg, ;: Zn, — R denote
the character of this representation.

Proposition 5.2. The index ind(04) of the Dolbeault complex is given by:
(5.5)

o 1 . B n Xop.i (k) — dim(G)
ind(0a) —p1,B(gP)[X]+2dlm(G)<1 b (M) +b5( +Z m; kz det( 1 — gklr; x x)
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where by (M) = dim(HL(M)), by(M) = dim(Hj5(M)) and py g(gp)[X] is the basic

Pontryagin class of gp integrated over X.

Remark 5.3. We have assumed P admits a contact instanton in order to define
the Dolbeault complex, however this assumption is not necessary for the index
computation. In general one arrives at the same result ind(P)’™ = 2ind(d,),

where ind(04) is given by (5.5)).

Proof. Since X has only isolated orbifold singularities the orbifold Riemann-Roch
theorem gives [18]

ind(0,) = / Ch((gp)c)Td(X +Zm Z Tl Xgp.j (K
J k=1

1— gk|T X)

The degree 4 component of the integrand is py p(gp) + dim(G)Td(X). A second
application of orbifold Riemann-Roch gives

mj—1

1
m; = det(1 —

1

(X)) — hON(X) + h*(X) = / Td(X)+ )

72, %)
where h??(X) denotes the orbifold Hodge numbers of X. Combining these and
using h%0(X) — A%N(X) + h%2(X) = 2(1 — bp(M) + b (M)) we arrive at (5.5). O

Suppose that the action of Z,,, on (gp)., has weights w;, for [ = 1,...,dim(G).
Then Y, ;(k) —dim(G) = >,(¢F4 —1) = =23, sin?(Z24) and we may rewrite |D

as

ind(@2) = pys(gp) [X] + Sdim(G)(1 ~ by(M) + b5(M))
~1dim(G)

1 1 . (Wkul) ( (wk) (wkwj))
- = — sin 1—cot|— |cot .
2 Z m; kz:; Z m; m; m;

In order to compute the index one still needs to integrate p; g(gp) over X. Let us
see how this can be done in the special case where P is the principal SO(3)-bundle
associated to ATH™, for which gp = ATH™.

Proposition 5.4. When gp = AN™H*, we have

(5.6)  ind(@,) = 2(373(1\@ —xa(M) + > (2 B Rl ST mj)) ,

- m;
j J

where w} is the unique integer 0 < wji < m; with wyw; = 1(mod my), Tr(M) is

the basic signature of M, xg(M) the basic Euler characteristic and s(w;;m;) is the

Dedekind sum [I]
m;—1
I mk Tkw;
imy)=—— Y cot (= ) cot 1.
s(wj; m;) Ty 2= Cco (mj)co < m )
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Proof. For gp = A~ H* we have xg, j(k) = 1 + (¥~ 4 ¢=k(@i=1) Then

mj—1 . m;—1 i T
Xgp.j(k) — dim(G) _ Z Chlwi=1) 4 ¢=k(w;=1) _ 9
O = e

m;—1 C2wik 4 2k _ 9
< (1= ¢F)(1 —¢hva)

B 1+Ckw] 1+§k
__Z < 1k 1—@%‘)‘

An elementary computation shows that

k=1

m;—1 m;—1
J 1 + Ckwj J 1 + Ck )
Z 1— ¢k =w;— 1, Zl_ckwj:wj_l'

k=1 k=1
Substituting into (5.5 we have

s 3 2 —w; —w
(5.7)  ind(@s) = pre(A"H)X]+ 5(1 - by (M) + b5(M)) +> #
j J
Moreover the basic Pontryagin class of A~H* is given by
p1e(AN H") =p1p(H) — 2ep(H),

where p; p(H) is the basic Pontryagin class and eg(H) the basic Euler class of H.
By the orbifold signature theorem [17] we have

kw;
TB(M)_%plB +Z Z 1+< )

]kl Ckwj)

= %pl,B<H)[X] - 243(“}]‘? m;).

and by the orbifold Gauss-Bonnet theorem [I§]

me@wm+ZQ—%)

Substituting into (5.7) and using (1 — bp(M) + b5 (M)) = S(xs(M) + 75(M)) we
obtain (5.6)). d

Remark 5.5. The Dedekind sums s(w;m) have the property that 6ms(w;m) € Z
and 12wms(w'm) = w? + 1(mod m) [1]. This implies that each summand 2 —
wﬁw] + 12s(w;; m;) in 1) is an integer.

Example 5.6. Consider the case where M is a compact Sasaki 5-manifold with
transverse Calabi-Yau structure. As in Remark [4.5] we have that M is quasi-regular
with leaf space X a Calabi-Yau orbifold. Furthermore it can be shown that X has
no branch divisor [5], meaning that it only has orbifold singularities of codimension
2. Since X has complex dimension 2 this means that the orbifold singularities are
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isolated and since X is Calabi-Yau, the action of the uniformizing groups Z,,, must
be of the form gi(21,22) = (¢*21,( *2). This is a du Val singularity of type A1
and we note that w; = wj; = m; — 1. Suppose also that M is simply-connected, then
(M) = 4—h"(X) and xp(M) = 4+h"(X). We remark also that in this case one
can show that M is diffeomorphic to a connected sum of v*(M) = AV (X)+1 copies
of 8% x S3 [5]. Examples of such M are given by taking X to be an orbifold K3-
surface, in particular such orbifolds were constructed by Reid from hypersurfaces in
weighted projective spaces [22] (see also [5]). Such an M has a transverse Einstein
structure, hence the transverse Levi-Civita connection on A~ H* is anti-self-dual.

From Proposition [5.4] we obtain the index

(5.8) — ind(9a) = 5h"(X) — 10+ Y (m; —3).

We can simplify this further by noting that since X is Calabi-Yau, the Levi-Civita
connection on A*H* is flat giving py p(H)[X]|+2ep(H)[X] = 0. Using the signature
and Gauss-Bonnet theorems as in the proof of Proposition gives 20 — htl =
>_;j(m; —1). Combining with gives:

—ind(94) =90 —2) (2m; —1).

J

Next we seek conditions under which the Levi-Civita connection on A=T*X is irre-
ducible. Suppose to the contrary that it is reducible. Then the Levi-Civita connec-
tion on X reduces to a U(1)-connection. This means that RZ, the A"T* X @ A~T*X-
part of the curvature has rank < 1. Moreover the trace of R” is 1/4 times the scalar
curvature, which is zero since X is Calabi-Yau. So in fact the Levi-Civita connec-
tion is flat on A™7T™X and it follows that X is flat. In this case Gauss-Bonnet gives
xp(M) = 44 hV(X) = 37 (m; — 1)/m;. However we have already shown that

20 — h"1(X) = 37;(m; — 1). Combining these gives

(5.9) S mol

- m;
j J

If does not hold then the Levi-Civita connection V on A™H* is irreducible. In
such a case V belongs to a smooth moduli space of contact instantons forming a
hyperKihler manifold of complex dimension equal to —ind(94) = 90 —2" i(2m; —
1). To give just one specific example from [22], a generic hypersurface X of degree 42
in the weighted projective space CP(1,6,14,21) gives an orbifold K3-surface with
three singularities of types Ay, Ay, Ag, giving —ind(94) = 90 — 2(3 +5 + 13) =
48. Since is not satisfied this gives a hyperKahler moduli space of complex
dimension 48.

5.2. YP1 spaces. For irregular K-contact manifolds, the computation of the trans-
verse index is generally difficult. One case where the index becomes computable is
when M is a toric Sasaki 5-manifold. For sake of definiteness we will carry out the
index computation for a class of irregular toric Sasaki-Einstein 5-metrics on S? x 53,
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the Y74 spaces. The method of computation could equally be applied to any com-
pact toric Sasaki 5-manifold.

For each pair of coprime integers p, ¢ with p > ¢ the space Y7 is a toric Sasaki-
Einstein metric on S? x S% [I0]. The Sasakian structure on Y79 is quasi-regular
whenever 4p? — 3¢? is a perfect square, otherwise Y74 is irregular of rank 2. Since
YP4 is Sasaki-Einstein the transverse Levi-Civita connection V on A~ H* is an ASD
contact instanton. We will show that V is irreducible, except in the case (p,q) =
(1,0), and we compute the dimension of the moduli space of contact instantons
around V in the irregular case.

Proposition 5.7. Let M = YP4. The transverse Leuvi-Civita connection on N\~ H*
is irreducible provided (p,q) # (1,0).

Proof. Let Ry denote the curvature of V and (Rp)~ the A~ H* ® A~ H*-component
of Ry. Viewing (Rr)~ as amap (Rr)—: A~ H* — A~ H* it will suffice to show that
(R7)Z does not have rank < 1 everywhere. From [I0] there is an open subset of M
and local coordinates on the leaf space for which the transverse metric gr has the
form
Loy P’ ~2 | =2 ~2

gr = de + Z(U1 + 03 + Ady),
provided (p, q) # (1,0). Here p is a local coordinate, ; are the left-invariant 1-forms
on SU(2), A is given by
da—1)1

27 pt P

and a € (0,1) is a constant (see [I0] for further details). Define an orthonormal
coframe e', ... e* as follows:

A=1+

A d
1_ P~ 2 _ P~ (23::0\/_637 ot 4P

50-17 50-27 92 \/Z

By computing the curvature of the transverse metric one finds

(& €

(Rﬂ@”—emr=(8;§ﬁ—6)@u_e“)
() + ) = (P50 o) (e e
(r)(e't = %) = (S22 1 0) et - ).

Then since 4%; 2 + 6 can not be identically zero we find that (R7)~ does not always

have rank < 1. O

Assume that (p,q) # (1,0) and let M*(A~H*) denote the moduli space of ir-
reducible ASD contact instantons on A~H*. From Proposition we have that
M* (A~ H*) is a non-empty Kéhler manifold. Let M*(A™H*)g denote the connected
component of M*(A~H*) containing V.
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Proposition 5.8. Let (p, q) be such that Y9 is irreqular, that is 4p* — 3¢* is not a
square. Then M*(N~H*)g is a Kdhler manifold of complex dimension 3.

Proof. Our proof follows closely the index computation given in Appendix D of [21]
and we will make use of their notation. Let T® be the 3-torus acting on Y?¢ and
let s,t,u denote coordinates on T°. The vector fields generating 7% which corre-
spond to these coordinates are denoted ey, e3, v in [21]. Recall that Y9 is of Reeb
type, meaning & is a vector field generated by the T3-action. Moreover since Y74
is irregular of rank 2, the closure of the subgroup of T generated by ¢ is a 2-torus
T¢ C T°. From [2I] we find T¢ is the subgroup generated by e;, . The coordinate
t identifies the quotient T°/T¢ with a 1-torus 7.

Consider the transverse Dolbeault complex:
0,0 — 7y 04 0,1 — ey 04 0,2 — I+
(5.10) 0— Qp (M,NHE) == Qy (M A HE) — Q" (M, N HE) — 0,
where He = H ® C and we have used that the adjoint bundle associated to A~ H*
is again A"H*. The group T° lifts to an action on this complex making (5.10) a
transverse elliptic complex. Let ind(04) denote the index of this complex, which
as we recall is a distribution on T3. Let z'nd(gA)Té2 denote the Tg—invariant part of
ind(04). Note that this is a distribution on 7% which is invariant under T¢, so we
may regard it as a distribution on the quotient 7. In fact, by imposing invariance

under Tg, we are passing to the basic Dolbeault complex, hence as representations
of T we have

ind(94)"¢ = HY (N HE) — HY (N HE)+ H2 (A HE) = —H} (N HE),
where Hg(/\_H(E) is the degree k basic Dolbeault cohomology of A~Hg. To get

the complex dimension of M*(A~H"*)g, we simply need to evaluate —md(éA)TsQ at
t = 1. Note that since H%A(/\_H(’é) is finite dimensional, this evaluation is well-
defined.

The index of the transverse Dolbeault complex is computed in [21] for the case
of a trivial bundle. We will simply adapt this calculation to the case of A~H¢. The
idea is to perturb the symbol complex along a vector field in the T3-action so that
the complex is an isomorphism away from the closed Reeb orbits. In this way the
index computation localises to a sum of contributions over these orbits. Consider
a closed orbit O C YP? and note that O is an embedded circle. For such an orbit
the torus 7% can be decomposed into a product 72 = T? x T, where the T acts
as translation along the orbit and the 72 subgroup acts on the normal bundle to O.
The T? subgroup also acts on the fibres of A~ H|o according to some representation
and we let x (A~ H{|o) denote the character of this representation. On pulling back
by the projection T3 — T? we will regard x(A~Hg|o) as a character of T3,

We will determine the characters x(A~H¢|p). For this recall that the Y77 spaces
are given by a Delzant-type construction starting from a moment cone [19]. Using
this construction it is possible to determine the weights of the T2 subgroups on
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the normal bundle to each closed orbit 0. These weights can be read off Table
(37) in [2I]. Now since O is a Reeb orbit there is an isomorphism between the
normal bundle to O and the restriction H|p, thus the weights of the action on the
normal bundle determines the character x(A~H{|o). We let {O;;}o<i j<1 denote the
closed orbits. These correspond to the coordinate patches U;; in [2I]. To adapt the
index calculation in [2I] to the case of A~ H¢ one simply has to insert the character

X(ATHg|o,,) into the index contribution over O;;. Thus the contributions to the
index (using the notation of [2I]) are as follows:
I
bit Ogo = (1+ st~ +ts~" (1 —
orni 00 ( + s + s )|:1_51:| [1—t1:| ( U)

+ +
oﬁﬂh:ﬂ+ﬁ+s%%L_éw4][1}5O—Wp)

1 1
bit c (14 st 4ts7!
orni 010 ( +s +ts ) |:1—S_1:| |:

1—t1

]+a1—u§>

_ . 1 N
orbit Oy ¢ (14 st® +s71¢7%) {1—(3752)—1] [1—t] 5(1 — usPtPte),

The index is the sum of these four contributions. Next to take the Tg-invariant part

z'nd(gA)Tg of the index, one needs to extract the terms which are independent of s
and u, giving

—ind(04)F =t + 1+t
Finally to get the dimension of the moduli space, we set t = 1 giving dim(H%A (AN"HE))
= 3. ]
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