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Abstract: We construct a calculus structure on the Lie conformal algebra
cochain complex. By restricting to degree one chains, we recover the structure
of a g-complex introduced in [DSK]. A special case of this construction is the
variational calculus, for which we provide explicit formulas.

1. Introduction

A Lie conformal algebra over a field F, is an F[0]-module R endowed with a
bilinear map [- » -] with values in R[)], called the A-bracket, satisfying certain
sesquilinearity, skewcommutativity and Jacobi identity. In practice, A\-brackets
arise as generating functions for the singular part of the operator product expan-
sion in conformal field theory [K]. More recently, their domain of applicability
has been further extended to encode local Poisson brackets in the theory of
integrable evolution equations [BDSK].

Lie conformal algebras resemble Lie algebras in many ways and in particular
their cohomology theory with coefficients in an R-module M was developed in
[BKV], [BDAK].

In [DSK], it was further shown that when the R-module M is endowed with
a commutative associative product, on which 0 and R act as derivations, the
Lie conformal algebra cochain complex (C*(R,M),d) carries a structure of a
g-complex, where g is the Lie algebra of Lie conformal algebra 1-chains. Namely,
for each X € g there exists a contraction operator ¢y and a Lie derivative Ly
on C*(R, M) satisfying the usual rules of Cartan calculus.

Moreover, it was shown in [DSK] that in the special case of the Lie conformal
algebra R = @, ; F[0]u; with zero A-bracket, acting on an algebra of differential
functions V by

0
uinf = Z AE é) , fev, (11)

keZy u;
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the cochain complex (C*(R,V),d) is identified with the variational complex,
introduced in [GD], the Lie algebra of 1-chains for the R-module V is identified
with the Lie algebra of evolutionary vector fields, and the Cartan calculus turns
into the variational calculus.

Our aim in this paper is to extend the structure of a g-complex on C*(R, M)
to the much richer structure of a calculus structure. The notion of a calculus
structure originated in Hochschild cohomology theory [DTT] (in fact, the defini-
tion in [DTT] differs from ours by some signs). It is defined as a representation
(¢., L.) of a Gerstenhaber (=odd Poisson) algebra G on a complex (£2,d), such
that the usual Cartan’s formula holds

Lx = [tx,d]. (1.2)

Here ¢. (respectively L.) is a representation of G (resp. of G with reversed parity)
viewed as an associative (resp. Lie) superalgebra.

The motivating example of a calculus structure comes from differential ge-
ometry. Namely, let M be a smooth manifold. The space of polyvector fields
24(M), is a Gerstenhaber algebra, with the associative product given by the
exterior multiplication A, and the bracket given by the Schouten bracket. Then
the representation of £2,(M) on the space £2°(M) of differential forms, together
with the de Rham differential d, is given by the contraction operator

(txw)(Y) = (=1)

and the Lie derivative Lx is given by Cartan’s formula (1.2).

In Section 2, apart from the basic definitions, we introduce the notion of a
rigged representation of a Lie algebroid (g, A), which allows one to extend a
structure of a (g, A)-complex to a calculus structure (Theorem 2.18 and 2.25).

In Section 3, for any Lie algebra g and a g-module A, where A is a commuta-
tive associative algebra on which g acts by derivations, we construct a calculus
structure (Aq(g, A), A®(g, A)), where Aq(g, A) is the space of Lie algebra chains
endowed with a structure of a Gerstenhaber algebra, and (A®(g, A),d) is the
complex of Lie algebra cochain (Theorem 3.1). Keeping in mind the annihilation
Lie algebra of a Lie conformal algebra, we construct a “topological” calculus
structure in the case when g is a linearly compact Lie algebra.

In Section 4 we introduce a Gerstenhaber algebra structure on the space
of Lie conformal algebra chains Co(R, M) for an arbitrary module M with a
commutative associative algebra structure over a Lie conformal algebra R, act-
ing on M by derivations. This extends the Lie algebra structure on the space
of 1-chains with reversed parity, g = IIC1(R, M), defined in [DSK, Theorem
4.8]. This allows us to extend the g-structure on the complex of Lie conformal
algebra cochains C*(R, M) constructed in [DSK] to a calculus structure (Theo-
rem 4.11). Furthermore, we construct a morphism from the topological calculus
structure for the (linearly compact) annihilation Lie algebra Lie_ R of a finite
Lie conformal algebra R to the calculus structure (Co(R, M), C*(R, M)) which
induces an isomorphism of the reduced by 9 former calculus structure to the
torsionless part of the latter calculus structure (Theorem 4.14), extending that
in [DSK] for g-structures. This is used in Section 5 to identify the variational
complex 2°(V) over an algebra of differential functions V on ¢ differential vari-
ables, with the complex C*(R,V), where R is the free F[d]-module of rank ¢

p(X)(p(X)—1)
2

WXAY), X,Y € QuM),we (M) (1.3)
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with zero A-bracket, acting on V via (1.1), and to extend the identification of
g-structures obtained in [DSK], to an explicit construction of the variational
calculus structure (£2,(V), £2°(V)), where £2,(V) is the Gerstenhaber algebra of
all evolutionary polyvector fields over V.

Throughout the paper all vector spaces are considered over a field F of char-
acteristics zero. Unless otherwise specified, direct sums and tensor products are
considered over F.

2. Calculus structure on a complex

In this section we introduce the basic definitions of a Gerstenhaber algebra and
of a calculus structure, and prove some simple related results that will be used
throughout the paper.

2.1. Rigged representations of Lie superalgebras. Recall that a vector superspace
is a Z/2Z-graded vector space V = V& V;. If a € V,,, where o € Z/27 = {0, 1},
one says that a has parity p(a) = a. One denotes by ITV the superspace obtained
from V by reversing the parity, namely IIV =V as a vector space, with parity
p(a) = p(a) + 1. An endomorphism of V is called even (resp. odd) if it preserves
(resp. reverses) the parity. The superspace End(V') of all endomorphisms of V'
is endowed with a Lie superalgebra structure by the formula: [A,B] = Ao B —
(,1)p(A)p(B)B o A.

Definition 2.1. A representation of a Lie superalgebra g on a vector superspace
V, X = Lx € End(V), is called rigged if it is endowed with an even linear map
t.: IIg — End(V) (i.e. a parity reversing map g — End(V)), denoted X — vx,
such that:

(i) [tx,ty] =0 for all X|Y € g,
(ii) [Lx,ty] = vx,y] for all XY € g.

Throughout the paper we will denote the parity of the Lie superalgebra g by
p. Hence, for the linear map ¢. : ITg — End(V), we have p(1x) = p(X) + 1.

Recall that a complex (£2,d) is a vector superspace {2, endowed with an
odd endomorphism d € End(£2) such that d> = 0. A representation of a Lie
superalgebra g on a complex ({2, d) is a representation of g on the superspace
2, denoted X +— Lyx € End({2), such that [Lx,d] = 0.

Recall also (see e.g. [DSK]) that a g-complex is a pair (g, 2), where g is a Lie
superalgebra, ({2, d) is a complex, endowed with a linear map ¢. : IIg — End(£2),
satisfying the following conditions:

(1) [tx,ty] =0forall X|Y € g,
(i1) [[tx,d],vy] = tx,y) for all X € g.

This is also called a g-structure on the complex (£2,d).

Lemma 2.2. Any g-complez (g, (2) gives rise to a rigged representation of the
Lie superalgebra g on the complex (£2,d), obtained by defining the map L. : g —
End(£2) by Cartan’s formula:

Lx = [ix,d]. (2.1)
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Proof. Indeed, conditions () and (i7) in Definition 2.1 coincide, via Cartan’s
formula, with conditions (i) and (i) above. Moreover, since d? = 1[d,d] = 0, we
immediately get that [Lx,d] = 0 for every X € g. Finally we have, by Cartan’s
formula (2.1) and condition (4i),

[Lx,Ly] = [Lx,[ty,d]] = [[Lx,ey],d] £ [ty [Lx,d]] = [ix ), d] = Lix ) - -

2.2. Rigged representations of Lie algebroids. Recall that a Lie superalgebroid
is a pair (g, A), where g is a Lie superalgebra, A is a commutative associative
algebra, such that g is a left A-module and A is a left g-module, satisfying the
following compatibility conditions (X,Y € g, f,g € A):

(1) (fX)(9) = f(X(9)),
(i) X(fg) = X(f)g + fX(9),
(i) [X, fY] = X(f)Y + fIX,Y].

Remark 2.3. Since we assume A to be purely even, the odd part of g necessarily
acts trivially on A. One can consider also A to be a commutative associative
superalgebra, but then the signs in the formulas become more complicated.

Ezample 2.4. If A is a commutative associative algebra and g is a subalgebra of
the Lie algebra of derivations of A such that Ag C g, then, obviously, (g, A) is a
Lie algebroid.

Ezxample 2.5. If g is a Lie superalgebra with parity p, acting by derivations on a
commutative associative superalgebra A, then (A® g, A) is a Lie algebroid with
Lie bracket

[f@X,geY]=fg@[X,Y]+ fX(9) @Y — (=1)PXPMgy(f) @ X .

Ezample 2.6. Given a Lie superalgebroid (g, A), we can construct two Lie super-
algebras: gix A and g IT A, with Lie bracket which extends that on g by letting,
for f,ge Aand X € g, [f,g9] =0, [X, f] = X(f) and [f, X] given by skewcom-
mutativity. Both these Lie superalgebras give rise to Lie superalgebroids in the
obvious way.

Definition 2.7. (a) A representation of a Lie superalgebroid (g, A) on a vector
superspace V' is a left A-module structure on V', denoted f — vy, together
with a left g-module structure on V, denoted X — Lx, such that, for X €
g, f € A, we have [Lx,t5] = tx(y).

(b) Given € € F, an e-rigged representation of a Lie superalgebroid (g, A) (with
parity of g denoted by p) on a vector superspace V is a left A-module structure
onV, 1 : A — End(V), together with a rigged representation of the Lie
superalgebra g x ITA, defined by the linear maps v. : Ig® A — End(V), L. :
g® ITA — End(V), satisfying the following compatibility conditions (f,g €
A X eg):

(1) Lyg = Lytg + 5Ly,
(i) tpx = tyix,
(m) LfX = LfLX — (—l)ﬁ(X)LfLX — GLX(f).
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Remark 2.8. If (g, A) is a Lie superalgebroid, then both A and g are (g, A)-
modules (but in general they are not rigged). On the other hand, as we will see
in Proposition 2.14, they extend to a 1-rigged representation of the Lie superal-
gebroid (g, A) on the vector superspace S4(I1g). However, for the applications to
calculus structure, the most important role will be played by the O-rigged repre-
sentations. Indeed, as we will see in Proposition 2.11 below, any (g, A)-complex
gives rise to a 0-rigged representation of the Lie superalgebroid (g, A).

Definition 2.9. (a) A representation of a Lie superalgebroid (g, A) on a complex
(2,d) is a representation of (g, A) on the vector superspace {2 such that
[Lx,d) =0 for every X € g.

(b) A (g, A)-complex (£2,d), where (g, A) is a Lie superalgebroid, is a g x ITA-
complez (for the Lie superalgebra gx IT A in Ezample 2.6) such that the linear
map t.: IIg® A — End(2) satisfies the following two additional conditions
(for frg € 4, X € g):

(1) tgg = Lyt
ZZ) Lfx = Lflx.

The following result allows us to extend a g-complex to an (A®g, A)-complex.

Lemma 2.10. Let A be a commutative associative algebra and let g be a Lie
superalgebra, with parity p, acting on A by derivations, so that we have the
corresponding Lie superalgebroid (A ® g, A) from Example 2.5. Let (£2,d) be a
complex endowed with a structure of a g-complez, v. : IIg — End(§2), and with
a structure of a left A-module, denoted by . : A — End({2). Define the map
L. : g®IIA — End(R2) by Cartan’s formula: L, = [tq,d], a € g® ITA. Assume
that the following conditions hold:

(1) tx,uf)] =0 forall f € A, X € g,
(1t) [Ly,14] =0, for all f,g € A,
(i) [Lx,vf] = 1x(p), for all f € A, X € g.

Then, we have a structure of an (A® g, A)-complex on (£2,d) by letting tyox =
teLx, for f € A and X € g.

Proof. By definition of a complex over the Lie superalgebroid (A ® g, A), we
need to prove that the following relations hold:

(1) [tasts] =0, for a,b e (A® IIg) ® A,

(2) [La,to] = t[ap), for a,b e (A®g) x ITA,
(3) trg = tyig, for frg € A,

(4) Lf(gRX) = Lflge X, for f,g € A, X e Hg,

where L,, as before, is defined by Cartan’s formula for a« € (A®g)® I A. Relation
(1) is immediate by the definition of ¢;g x and assumption (¢). Relation (3) holds
by the assumption that ¢ : A — End({2) defines a structure of a left A-module.
Relation (4) is also immediate. We are left to prove relation (2). When a,b € ITA,
it holds by assumption (i7). When a = f € A, b=g® X € A® g, it follows
by a straightforward computation using the following identity,

[Ly,ix] = —(=1)PFixy),
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which can be easily checked. Finally, when a = f® X € AQgandb=g € ITA
orb=g®Y € A® g, relation (2) follows using the identity,

Liox =tyLx — (—1)PX) Lyux

which is again straightforward to check.
O

The following result generalizes Lemma 2.2 to the case of Lie superalgebroids.

Proposition 2.11. Any (g, A)-complex (§2,d) gives rise to a 0-rigged represen-
tation of the Lie superalgebroid (g, A) on the vector superspace §2, obtained by
defining the map L. : g x ITA — End(£2) by Cartan’s formula: L, = [ta,d] for
alla e gx ITA.

Proof. Condition (7) in Definition 2.9(b) guarantees that (2 is a left A-module.
By Lemma 2.2 we know that the map L. : g x ITA — End(V), given by Car-
tan’s formula, is a Lie superalgebra homomorphism. Moreover, condition (i7)
in Definition 2.7(b) coincides with condition (i¢) in Definition 2.9(b). Hence, to
conclude the proof, we are left to check that ¢. and L. satisfy the compatibility
conditions (i) and (4i¢) in Definition 2.7(b). Both of them follow immediately by
Cartan’s formula.

O

Ezxample 2.12. Let A be the algebra of smooth functions on a smooth manifold
M, g be the Lie algebra of smooth vector fields on M, and {2 be the complex
of smooth differential forms on M with the de Rham differential d. Then (g, A)
is a Lie algebroid. Moreover, the map ¢. : IIg® A — End(V'), where ¢s is the
multiplication by f € A, and ¢x is the contraction operator by the vector field
X € g, defines a structure of a (g, A)-complex on §2. Hence, by Proposition 2.11,
we get a O-rigged representation of the Lie algebroid (g, A) on the complex (2,
where Ly is the multiplication by —df in the algebra (2, for f € A, and Lx is
the Lie derivative by the vector field X € g.

2.8. Gerstenhaber (= odd Poisson) algebras. Recall that, given a commutative
associative algebra A, and an A-module structure on a vector superspace V', the
symmetric, (respectively exterior) superalgebra Sa(V) (resp. A 4(V)) is defined
as the quotient of the tensor superalgebra T4 (V) by the relations u ®4 v —
(=1)P@P) Yy @ 4 u (resp. u @4 v+ (—1)PWP)y @ 4 u). Note that Sa(ITV) is the
same as A\ , V as an A-module (but not as a vector superspace).

Definition 2.13. A Gerstenhaber algebra (also known as an odd Poisson alge-
bra) is a vector superspace G, with parity p, endowed with a product A : GRG —
G, and a bracket [-,-] : G ® G — G satisfying the following properties:

(i) (G, N\) is a commutative associative superalgebra,
(i) (IIG,[-,+]) is a Lie superalgebra,
(iii) the following left Leibniz rule holds:

(X, Y AZ]=[X,Y]|AZ+ (-1)PX+DrMy £ (X, Z]. (2.2)
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From the left Leibniz rule (2.2) and skewcommutativity, we get the right Leibniz
rule:
(X AY,Z) =X A, Z] 4+ (—1)POPEH (X 2] A Y . (2.3)

Proposition 2.14. Let (g, A) be a Lie superalgebroid. Then there exists a unique
structure of a Gerstenhaber algebra on the superspace G = Sa(I1g), with parity
denoted by p, where the commutative associative superalgebra product A on G
is the product in the symmetric superalgebra S4(Ilg), and the Lie superalgebra
bracket [-,-] on IIG, called the Schouten bracket, extends inductively that on the
Lie superalgebra g x ITA from Ezample 2.6 by the Leibniz rule (2.2).

Proof. The symmetric superalgebra S4(ITg) is defined as the quotient of the
tensor superalgebra T (IIg @ A) by the two-sided ideal K generated by the rela-
tions

()a@b=(-1)PPCpxa, abecllgd A,

@) fo X = fX, feA Xellg. (24)

Therefore, in order to prove that the Schouten bracket is well defined, we need
to do three things. First, we check that its inductive definition preserves associa-
tivity of the tensor product, so that we have a well-defined bracket on the whole
tensor algebra, [,-[: HIT(IIg® A) x IT(IIg® A) — I1Sa(Ilg). Second, we
argue that, in order to prove that IC is in the kernel of this bracket, it suffices
to show that it preserves relations (2.4)(i) and (4¢). Finally, we prove that these
relations are indeed preserved.

We start by defining a bracket [-,-]7: HT(IIg® A) x IHT(IIg ® A) —
I1S4(ITg), such that its restriction to g @ ITA coincides with the given Lie
bracket on g x ITA. We do it, inductively, in three steps. First we extend it to a
bracket [,-]: (9@ IHTA)x IIT(IIg®d A) — IIT(IIg® A), by the left Leibniz rule
(2.2) with A replaced by ® and [, -] replaced by [-, -]~ To prove that this map is
well defined we check that the left Leibniz rule preserves the associativity rela-
tion in the tensor algebra. Indeed, both [X,Y ® (Z@W)[ and [X,(Y @ Z) @ W]~
are equal to

(X, YT®ZQW + (-1)PX+rMY @ [X, ZT@ W o5

oD PO DY @ Z @ [X, W (2:5)
We then further extend it to a bracket [-,-]: IT(IIg® A) x IT ([Igd A) —
IIT(ITg® A), by the right Leibniz rule (2.3), with the same changes in notation.
Again, we prove that this map is well defined by checking that the right Leibniz
rule preserves associativity. Indeed, both [X®(Y®Z), W)[ and [(XQY)®Z, W]~
are equal to

XY ®[Z W[+ (-1)PAOeW+) X o [V, W] ® Z 56

o) e+ EW DX W e Y @ Z. (2.6)
Finally, we compose the bracket [-, -] with the canonical quotient map IT7T (ITg®
A) — IIS4(ITg), and we keep the same notation for the resulting map: [, -] :
OT(ITgoA)x T (ITgd A) — IIS4(ITg). We claim that this map satisfies both
the left and the right Leibniz rules. The right Leibniz rule holds by construction,
while for the left one we have to check that, when computing [X ® Y, Z @ W],
we get the same result if we first apply the left Leibniz rule and then the right
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one, or vice versa. As the reader can easily check, the results are not equal in the
tensor algebra, but they become equal after we pass to the symmetric algebra.
Next, it is immediate to check that the bracket [-, | preserves the relations
(2.4)(¢) and (i7), namely, the differences between the LHS and RHS in both
relations lie in the center of this bracket. This allows us to conclude, recalling
(2.5) and (2.6), that two-sided ideal K C T (IIg 4 A) generated by the relations
(2.4)(i)and (i¢) is in the center of the bracket [-,-]T Hence it factors through a
well defined bracket [-,-] : Sa(Ilg) x Sa(Ilg) — Sa(IIg) satisfying both the
left and the right Leibniz rules (2.2) and (2.3). Using this it is easy to check,
by induction, that the bracket is skewcommutative, and after that, again by

induction, that it satisfies the Jacobi identity.
O

Remark 2.15. If g is a Lie superalgebra with parity p, the corresponding parity
p in the Gerstenhaber algebra G = S4(ITg) is

p(Xi A ANXy) =p(X1) 4+ -+ D(Xm) +m, (2.7)
and the parity p of the Lie superalgebra I1G is
DX1AANXp)=p(X1)+ - +D(Xm) +m+1. (2.8)

One derives from the left and right Leibniz rules (2.2) and (2.3) explicit formulas
for the Schouten bracket between two arbitrary elements of the Gerstenhaber
algebra G. For f € Aand X = X1 A--- A X, € G, with X; € g, we have

[FL X1 A A Xy = (_1)ﬁ(X1)+---+ﬁ(Xm)+m[X1 A A X, f]

m . (2.9)

_ Z(_1)17(X1)+"‘+I7(X'i—1)+’iXi(f) XA E AX
=1

while for X = X3 A A Xy, Y =Y1 A - AY, € G, with X;,Y; € g, we have

(X1 A A X, YA AY]
= 3 S () EENXL YA KA - A AVIA AT, (210)

where

s5i;(X,Y) = (p(X3) +1) (p(X1) 4+ -+ p(Xi—1) +i+ 1)
D) (pO) + -+ +p(Yj-1) + 5 +1)
)

c4p(Xm) +m+1) .

In particular, if g is a Lie algebra, then s;;(X,Y) =i+ j.
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2.4. Representations of a Gerstenhaber algebra.

Definition 2.16. A representation of a Gerstenhaber algebra G with parity p on
a superspace V' is a module structure over the commutative associative superal-
gebra (G, M), denoted by v. : GRV — V, X @ v — 1x(v), and called contraction,
together with a module structure over the Lie superalgebra (IIG,]-,]), denoted
byL.:GRV =V, X ®v+— Lx(v), and called Lie derivative, such that the left
Leibniz rule is preserved:

[Lx,ty] ( =Lxuy — (—1)(p(X)+i)p(Y)WLX) = lX,Y]- (2.11)

For example, letting t1x = XA and Lx = ad X, we get a representation of a
Gerstenhaber algebra G on itself, called its adjoint representation.

Remark 2.17. Note that a representation of a Gerstenhaber algebra (G, A, [-,])
on V is the same as a rigged representation of the Lie superalgebra (IIG,[,-])
such that the rigging X — 1x is a representation of the associative superalgebra

(G, A):

Theorem 2.18. Let (g, A) be a Lie superalgebroid, and consider the Gersten-
haber algebra G = Sa(Ilg), with parity p. Then any e-rigged representation of
the Lie superalgebroid (g, A) on a vector superspace V , extends uniquely to a rep-
resentation of the Gerstenhaber algebra G on V' such that, for every X,Y € G,
the following e-right Leibniz rule holds:

Lxny = txLy + (—1)PY) Lyty — e(=1)PNVy v

( =.xLy + (—l)p(x)p(y)Lny + (1 - 6)(—1)p(y)b[x7y]> . (2'12)
Proof. Since the contraction ¢. : G — End(V) is a representation of the com-
mutative associative superalgebra (G, A), and it extends the rigging of the rep-
resentation of the Lie superalgebra g x ITA on V, it is forced to be given by the
following formula:

LX AN ANXy, —UX X, (2.13)

for all Xy,...,X,, € g. It is immediate to check, using the assumptions that
tyx = tpLx forall f e A, X € g, and [tq,t) = 0 for all a,b € ITg @ A, that the
contraction map is a well-defined representation of the commutative associative
superalgebra (G, A).

By assumption, the Lie derivative L. : IIG — End (V) is defined by extending,
inductively, the representation of the Lie superalgebra g x ITA on V, using
equation (2.12). In order to prove that the map L. is well defined, we proceed as
in the proof of Proposition 2.14. First, we define a map L. from the tensor algebra
T(IIg® A) to End(V) (which reverses the parity), extending L. : g & [TA —
End(V), inductively, by saying that Lxgy is given by the RHS in (2.12). By
applying (2.12) twice, we get that both Lxgygz) and Lixgy)gz are equal to

beyzz + (*1)p(Z)LXzyLZ + (71)p(Y)+p(Z)beYLZ

2.14
—e(—1)r%) (LXL[Y,Z] + (1P ix ez + (—1)p(x)p(y)LYL[XvZ]) ’ =

proving that L. preserves the associativity relation for the tensor product. Above
we denoted, by an abuse of notation, the lifts of the contraction map and the
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Schouten bracket to the tensor algebra T (ITg @ A) by ¢. and [, ] respectively.
Hence L. is a well defined map: 7T(IIg ® A) — End(V). Moreover, the fact
that L. preserves the defining relations (2.4)(¢) and (i7) is encoded in the as-
sumption that V is an e-rigged representation of the Lie superalgebroid (g, A).
More precisely, for the relation (2.4)(i) with a = f,b = g € A, we have that
Ligg = tyLy+ Lyfig, which is the same as Lyg ¢ thanks to condition (¢) in Def-
inition 2.7(b) and the fact that Ly and ¢y commute. For a = X,b =Y € g,
we have EX@Y — (71)p(X)p(Y)EY®X = [Lx,Ly] + (71)p(y) [Lx, Ly] — E(L[XJ/] +
(—1)HEEO+HDEO)+D) Uy, x]), and this is zero by the definition of e-rigged repre-
sentation and by the skewcommutativity of the Lie bracket on g. Finally, when
a =X € g, b= f € A, we have that both Lf®X and LX®f are equal to
trLx 4+ (1) (X)LfLX — eLx(s), thanks to the assumption that [Lx,tf] = tx ().
Moreover, this expression is equal to Lsx, by condition (4¢¢) in Definition 2.7(b),
thus proving that L. preserves the relation (2.4)(i7). What we just proved al-
lows us to conclude that two-sided ideal K C T(IIg & A) generated by the
relations (2.4)(¢) and (i%) is in the kernel of L. (this is not immediate since L.
is not a homomorphism of associative algebras). Indeed, both the contraction
map ¢. and the Schouten bracket [-,-] are defined on the symmetric superal-
gebra S4(Ilg), and hence, when lifted to the tensor algebra T (IIg @ A), they
map the ideal K to zero. Therefore it is clear, from the expression (2.14) for
Lxgygz, that I is in the kernel of L.. Hence L. factors through a well defined
map L. : Sa(IIg) — End(V).

To complete the proof we have to check that the pair (v.,L.) is a Gersten-
haber algebra representation. By assumption the left Leibniz rule (2.11) holds
for X,Y € IIg & A. Therefore, in order to prove (2.11) by induction, we note
that,

[Lx,tynz] = [Lx,tyiz] = [Lx,tyliz + (=1)PE+DPO) 10 (L ]

= ux vz + ()PP iy = ux yazy

for all X,Y,Z € G such that Y, Z have degree at least 1, and

[Lxay,tz] = [txLy + (=1)PP) Ly — e(— )p(y)b[x,y]wz]
ux[Ly, tz) + (=1)PO DLy 7Ty

= Lxtpy,z + (—1)P@ (Z)Jri)L[X,Z]LY = LUXAY,Z] s

for all X,Y,Z € G such that X,Y have degree at least 1. In the computations
above we used the inductive assumptions, formula (2.12), and the commutation
relation [¢x,ty] = 0.

Finally, we use the above results to prove, by induction, that L. : IIG —
End(V) is a Lie superalgebra homomorphism: [Lx,Ly] = Lx,y] for all X,Y €
IIG. If both X, Y are in g &® IT A, this holds by assumption. Moreover, by skew-
commutativity, it suffices to check the homomorphism condition for X, Y A Z,
where both Y and Z have degree greater or equal than 1:

[Lx,Lynrz] = Lix,yrz] - (2.15)
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The LHS of (2.15) is, by inductive assumption,

[Lx,Lysz) = [Lx,tyLz + ()PP Lyiz — e(=1)P Dy 7]
=[Lx,ty]Lz + (_1)(p(X)+1)p(Y)LY[LX7LZ] + (—1)p(z)[Lx,LY]LZ
+(_1)p(Z>+(p(X)+i)(p(Y)+T)LY [Lx,tz] —e(=1)PP[Ly, Ly, z)]
=uxy)Lz + (_1)(p({()+i)p(}i)LYL[X,Z] + (—1)p(Z)L[X,Y]LZ
+(—1)p(Z)+(p(X)+1)(p(Y)“)LyL[Xz] — 6(*1)p(z)b[x,[y,z]] .
Similarly, the RHS of (2.15) is

Lixyrz = Lixyinz + (-1)@COFPO Ly o
= L[X,Y]LZ + (—1)p(Z)L[X7Y]LZ - 6(—1)p(z)b[[x,y],q]

H(—1) X+ DR(Y) (LY Lix.z + (~1)P@+@CO+D L

_€<_1)p(X)+p(Z)+1L[Y,[X,Z}]) _
Equation (2.15) now follows by the Jacobi identity for the Schouten bracket.
O

Remark 2.19. One can show that among all possible expressions for Lxy of the
form
atxLy + by Lx +cLxiy +dLyix + elx,y]s

with a, b, ¢,d, e € F, only those given by (2.12) satisfy the left Leibniz rule (2.11),
and therefore give rise to a representation of the Gerstenhaber algebra S4(ITg).

Ezample 2.20. The adjoint representation of the Gerstenhaber algebra S4(I1g)
on itself, satisfies the e-right Leibniz formula with ¢ = 1.

In the next subsection we will see how to construct representations of the
Gerstenhaber algebra S4(I1g) satisfying the e-right Leibniz formula with € = 0,
starting from a (g, A)-complex and using Cartan’s formula.

Ezample 2.21. If a Lie superalgebroid (g, A) is such that the action of g on A
is trivial, then every egp-rigged representation of (g, A) on a vector superspace
V', for some ¢q, is automatically e-rigged for all e. Hence, by Theorem 2.18, we
automatically get in this case a family of representations of the Gerstenhaber
algebra G = S (IIg) on V, depending on the parameter ¢, which satisfies the e-
right Leibniz formula (2.12). In particular, in this case, the adjoint representation
of G = Sa(IIg) on itself admits a 1-parameter family of deformations.

Remark 2.22. Using the e-right Leibniz rule (2.12) and recalling the relation
(2.7) for the parity in G = S4(IIg), one can find an explicit formula for the Lie
derivative Lx, for an arbitrary element X = X; A--- A X,, with X, € g:

m

Ly = Z(_1)ﬁ(XHl)+~~+17(Xm)+m+iLX1 cuxs o Lxitx, ccoix,,
i=1 i (2.16)
i Z (—l)tij(X)Lxl XX X
1<i<j<m

where
tij(X) = p(Xip1) + -+ D(Xpm) + m+i .
+(P(X;) + 1) (B(Xi1) + -+ D(Xj1) +i+j+1).
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Using the second formula in (2.12) one can get a different expression for Lx,
which in the case e = 1 gives

Ly = i(_l)(ﬁ(xi)"l‘I) (ﬁ(xi+1)+~~+ﬁ(xm)+m+i) x, b vx. L. .

i=1

We will use formula (2.16) in the special case when g is a Lie algebra and € = 0.
In this case it reads
LX :Z(—l)m+iLX1 ~~-LXi71LX1.LXH1 o lX,, (217)
i=1

2.5. Calculus structure on a complez.

Definition 2.23. A calculus structure of a Gerstenhaber algebra G on the com-
plex (£2,d) is a representation of the Gerstenhaber algebra G on the vector super-
space (2, denoted by t. : G — End(£2), L. : [IG — End({2), satisfying Cartan’s
formula (2.1). Often we will denote this calculus structure as the pair (G, 2).

Remark 2.24. Given a Gerstenhaber algebra G and a complex ({2, d), in order to
construct a calculus structure of G on 2, it suffices to define a representation ¢.
of the associative superalgebra (G, A) on the superspace {2, satisfying

HLdeLLY]:L[X,Y] ) for all nyega

and to define the Lie derivative Ly by Cartan’s formula. This follows from
Lemma 2.2.

Note that a G-complex, for the Gerstenhaber algebra G, is automatically a
ITG-complex, for the Lie algebra ITG (and hence for any subalgebra g C I1G).
The following result can be viewed as a converse statement: to any g-complex, or
more generally to any (g, A)-complex, ({2, d), we associate a calculus structure
of the Gerstenhaber algebra G = S4(IIg) on (2.

Theorem 2.25. Let (g, A) be a Lie superalgebroid. Then any (g, A)-complex
(£2,d) extends uniquely to a calculus structure of the Gerstenhaber algebra G =
Sa(Ilg) on the complex (£2,d). Moreover, the contraction t. and the Lie deriva-
tive L. of this calculus structure satisfy the 0-right Leibniz rule (2.12).

Proof. By Proposition 2.11, we have a 0-rigged representation of the Lie super-
algebroid (g, A) on {2, satisfying Cartan’s formula [1,,d] = L, for all a € g T A.
By Theorem 2.18, this further extends to a representation of the Gerstenhaber
algebra G = Sa(IIg) on {2 satisfying the O-right Leibniz rule. To prove that
this representation is indeed a calculus structure, we only have to check that
Cartan’s formula (2.1) holds for every X € G. We already know that it holds for
X € Ilg® A, and we have, by induction,

[LX/\y,d] = [LxLy,d] = Lx[Ly,d] + (—l)p(y)[Lx,d]Ly
= xLy + (71)p(y)LxLy = LX/\Y .

In the last identity we used the O-right Leibniz rule (2.12). Uniqueness of the
extension is clear, since ¢. extends uniquely to a representation of the associative
algebra (G, A\), and L. is given by Cartan’s formula.
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O

Ezample 2.26. Recall from Example 2.12 that the de Rham complex ({2, d) car-
ries a structure of a (g, A)-complex, where A is the algebra of smooth functions
and g is the Lie algebra of smooth vector fields on a smooth manifold M. Hence,
by Theorem 2.25, this extends uniquely to a calculus structure (G, {2), where
G is the Gerstenhaber algebra S (I1g). The contraction by a polyvector field
X=X AN NX, istx =1x, - tx,,, and the Lie derivative by X is given by
(2.17).

Remark 2.27. Note that both Cartan’s formula (2.1) and the compatibility con-
dition (2.11) differ by a sign from those in [DTT]. The reason for this change is
that, as defined in [DTT], a calculus is not a representation of the Gerstenhaber
algebra G. Also, in [DTT] the definition of a calculus includes the 0-right Leibniz
rule (rather a different version of it by a sign), which is of course superfluous
since it is equivalent to the following trivial identity:

[bey,d] = Lx[by,d] + (—1)p(Y)[LX7d]LY .

2.6. Ly -graded calculus structures. Usually, a complex (§2,d) is endowed with a
Z,-grading {2 = @neh 07, such that d(2"~1) C 2". A Gerstenhaber algebra
G is called Z,-graded, with grading G = @n€Z+ Gn, if Gou NGy, C Gy and
[Gim> Gn] € Gman—1. A Z,-graded calculus structure of a Z-graded Gersten-

haber algebra G on a Z,-graded complex is, by definition, a calculus structure
such that +(G,, x 2") C 2"~™ and L(G,, x ") C Qn—m+L

Ezample 2.28. If (g, A) is a Lie superalgebroid, then S4 (I1g) is a Z-graded Ger-
stenhaber algebra with the usual Z-grading of the symmetric algebra. More-
over, suppose we have a (g, A)-complex (£2,d), such that (£2,d) is a Z,-graded
complex, and ¢7(£2") C 2" for all f € A and ¢x(2") C 277! for all X € IIg.
Then the corresponding calculus structure (S4(I1g), §2) given by Theorem 2.25
is Z4-graded.

Remark 2.29. Given a Z-graded vector superspace V = @, ., V", with parity
p and degree deg, we let IV be the Z-graded vector superspace with opposite
parity: p(v) = p(v) + 1, and with degree shifted by 1: deg(v) = deg(v) + 1. In
other words, IIV = @,,.,(IIV)", where (IIV)" = II(V"~'). Using this nota-
tion, if (£2,d) is a Z-graded complex, it means that d is a parity preserving
linear map of degree zero from (2 to IT(2. Moreover, if we have a Z-graded
Gerstenhaber algebra G = ®n€Z+ G, we consider it as a Z_-graded super-
space G = @, G", by letting G = G_,,. With this notation, (G,A) is a
Z_-graded commutative associative superalgebra, and (I1G, [+, ]) is a Z_-graded
Lie superalgebra. Moreover, in a Z,-graded calculus structure (G, £2), both the
contraction map ¢. : G x {2 — (2 and the Lie derivative L. : I1G x {2 — {2 become
parity preserving maps of degree zero.
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2.7. Morphisms of calculus structures.

Definition 2.30. A morphism (G, 2) — (G', ') of a calculus structure (G, 2)
to a calculus structure (G',2') is a Gerstenhaber algebra homomorphism & :
G — G, together with a homomorphism of complexes ¥ : 2 — (2, such that,
for X' € G’ and w € 2, we have

Lx Ll'/(w) = LT/(qu(X/)w) . (2.18)

Note that, by Cartan’s formula, equation (2.18) holds if the contraction t. is
replaced by the Lie derivative L..

A morphism of Z-graded calculus structures is one that preserves the 7, -
gradings.

Ezxample 2.31. Let G be a Gerstenhaber algebra with a calculus structure on
the complex (£2,d). Let 0 be an even endomorphism of the superspace {2, such
that [d,0] = 0. Let G2 = {X € G|[1x,8] =0} C G. Notice that, by Cartan’s
formula, [Lx,0] =0 forall X € G?. Tt follows that G? is a subalgebra of the Ger-
stenhaber algebra (G, A, [-,+]), and that (9£2,d) is a subcomplex of (£2,d), such
that 942 is a submodule over the Gerstenhaber algebra GZ. We can thus con-
sider the quotient G2-module £2/042. This defines an induced calculus structure
of the Gerstenhaber algebra G on the complex (£2/352,d), which is called the
reduced calculus structure. We have the obvious morphism of calculus structures
(G, 2) — (G2,92/00) given by the inclusion map of G2 — G and the quotient
map 2 — 2/012.

3. Calculus structure on the Lie algebra complex

3.1. Discrete case. Let g be a Lie algebra and A a g-module, endowed with
the structure of a unital commutative associative algebra, on which g acts by
derivations. By Example 2.5, we have a Lie algebroid (A ® g, A). Hence, by
Proposition 2.14 and Example 2.28, we have a Z-graded Gerstenhaber algebra
Sa(lI(A®g)), which we denote by Ay = Ay(g, A) = PD),cz, An(g, A). Note that
we have the canonical isomorphism A(g, A) = A® S(ITg) = A® A g (the latter
identity is only of vector spaces, not superspaces, and A® /A g is considered as a
vector superspace with induced Z/2Z-grading). We shall call this the superspace
of chains.

Dualizing, the superspace of cochains is the Z-graded vector superspace
A*(g,A) = Homa(As(g,4),4) = Djez, A¥(g, A), where the k-th compo-
nent is A¥(g, A) = Homy(Ax(g, A), A). Again, this is the same as the tradi-
tional definition due to the canonical isomorphism of vector spaces A¥(g, A) =
Hom4(A® A" g, A) = Homp(\" g, A). Again, we consider the latter as a vector
superspace with induced Z/2Z-grading. The superspace A®(g, A) is a Z-graded
complex with differential d : A®(g, A) — A®(g, A), defined by the usual formula,
see e.g. [F] (X; € g):

k+1 .

(o) (X1 A= A Xper) = 3 (=1 X (XA =T AXps))
k+1 . = i (3.1)
+ 3 (D) (X, XA XA T AX )

i,j=1
1<j



Calculus structure 15

We next define a structure of a (A ® g, A)-complex on (A®*(g, A),d), see Def-
inition 2.9(b). For f € A, we let .y € End(A°®(g, A)) be the multiplication by
f, given by the obvious left A-module structure on A®*(g, A) = Homp(A g, A).
For X € g, we let the contraction operator 1y : AF(g, A) — AF~1l(g, A) =

HOHl]F(/\k_l g, A), be zero for k =0, and, for k > 1, be given by
(xw)(Y)=w(XAY), YeA'g. (3.2)

We then use Cartan’s formula (2.1) to define, for f € A, Ly : AF(g, A) —
AFHLl(g, A), and, for X € g, Lx : Ak(g,A) — A¥(g,A), k € Z,. We have
(Xi€9):

k1
(Lyw)( Xy Ao A Xpy) = Z(—l)in(f) W(XiA - /\Xk+1)
(wa)(Xl/\”'/\Xk) :A’L)th(Xl/\-"/\Xk)) (33)
k

wa (X1 A [X, X)) A Xpgr) -

Theorem 3.1. (a) The operators vy, f € A, and vx, X € g, define a structure
of a (A® g, A)-complex on (A*(g, A),d).

(b) This extends uniquely to a Z, -graded calculus structure of the Gerstenhaber
algebra Aq(g, A) on the complex A®(g, A).

Proof. First, we check that the contraction maps tx, X € g, define a structure
of a g-complex on A®(g, A). This is straightforward, using the second formula in
(3.3). Then, in order to prove that we have a structure of a (A ® g, A)-complex
on (A*(g, A),d), it suffices to check conditions (4), (i4) and (44¢) in Lemma 2.10.
Condition (i) is clear, condition (i) follows from the first formula in (3.3), and
condition (#i¢) follows from the second formula in (3.3). This proves part (a). For
part (b), by Theorem 2.25 the structure of a (A® g, A)-complex on (A®(g, A), d)
extends to a calculus structure (A4(g, A), A®(g, A)), and, by Example 2.28, this
calculus structure is Z,-graded.

O

It is not hard to find a general formula for the contraction operator and the
Lie derivative for an arbitrary element f@ X = fQ X3 A---AXp € A® /\h g=

An(g, A). Let w € A¥(g, A) = Homg(A" g, A). If h < kand Y € A" g, we
have, from (2.13),

h(h—1)
(Lroxw)(Y)=(-1)" 2
Ifh<k+landY =Xp 1 A AXppp € /\kH*h g, we have, from (2.17),

(XAY). (3.4)

k+1

(Lpoxw)(¥) = (~1)"47 ( S (DX (XA - AX)
N 1=h+1
Z W(XIA -~ /\Xk+1)) (3.5)

i=1
1

E

h +
+Z ( ]. fOJ(Xl/\ [Xi,Xj]/\XkJrl)) .
i=1 j=i+1
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3.2. Linearly compact case. In this subsection we shall assume that g is a Lie
algebra with a linearly compact topology, acting continuously by derivations
on a unital commutative associative algebra A, with discrete topology. For a
definition of linearly compact space and relevant properties which we shall use,
see e.g. [G,CK].

Recall that a linear topology on a vector space V over F is a topology for
which there exists a fundamental system of neighborhoods of zero, consisting of
vector subspaces of V. A vector space V' with linear topology is called linearly
compact if there exists a fundamental system of neighborhoods of zero, consisting
of subspaces of finite codimension in V' and, in addition, V is complete in this
topology (equivalently, if V' is a topological direct product of some number of
copies of F with discrete topology). If ¢ : V' — U is a continuous map of vector
spaces with linear topology and V is linearly compact, then ¢(V') is linearly
compact. The basic examples of linearly compact spaces are finite-dimensional
vector spaces with the discrete topology, and the space of formal power series

V{z1,...,zm]] over a finite-dimensional vector space V', with the topology de-
fined by taking as a fundamental system of neighborhoods of 0 the subspaces
{1" . alp V2, .. 7xMH}(j1,...,jm)EZT-

Let U and V be two vector spaces with linear topology, and let Homg (U, V')
denote the space of all continuous linear maps from U to V. We endow the
vector space Homg (U, V) with a “compact-open” linear topology, the funda-
mental system of neighborhoods of zero being {2k w}, where K runs over all
linearly compact subspaces of U, W runs over all open subspaces of V', and
Rxw ={p € Homp(U,V) | ¢(K) C W}. In particular, we define the dual space
of V as V* = Homg(V, F), where F is endowed with the discrete topology. Then
V' is linearly compact if and only if V* is discrete. Note also that a discrete
space V is linearly compact if and only if dimV < oo. The tensor product of
two vector spaces U and V with linear topology is defined as

UV = Hom§(U*, V).

Thus, U®V = U ® V if both U and V are discrete and UV = (U* @ V*)*
if both U and V are linearly compact. Hence the tensor product of linearly
compact spaces is linearly compact.

We can construct a “topological” calculus structure (A, (g, A), A*(g, A)), as-
sociated to the Lie algebra g and its representation on A.

We let A, (g, A) = Dz, An(g, A), where Ay (g, A) = Aéi)/\hg7 where /\hg

is the quotient of g®h by the usual skewsymmetry relations. Clearly Aq(g, A)

is a subspace of A.(g, A), and its Gerstenhaber algebra structure, given by the
wedge product and formulas (2.9) and (2.10) for the Lie bracket, extends by

continuity to the whole A, (g, A).
§ , y K
Next, we let A*(g, A) = @z, A"(g, A), where A¥(g, A) = Homg (A g, A).

& ~ K
Since /\k g is dense in A\ g, a continuous linear map from A g to A is deter-

mined by its restriction to /\k g. Hence, we can view A®(g, A) as a subspace
of A*(g, A). One easily checks that the differential d on A®(g, A) leaves this
subspace invariant, giving it a structure of a Z,-graded complex.

Finally, it is easy to check that the calculus structure (A4(g, A), A%(g, A))

extends, by continuity, to a well defined calculus structure (A, (g, A), A*(g, A)),
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and the inclusion maps As(g, 4) — A.(g, 4), A%(g,A) — A*(g, A), define a

morphism of calculus structures.

4. Calculus structure on the Lie conformal algebra complex

4.1. Preliminaries on Lie conformal algebras and their modules. In this section
we review basic properties of Lie conformal algebras and their modules, following

[KJ.

Definition 4.1. A Lie conformal algebra R is an F[0]-module equipped with a
A-bracket, that is an F-linear map R ® R — F[A]| @ R, denoted a ® b — [axb],
satisfying the following relations (a,b,c € R):

(sesquilinearity) [0axb] = —A[axb], [ar0b] = (0 + A)[axb],
(skewcommutativity) [axb] = —[b_x—_gpa], where O is moved to the left,
(Jacobi identity) lax[buc]] — [bulaxc]] = [[arb]a+pc].

One writes [axb] = 7, ?—f (a(j)b), where the sum is finite; the bilinear prod-
ucts a;)b are called j*B-products.

Definition 4.2. A module M over a Lie conformal algebra R is an F[0]-module,
with action of O denoted by M, endowed with a A-action R®@ M — F[\ @ M,
denoted a @ m — aym, such that

(i) (0a)xm = —Aaym, ax(OMm) = (O™ + X)(axm).
(i) ax(bum) — bu(axm) = [axb]x4m.

Remark 4.3. If R is a Lie conformal algebra, then the torsion Tor R of the F[J]-
module R is in the center of the Lie conformal algebra R, and moreover its
A-action on any R-module M is trivial. Indeed, for a € R and P(0) € F[J], we
have (P(9)a)n = P(—=MA)ax. Hence, if a € Tor R, i.e. P(0)a = 0 with P # 0, we
get that ay = 0 on any R-module.

Recall that the annihilation Lie algebra associated to the Lie conformal alge-
bra R is
Lie - R = R([t]]/(0 + 0,) R[[t]],

with the well defined Lie bracket

[@m, bn] = Z <m> (ajyb)min—j, a,b € R, m,n € Z, (4.1)
JEL+

where a,, n € Z,, denotes the image of at™ in Lie_R. Letting a) = Zn€Z+ ’%an,

formula (4.1) is equivalent to [ax,b,] = [axb]x4,, which is equivalent to the
Jacobi identity. Moreover, the identity (0a), = —na,_1, which holds on Lie_ R,
is equivalent to (Ja)y = —Aay, which is the first sesquilinearity relation. Note
also that, if a € Tor R, then a) = 0. This follows by the same argument as in
Remark 4.3.

The action of 9 on R induces a derivation of the Lie algebra Lie_ R, by
d(ay,) = (0a),, which we still denote by 9, and we may consider the semidirect
product Lie_ R x FO. A module M over the annihilation Lie algebra Lie_ R,
or over the Lie algebra Lie_ R x FQ, is called conformal if, for any a € R and
v € M, we have a,(v) = 0 for n sufficiently large.
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Proposition 4.4. A module over a Lie conformal algebra R is the same as a
conformal module over the Lie algebra Lie_ R x FO.

Proof. To give a vector space M a structure of an R-module means to provide
an operator 9™ on M and, for each a € R, a sequence of operators a,,n € Z,,
on M, such that the map R® M — F[A\] ® M given by

)\n
a\v = Z e veM, (4.2)
nely
satisfies relations (¢) and (i7) in Definition 4.2. But this is exactly the same as
giving M a structure of a conformal module over Lie_ R x FQ, with 0 acting as
oM.
O

If the Lie conformal algebra R is of finite rank as an F[0]-module, then the
Lie algebra Lie_ R can be endowed with a linearly compact topology. In fact,
if we decompose R = (F[0] ® U) & Tor, where U is a finite dimensional vector
space, then Lie_ R is (non canonically) isomorphic to U[[t]] as a vector space,
and it has the usual formal power series topology, which makes it a linearly
compact Lie algebra. In this case, to say that a Lie_ R-module M is conformal
is the same as to say that it is a continuous module, when we endow it with the
discrete topology.

4.2. The Lie conformal algebra cochain complex (C*(R,M),d). For k € Zy,
denote by F_[Aq,..., Ax] the space of polynomials in the k variables A, ..., Ag
with the F[0]-module structure obtained by letting 0 act by multiplication by
_()\1 4+ )\k).

Let R be a Lie conformal algebra and let M be an R-module. We define the
space of k-cochains C*(R, M), k € Z., as the space of F-linear maps

¢c: R — F_[A\1,..., \] ®pjg) M,
a1®"'®ak’_>C/\1,--~7Ak(a17”.’a’k’)’

satisfying the following conditions:

(sesquilinearity) cx,,.. a, (@1, , 04, -+ ,a5) = —AiCxy o Ap (@1, 5 ak),
(skewsymmetry) cx, ), Ao (@o(1)s " 5 Ao(k)) = sign(o)en,,... a (a1, ax),
for all permutations o € Sj.
For example, CO(R,M) = M/OM and C'(R,M) = Hompg(R, M). We let
C*(R, M) be the Z,-graded vector superspace @ke& C*(R, M), with the parity
induced by the Z-grading.
We make C*(R, M) into a Z,-graded complex by letting the differential d :
C*(R,M) — C**Y(R, M), k € Z,, defined by the following formula:

k+1 .
— N (1), _ R
1, s Akt 1 ; i
(dC))\ A+ (a’la 70’1€+1) Z( 1) @\ (C i (a17 7ak+1))
— ALy A k1
=1 7. (4.3)
+ Z (—1)*'e j (a1,---laix,a5] -~ apqr) -

J
1<i<j<k+1 ALy A+ Ak
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For example, if [v € M/OM = C°(R, M), we have (d[v),(a) = axv = a_guv €
F_[\] ®pjg) M, where 0M is moved to the left. Here, as usual in the variational
calculus, [v denotes the coset of v in M/IM.

Proposition 4.5. Formula (4.3) gives a well defined map d : C*(R,M) —
CFL(R, M), and d*> = 0. Hence, C*(R, M) is a Z-graded complex.

Proof. This complex is a special case of a Lie pseudoalgebra complex, when the
Hopf algebra is F[J]. Hence, this statement follows from the results in [BDAK,
Sec.15.1]. Tt also follows from [DSK], where the complex C*(R, M) is introduced
in terms of poly-A-brackets (see Remark 4.6 below).

O

Remark 4.6. We can identify the space F_[A1,..., A\x] ®pjg) M with the space

F[A1,. .., \k—1]®M, by substituting A, by )\L = —A1——Ap_1—0M. Although
this identification is not canonical, it is often convenient in practical use, via the
language of poly-A-brackets. Namely, a k-cochain ¢ € C*(R, M) is described
as a k-A-bracket, i.e. a map ¢ : R®* — FAy,..., k1] @ M, a; @ -+ ® ag
{aiy, -~ 'akfl,\k,lak}ca satisfying

() {a1n, - (0ai)x; - ag-1y, arte = —Ai{aiy, - - ak—1y, ,ar}e for i <k —1,
and {ayy, ... ar-1y, Oar}ec= —Az{aul S Qk—1y, Ok e

(ii) {aq(1) “a"("”‘_l)kawq)a"(’“)}c = sign(o){ain, - ak-1y, ,Ak}e; 0 € Sk,
where Ay is replaced by )\L whenever it appears.

In the language of poly-\-brackets the differential d : C*(R, M) — C*+*1(R, M),
for k > 1, takes the form

Ao(1)

k+1 .
. 1
{aix, -k, k1 }de = Z(*l)wlam{aul g, O],
=1
_ j
+ Y (=1 any, o lain gl T ara 0k b,

1<i<j<k+1

where, as before, we replace A\g41 by )\L 41 Whenever it appears. For example, if
¢ € C*(R, M) = Homgg) (R, M), then {axb}ac = arc(b) —b__puc(a) —c([arb]).

Remark 4.7. Following [DSK], define the subcomplex C*(R, M) C C*(R, M),
consisting of the F-linear maps ¢ : R®* — F_[Ay,---, \4] @ppg) M, such that
Cry o ng (@1, yax) = 0 if one of the entries a; is a torsion element in the
F[8]-module R. Then C*(R, M) = C*(R,M) if k # 1, while C*(R,M) = {c €
C'(R, M) = Homgg(R, M) | c(Tor(R)) = 0}. For example, if R is of finite rank
as an F[0]-module, and it decomposes as

R =Tor(R)® (F9)®U) , Tor(R) = @F[a] /(P;(9)), (4.4)

then C'(R, M) = Homg(U, M), while C*(R,M) = (D, Ker(P;(0) : M —
M)) & Homg (U, M).
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4.8. The space of chains Co(R, M) and its Gerstenhaber algebra structure. Let
R be a Lie conformal algebra and let M be a module over R endowed with the
structure of a commutative associative algebra on which 0™ and ay, a € R, act
by derivations.

For k € Z, consider the algebra of formal power series M|[x1,...,z]] with
coefficients in M. It is endowed with an F[0]-module structure, with 0 acting as
OM on coefficients, and with a A-action of R on M[[x1,...,zx]], where a) acts
on the coefficients of the formal power series. Note that this is not an R-module
structure of R on M[[z1,...,x]], since ay¢ can be a formal power series in A,
but it satisfies all other axioms of a module over a Lie conformal algebra.

Let My, C M[[x1,...,zx]] be the subspace of series ¢(x1, ..., xx) such that

((%1 + -+ (’)wk)¢(x1, e ,l‘k) = 8M¢(a:1, .. ,xk) . (45)

For example, Mo = {m € M |8Mm =0} = M?, and M; = {¢*?" ' m|m e M},
which is naturally identified with M. Note that the subspace M} is not an
R-submodule. We have a natural action of the group of permutations Sj on
M][z1, ..., zg]], which leaves M}, invariant, given by (o € Sy):

(J(i))(xl,...,xk) = gb(.’ta(l),...,l'a(k)). (46)
Also, recall that we have a natural action of Sj, on the space R®* given by
U(a1®-~-®ak) =a071(1)®...a071(k). (47)

The space of k-chains Cy(R, M) is defined as the quotient of the space R®* @
My, by the following relations:

(sesquilinearity) a1 ®...0a; - QarR@p+a1 Q- Qa®(0y, ) =0,i=1,...,k,
(skewsymmetry) o(a; ® - ® ap ® ¢) = sign(0)a; ® -+ @ ap @ ¢, 0 € Sy

For example, Co(R, M) = My = M? and, using the identification M; = M
described above, we have an identification C1(R, M) = (R ® M)/9(R @ M).
We let Cy = Co(A, M) = ®rez, Cr(A, M) be the Z-graded superspace of all
chains, with parity induced by the Z, -grading.

The wedge product on C4(R, M), which makes it a commutative associative
Z-graded superalgebra, is given by

(a1®-~-®ah®¢(x1,...,xh))/\(ah+1®~-~®ak ®1/)(:r1,...,;vk,h))
=a1®"'®ak®(¢($1,...7$h)¢($h+1,...,ij)).

It is immediate to check that the wedge product is well defined and it is as-
sociative and commutative (in the super sense). For commutativity we use the
skewsymmetry relation in Cy(R, M) where o is the permutation 75—, € Sk
exchanging the first k — h letters with the last h letters:

(1 o k—hk—h+l---k
Th,kh_(}hLl... k 1 h) (4.9)

(4.8)

To have a Gerstenhaber algebra structure on Co(R, M) we are left to intro-
duce a Lie superalgebra bracket on ITCo(R, M). In [DSK], it was shown that
IICy = (R® M)/O(R® M) carries a Lie algebra bracket given by the formula:

[a®@m,b®n] = [agubl @mn +b® (agun)-m —a® (bgum)_n , (4.10)
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where, OM in the first summand denotes 8™ acting only on the first factor m
and the right arrow means that 3™ should be moved to the right. Motivated by
formula (4.10) and by the definition of the Schouten bracket, we introduce the
following bracket on C¢(R, M):

(a1 @ @ap @ (x1,...,24), ahg1 @+ @ ap @ Y(1,. .., Tp—p)]

J
Z Z h+J+1( 1®"‘[ai8miaj]'7'®ak
i=1 j=h+1
J
®¢(CE1, e 7xh)l/}(xh+17 Y 7xk71))’
Y=x;
h i i
+Z(_1)h+za1® e Qag @ (ai ayw(xh, .. ,$k_1))¢(x1, Y ,xh_l) 0
i=1 v=
k i i
+ Z (1)1 ® -7 @ap @ (a5 0,01, 20))O(@htr, Yoo Tho1) .
i=h+1 y=0
(4.11)

J
Here and further, by writing ¥, we mean that y is in place of the variable
xj, and the remaining variables z,, £ > j, are shifted to the right. For ex-

ample, in the first term of the RHS above, we have 9(zp41,- - Zj/ cey Tp1) =
Y(Thg1s .- Tj—1,Ys T4, ..., Tp—1). It is also clear that the bracket (4.11) coin-
cides with (4.10) when h =k — h = 1.

Theorem 4.8. Formulas (4.8) for the wedge product and (4.11) for the bracket
define a structure of a Z-graded Gerstenhaber algebra on the space of chains
Co(R, M).

Proof. First, we need to prove that the bracket in (4.11) is well defined. It is
straightforward to check that each term in the RHS of (4.11) lies in R®*~! ®
M;,_1. For the second and third term, one needs to use sesquilinearity of the
A-action of R on M. It is not hard to check that the sesquilinearity relations
defining Cj (R, M) are preserved by the bracket (4.11), using the sesquilinearity
of the A-bracket on R and of the A-action of R on M. For the skewsymmetry
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relation, we have, for o € S,
[J(a1®~~~®ah®¢),ah+1®"'®ak®¢]
Rk

) J
= Z Z (—1)h+]+1(%—1(1) & [aa—l(i)ngaj] S Ug-1(p) ® Apyr - Qg

i=1 j=h+1 ‘
J
®¢(m0(1)7 U axa(h))w(xh-l-la Y- ’-rk—l)) s
h 4 i
; %
+Z(_1)h+zao—*1(1)® - aa-—1(h) 39 Apt1 " ® ay,
i=1
®(aa’l(i)8, (xp, - ’xk,l))(a(b)(xl’ Y e Tp) .
Yy y=
k .
] %
+ Z (_1)h+1a071(1) ® - p-1(p) @ Qg1 7+ Ray
i=h+1 '
T
®(aio, ¥(Ta(1), s Tom)) P (@1, Y o Th1) ‘y:o'
(4.12)

It is not hard to check that the first term in the RHS of (4.12) is equal to

h k .
. J
U(§ : § : (—1)h+]+1a1®"‘[a£81£a]‘]"'ah®ah+1 -7 Qay,

(=1 j=h+1
b
Y==xe

where we made the change of the summation index £ = o~1(i). Here we consider
o € Sy, as an element of S;_1 via the obvious embedding S, C Si_;. Likewise,
the last term in the RHS of (4.12) is equal to

J
QO(z1,- -+, Tp)V(Thyr, - Y- Tp—1)

k .
U( Z ()" a1 @ -ap ® apgr -7 Qay
i=h+1

®(aip,d(@1,+ ,2n))P(Tha1, oo k1) ‘y—O) .

We are left to consider the second term in the RHS of (4.12). Given a permuta-
tion o € S, and i = 1,..., h, we define the permutation o; € S,_; as follows:

—1/. .
K2

-~ o (2) . o
o {1 h— 1) 5 {1, R T {1, S {1, k= 1),

where the first map is the shift to the right by 1 of indices greater than or equal
to 0~1(i), and the last map is the shift to the left by 1 of indices greater than

7
i. Clearly, the element a,-1(\® -7+ ag-1(h) @ apt1- -+ Qag € R*=1 is obtained
o (@)
by applying the permutation o; € Sp_1 C Sk_1 to the element a;® -7+ ®ay.
Moreover, we have the obvious identity

ail(i) i

U'i(b(wh'“ Y "'7xh71):(0¢)($17"'y"'a$h71))7
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where in the LHS o; permutes only the variables x1,...,x,_1. These two facts
together allow us to rewrite the second term in the RHS of (4.12) as

> (=D, <a1® - ®ak
0'_1(1')
(ag1(0p, Van o)) dlar ¥ )| )
; y=
Combining the above results, and using the sign identity
sign(o;) = (=1)"+7@ sign(o), (4.13)

we conclude that the RHS of (4.12) is equal, modulo the skewsymmetry relation
in Ok_l(R, ]\4)7 to

sign(o)a; ® - ®ap @ ¢, app1 @ @ ap Y],

as required. The fact that the skewsymmetry relations in the right factor is also
preserved can be proved similarly. In fact, this will follow from the skewcommu-
tativity of the bracket. This concludes the proof that the bracket (4.11) is well
defined.

Next, we prove that the bracket (4.11) is skewcommutative. We have, after
some change in the summation indices,

[ah+1® ®ap®@p,a1 @ ®ap ® ¢
k .
Z Z Hl(aml@“'[ajm Lai g @ar - ®ay
S
i=1 j=h+
k—h+1i
®’L/J(£L’1,...,xk_h)¢($k_h+1,~~' Yy ...,xk_l)) ‘
Y=Tj—n
. J
+ Z (_1)k+]ah+1® rap®@ayp-c-Qap (414)
j=h+1
j—h
®(a'j3y¢(xk—ha s 7$k—1))¢($1a AR A amk—h) ’ o
y:
h .
+Z(—1)iah+1 ®-ap@ay -7 ap
=1
k—h+1i
®(aj8yw(x1,...,xk_h))¢(xk_h+1,--- Yoo, Tg—1) ‘ o
y=

Let us consider the first term in the RHS of (4.14). Skewcommutativity of
the A-bracket in R gives [a;,  a;] = —[a;_p,  _pa;]. Combining this with

the sesquilinearity relation in Ckx_1(R, M), we conclude that we can replace
lajs  ai] by —[aig,a;]. We then observe that
“j—h

J i i

J
ah+1 ® e [aiayaj] S Qg ®a1 N ®ah = o’(al ®... [aiayaj].f. ®ak>7
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where o € Si_1 is the following permutation:

k—hat if £=1,...0—1

j—h if (=i
o) = k—1—h+0if ¢=i+1,....h .
(—h if (=h+1,....5—1

{—h+1 if t=yj,...;k—1
Moreover, we have
k—h+i

agd}(xly'"azk—h)¢($k_h+1,"' Yy ...,Ik_l) ’
Y=Zj—h

y:mi)

Combining the above results, we conclude that the first term in the RHS of
(4.14) is equal to

= 0’(8;11_(15(1'17 PN ,{Eh)’lb(.’)?h+1, ce Zj! N ,xkfl)

h k .
. J
— § § (_1)’L+1O.<a1 Q- [aiawi a]] N ®ak
i=1 j=h+1

Bar, o o)blann, Yoz | )

Since sign(o) = (—1)P+DE=h+)+h+i+i the above expression is the same, mod-
ulo the skewsymmetry relation in Cy_1(R, M), as the first term in the RHS of
(4.11) multiplied by (—1)"+(+D(k=~+1) Next, consider the second term in the
RHS of (4.14). We have that

J J
Op+1Q - - ap @ ay -+ Q@ ap = Tk—h—1,h <a1® ®ak) )

where the permutation 7,_p—1,5 € Si—_1 is defined in (4.9). Moreover,

j—h

(ajay¢(xk—h7---vxk—l))d’(xl"" Y ""xk_h)’yzo

= Tk*h*l,h((ajay(ﬁ(xl? N ,l'h))w(xh«lrl, e :{/ N 71']@71) }yzo) .

Combining the above results, we conclude that the second term in the RHS of
(4.14) is equal to

k .

. J
§ (—1)k+]7'k—h71,h(al® LT Ray,
j=h+1

®(ajq, (@1, @) (Thit, - b ’y=0> '

Clearly, sign(7x—p—1,n) = h(k—h+1). Hence, due to the skewsymmetry relation
in Cx_1(R, M), the above expression is the same as the third term in the RHS
of (4.11) multiplied by (—1)**+(+D(E=h+1) The third term in the RHS of (4.14)
is similar. This proves that the bracket (4.11) is skewcommutative.
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We are left to prove the Jacobi identity and the odd Leibniz rule. These
identities can be proven by a direct lengthy calculation, but instead we provide
a short proof in the case when the Lie conformal algebra R is a direct sum of a
free F[0]-submodule and torsion.

First, we note that there is a natural Gerstenhaber algebra structure on the

space of basic chains Cy(R, M) (see Remark 4.13 below), defined by extending

the Lie bracket on 1-chains ITCy (R, M) introduced in [DSK],
[a® ¢(2),b® ¢(2)] = lag,, b] @ (21)1()]21=0

—a ® (b, (2))Y (Y)ly=0 + b ® (ag, ¥ (2))p(y)ly=o0,

to all higher degree chains using the Leibniz rule (2.2) and (4.8). The resulting
bracket coincides with (4.11) and satisfies the Jacobi identity and the left Leibniz

rule by construction. Moreover, the space C, carries a Z-graded F[0]-module
structure and the subspace of d-invariant chains C?, called the reduced chain

space, is a kernel of Cy and hence a Gerstenhaber subalgebra.

When R is a direct sum of a free F[J]-submodule and torsion, there is a
bijection, established in Proposition 3.12 of [DSK], between the reduced chain
space C? and the quotient space C, of the chain space Cy by the subspace T} of
C1 (see Remark 4.9 below). This endows Cy with the structure of a Gerstenhaber
algebra, in particular, ITC, is a Lie superalgebra. For the subalgebra ITC of I1C,
the Jacobi identity was proven in Section 3.8 in [DSK]. Next, recall that the Lie
conformal algebra R acts trivially on the torsion of the F[0]-module M [K], in
particular on M?. Tt follows that ITCy is in the center of the Lie algebra ITC,.
Since [C;, Cj] lies in Cyyj_1, it follows that the Jacobi identity holds for I1C,.

Likewise, it suffices to check the Leibniz rule (2.2) for X = a1 ® ¢(x1) € Ci,
Y=me(Cyand Z = as ® a3 ® ¥(x1,z2) € Co. We have

[a1 ® ¢(w1), m A az ® az @ p(x1,72)] = [a1 9, a2] ® a3 ® ¢(x1)MmY(y, T2)|y=x,

—[a1 a,, as] ® ay @ (x1)m (21, Y)|y=a, + a2 @ az @ (a1 o, (M (21, 22))) d(y)|y=0

—a1 ® az @ (ag o, P(21))m(y, 22)|y=0 + a1 @ az @ (as o, d(x1))mip(z2, y)|y=0 -

The Leibniz rule follows immediately by expanding the third term on the
RHS, using the fact that a) acts by derivations on the commutative associative
product in M. This completes the proof of the theorem.

(]

Remark 4.9. Consider the subspace Tj of Ci(R, M) spanned by elements a; ®
- ®ap ® (a1, ..., k) such that one of the entries a; is a torsion element of the
F[0]-module R. Clearly, by (4.8) and (4.11), Te = €Dj,c7, Tk is an abelian ideal of
the Gerstenhaber algebra Co(R, M). Let Co(R, M) = Drcz, Cr(R, M) be the
corresponding Gerstenhaber factor algebra. It is easy to see [DSK] that T}, = 0 if
k # 1, hence Cyx(R, M) = Cy(R, M) for k # 1, while C*(R,M) = R® M/(R®
M) and C'(R,M) = R® M/(Tor(R) ® M + d(R® M)). If R decomposes as in
(4.4), then Cy (R, M) = U®M, while Cy (R, M) = (D, M/(Pi(0)M))&(U®M).
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Remark 4.10. We can define a differential d on Ce(R, M) dual to the one on the
cochain complex only when the A-action of R on M is trivial. It is given by the
following formula:

dla1 @ @ ar ® ¢(x1,...,xk)) ‘
; g j
= Z (_1)J+1a1 ®"'[ai8%aj] Co®ap @ (zy, Y- 7l=]€71)|

1<i<j<k

y=z; '

If we try to dualize the differential on C*(R, M) even when the action is not
trivial, we would have to add the following term [BKV]:

Z(—l)i“m@ 53 ®ag @ (aig, o1, v ) Tk-1) }y 0’

but this is a divergent sum, since the A-action of R on My is not polynomial.

4.4. Calculus structure (Co(R, M),C*(R,M)). Given an h-chain X =a; ®---®
ap ® ¢(r1,...,zp) € Cp(R,M) and a k-cochain ¢ = cy, ...z, (a1,...,ar) €
CF(R, M), we define the contraction of ¢ by X, denoted tx (c), as the following
element of C*~"(R, M):

(X )/\h+17 )\ (ah+1a"' 7ak>
= (- (4.15)

h(h
) ¢(8A1’ EERE 8)\}L)C)\17... Ak (ala R} a’k) A=Ay =0 -

Note that, for h = k, we need to take the integral of the RHS, since C°(R, M) =
M/OM. It is proved in [DSK, Lemma 7], in the poly-A-bracket notation, that the
contraction tx (c) is well defined and it lies in C*~"*(R, M). As usual, we define
the Lie derivative Lx(c) € C*~"*1(R, M) by Cartan’s formula (2.1). Recalling
(4.3), we have, by a straightforward computation which we omit:

(LXC)Athh“' 7>‘1€+1 (ah+13 T 7ak+1)
h .

h(h—1) . i
=(-1)"> (Z(—l)zﬂfﬁ(@xu-~-73Ah)ami( i (a7 akg))
i1 AL, A kg1

k+1 i
+ Z “(ain, @O, 05,))c. (a1,-* art1)
i=h+1 " ALy Akt (416)
h  k+1
DD INC S CNSNIW
=1 j=1i4+1
(a1 fanar] o) )
C i A1y Qi) Q5| "y Ak .
M AN A P e Ar=--=X,=0
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Recall that C1(R, M) is canonically identified with R ® M/O(R ® M). With
this identification, formulas (4.15) and (4.16) become, for h = 1,

(La1®mc))\2 . ,\k(az,"' ,ak) = CaM,AZ,---,Ak(alv"' 7ak)amu
(La®m6)>\17"' Ak (ala T 7a1€) = (GJGMC)\h"' Ak (ala T 7ak))%m
k

J
+ZCA1,~.,\,;+8M---,A,9 (a,---a--- ,ak)%(aihm)

— ZCAI,‘,.)%_;'_@M.,, aplar, - lagamag) -+ ag)m.

In particular, for h = k = 1 we have, recalling the identifications C°(R, M) =
M/9™ M and C*(R, M) = Homys ](R M),

(tagme) = [c(a)
(Lagme)(b) = (CL@MC(b))_)TTL + (b_gum)c(a) — c([agm]b)—m.

In the second term of the RHS, the left arrow means that 8 should be moved
to the left to act on the whole expression.

Theorem 4.11. The contraction map t. : Co(R, M) — End(C*(R, M)), and
the Lie derivative map L. : IICe(R, M) — End(C*(R, M)), define a Z-graded
calculus structure (Co(R, M), C*(R, M)).

Proof. According to Remark 2.24, we only need to prove that ¢. gives a rep-
resentation of the associative superalgebra Co(R, M) on C*(R, M), and that
equation (2.11) holds. Applying formula (4.15) twice and using the skewsym-
metry condition on C*(R, M) for the permutation 73, x5, in (4.9), we get, for
X € Ch(R,M),Y € Cr_p(R,M), c € C*(R, M), that txty(c) = txay(c), due
to the identity

Sh,k—h ‘= h(h; 1) + (k - h)(’;* h= 1) +h(l€ - h) =

k(k—1
g mod 2.

(4.17)
This explains the choice of the sign factor (—1) 5 in the definition (4.15) of
the contraction operators. Next, we prove equation (2.11). Let X = a1 ®- - -®Qap®
¢ € O}l(R, M), Y = ap41 -+ '®ak®1/) S Ck_h(R, M), C=C),- ,)\[(bl, cee ,bg) S
C*(R,M). We want to prove that

(LXLYc)MHh“' JAet1 (ak-‘rlv T a€+1)
+ (_1)1+(h+1)(k_h)(LYLXC)/\kHr“ JAe+1 (ak-i-l’ T a€+1) (4'18)

= (L[va]c))‘k+17"' At (ak+17 ce aaZJrl) .
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By (4.15) and (4.16), the first term in the RHS of (4.18) is

h
(_1)Sh,k4L+(’f—h) <Z( )z+1¢(a)\17 ., 0,)
=1
Qg ), (¢(3Ah+1’-~-’8)\k)0 i (ala'\:'vaﬁ-‘rl))
ALy Al
41
+ Z al)\(rbaAla'~~78)\h))7/](8>\h+17"'78>\k)
i=k+1 )
c ai, -+, a
)\17.7.))\€+1( L e+1)
ho . (4.19)
+ Z Z (_1)]+ (b(a)\n ) a)\h)w(a)\h-H Y 78/\k)
i=1 j=i+1 _
j
C)\ ERVE DY ! )\H—l(ah o [aiAiaj] - 7a£+1)
h l+1 '
+ Z Z (_1)]+1¢(8>\1 Yo Da/\h)'(/)(gAthla R 8)\16)
i=1 j=k+1
J
¢ i (a1 aanag] o aes)
LNTERD.VE D VI VR A= —Ap=0
Similarly, the second term in the RHS of (4.18) is
h
(_1)Shkih+(k_h)+1 (Z( )1+1¢(a)\17 ey akh)w(a)\;wru s 7ax\k)
=1
a; i 7.T.7
( )\tc)\17-7-,)\e+1(a1 a€+1))
{41
+ 3 (D00 (ain, 3Dy, -, 0r,)
i=h+1 i (420)
c P ai, .f.7a
A1,~7~,/\z+1( 1 0+1)
141
+Z Z j—H aAl"'"a)\h)w(a)\h+l7"'7a/\k)
=1 j=i+1
I
c i (an,cainag] - aps)
LETERD.VE D VIS VY A= mAp—0
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Combining (4.19) and (4.20), we get that the LHS of (4.18) is

h
(_1)Sh’kih+(k7h) (Z(_l)i+1¢(a>\1a R 8>\h,) (ai)\iw(aAIL+l IR a)\k))
i=1
C)\ly.?.’)\prl (al’ N K ae+1)
k .
+ 3 D005 00 (@in, @O, - -, On,)
i=htl ; (4.21)
CAI,.?.,AHl (ar, % ae41)
h k )
+ Z Z (71)J¢(8A1, cee ’aAh)w(aAhH ) aAk)
i=1 j=h+1

i
Cc ; ai. - la:y a:l-"-.a
Al,-~xi+Aj.?,Az+1( 1 [ainag] €+1)>

Ap==Xp=0
We next observe that, for i =1,...,h,
i

¢(8A1a"'aa)\h,)(ai)\iw(a)\h+1w~~7a)\k))c i (ala‘T'aalJrl)

A1y e

A= =Ap=0

is the contraction of ¢ by

a1® - Qag @ (ai o,V (Th, - .. 7561@71))(%5(%1, Y Thpo) ‘ )

y=0
that, fori =h+1,...,k,
i
0 ..., 0 ix. ®(Oxnys---,0 ; R ,
V(Oxpsrs 00 ) (ain, @Oy, - - - Ah))ch,:.JHl(al aps1) N
is the contraction of ¢ by
i i
a1 ® -7 Qag @ (aio0,¢(x1, - 20))V(@hyr, - Yoo Tp1) ‘ o’
y:
and that, fori=1,...,h, k=i+1,...,k,
¢(8/\17""aAh)w(a)\h+17"'7a/\k) )
J
c . a1, Q. G .f.,a
>\1,-<~>\7:+)\_7'-J74,)\e+1( 1 [ i\, J} Z+l) )\1:._:)%:0,

is the contraction of ¢ by

j j
(a’]- - [aiamia’j] ®ak?®¢(m1a"'7xh)w(xh+la"' Y --~7"I/‘k71))

Y=xi

Finally, we combine the above results and we use equation (4.17) to conclude,
recalling the definition (4.11) of the Lie bracket on Co (R, M), that (4.21) is equal
to the RHS of (4.18).

O
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Remark 4.12. Recall from Remark 4.7 that C*(R, M) is a subcomplex of the
complex C*(R, M), and from Remark 4.9 that Co(R, M) = Co(R, M)/T, is a
Gerstenhaber factor algebra of Co(R, M). It is immediate to check from (4.15)
that 1x(c) = 0if X € T, and ¢ € C*(R, M). Hence, we have the induced cal-
culus structure (Cy(R, M), C*(R, M)), with the canonical morphism of calculus
structures (Co(R, M),C*(R,M)) = (Co(R,M),C*(R, M)).

Remark 4.13. We can define another calculus structure (Co(R, M),C*(R, M))
associated to the R-module M, called the basic Lie conformal algebra calculus
structure. The space of basic k-cochains ck (R, M) is the space of F-linear maps:
c: R®* — F[\y,..., \] ® M, satisfying the same sesquilinearity and skewsym-
metry conditions as for C*(R, M). The differential d on C*(R, M) is defined
by the same formula (4.3) as for the complex C*(R, M). The space of k-chains
C(R, M) is defined as the quotient of the space R®* @ M[[z1, ..., x;]] by the
same sesquilinearity and skewsymmetry relations as for Cx (R, M). The structure
of Gerstenhaber algebra on Cy(R, M) is given by the same formulas (4.8) and
(4.11) as for C4(R, M). We then define the contraction map t. : Co(R, M) —
End(C*(R, M)) by formula (4.15), and the same arguments (in a simpler form)
as in the proof of Theorem 4.8 show that (C4(R,M),C*(R, M)) is a calcu-
lus structure. Moreover, we have an obvious morphism of calculus structures
(Co(R,M),C*(R, M)) — (Cy(R, M),C*(R, M)).

4.5. Calculus structure for a Lie conformal algebra complex and a reduction of the
calculus structure for a Lie algebra complex. As before, let R be a Lie conformal
algebra and M be a module over R endowed with the structure of a commu-
tative associative algebra on which O™ and ay, a € R, act by derivations. We
have associated to the pair (R, M) the calculus structure (Co(R, M),C*(R, M)).
Recall also from Remark 4.12 that it has the “torsion free” subcalculus structure
(Ce,C*) = (Co(R,M),C*(R, M)).

Furthermore, we assume that R is of finite rank as an F[0]-module, so that the
annihilation Lie algebra Lie_ R is a linearly compact Lie algebra. By Proposition
4.4, M, endowed with the discrete topology, is a continuous module over Lie_ R,
and moreover Lie_ R acts by derivations of the algebra M and its action extends
to the semidirect product (Lie_ R) x F9, with 0 acting as 0M.

Recall the calculus structure (A4 (Lie_ R, M), A*(Lie_ R, M)) from Section
3.2. The action of 0 on Lie_ R and M induces its natural action on both
A(Lie_ R, M) and A®*(Lie_ R, M)), preserving the Z  -gradings. More precisely,

- LAk
the action of 0 on Ag(Lie- R,M) = M®/ Lie_ R is given by 9(f ® X) =
. ~k
(OMf)® X + f®0X, and its action on A*(Lie_ R, M)) = Hom§ (A Lie_ R, M)
is given by (0w)(X) = oM (w(X)) — w(0X). It is immediate to check that the
action of @ on A*(Lie_ R, M) commutes with the action of the differential d in
(3.1). Hence we can consider the complex (A®(Lie_ R, M)/dA®*(Lie_ R, M), d).
Furthermore, for a € Ak(Lie_ R, M), we have the identity

[0, ta] = toa -
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Hence, the Gerstenhaber subalgebra A, (Lie_ R, M)? from Example 2.31 is the
kernel of the action of & on A(Lie_ R, M). Now we can consider the reduced
calculus structure (A4 (Lie_ R, M)? A®(Lie_ R, M)/dA*(Lie_ R, M)).

In this section we will relate all these calculus structures. We define a Z_ -
grading preserving linear map @, : Co(R, M) — A.(Lie_ R, M) by the following
formula

Pp(a1 ® - @ap @ o(x1,...,21))

= > am A Aa ®$1"'837f¢| (4.22)
- 1,my k,my ml! . mk:! r1==x,=0"

may, ,mE €Ly

Similarly, we define a Z-grading preserving linear map ¥* : A*(Lie_ R, M) —
C*(R, M) by the following formula
A\

(Wkw)M-,'“J\k(ah"' Lay) = Z

my, ,mE €Ly

w(aLml ASE '/\ak,7nk> . (423)

Theorem 4.14. Let R be a Lie conformal algebra of finite rank as an F[0]-
module, and let M be a module over R endowed with the structure of a commu-
tative associative algebra on which OM and ay, a € R, act by derivations. Then
the maps Py and ¥* defined by (4.22) and (4.23) give a morphism of calculus
structures

(A.(Lie,R, M), A*(Lie _R,M)) — (Co(R, M),C*(R, M)), (4.24)
which induces a calculus structure isomorphism
(As(Lie R, M)? A*(Lie _ R, M)/8A®(Lie _R, M)) ~ (Co(R, M),C*(R, M)).

Proof. First, we need to check that the maps @, and ¥* are well-defined. Let
X=01® --Qa,®¢ € Ch(R,M) and w € A*(Lie _R, M). Using the fact that
0 acts by —0; on Lie _ R, we have

@h(a1®...aai...®ah®¢):

mi ... PNk
1 Th
—— a /\...m.a/ o .../\a !
E 1,mq idi,m;—1 hymy @ myl---my! o} r1==xp=0
my, - ,mp €24
gmi...gmitl . gmn
T ZT; Th
=— a1m, N---Aa
Z Lma homn & myl---mp! ¢ |w1:~~~:arn:0

my, ,mp €44
= ¢h(_a1 & - ®ah ®aw1¢)7

thus proving that &,(X) satisfies the sesquilinearity condition in Cp(R, M).
The skewsymmetry property follows immediately by the skewsymmetry of the
wedge product. Likewise, using da,, = —ma,;,—1 and relabelling the indices, it
is immediate to check that ¥*(w) fulfills the sesquilinearity and skewsymmetry
conditions in C*¥(R, M). By the same token, one has that the action of d on

Aq(Lie _R, M) is given by

0Pp(a1 @ @ar©¢) =By (a1 @ @ap@ (O =0y — - = 0,)P) -
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Recalling condition (4.5) satisfied by ¢ € My,, we conclude that the image of @,
is Ker(9). Moreover, the kernel of @, is precisely the torsion part in Ce(R, M). In-
deed, as pointed out in Remark 4.9, all torsion is contained in Cy (R, M) and since
R is assumed to be of finite rank, it follows that Ker(®,) = (@, M/(P;(0)M)).
Next, we prove that @, is a homomorphism of Gerstenhaber algebras. The
identity ©h+k(a Ab) = Pp(a) APy (b) follows immediately by (4.8) and definition
(4.22). To see that the Gerstenhaber bracket is preserved by @,, we first note that

the bracket on A (Lie _ R, M) is given by (2.10), extended with two additional
terms due to the non-trivial action of Lie _ R on the coefficient module M,

[al»m1 N Napmy, @ Uy Ghglimypy N N Gy, @ ’U]
h k

) J
= Z Z (_1)h+]+1a1’m1 A= [ai’mi 7a’j,mj] RN /\ak,mk ® uv
i= 1] h+1

i 4.25
+Z D" a1, A - A, © (@m0 (4.25)

, i
+ Z (=" A7 Agmy, @ (@m0,
i=h+1

where [a; m, ,ajm,;] is defined by (4.1) and u,v € M. Here we have shifted the
commutator in the RHS of (2.10) to position ¢, changing the overall sign by

. oL
(=1)"~". Expanding the first term in (4.11) using [a; o, a;] = Yiez, (@i@ya;) =i,
a straightforward computation yields

ok
Z Z Z (—1)h+j+1a1 @ Z (n;l)(ai(l)aj)"'@)ak@

my,- mp€ZL4 i=1 j=h-+1 l€Z4
g mitmg =l My
®¢ ’(/} 1 % j—1 J k—1
(ml,m,mh,) (mh,+1’~~,m1«) m1|mkl )

which corresponds to the first term in (4.25) under the map @5_;. Likewise,
expanding the second term in (4.11) using (4.2), we get

Z Z 1htig - @k @ (@i(ma)C(mnsr,esmie)) Plmaseeemn)

mi, mEpE€L4 1=1

mi1 Mi—1_ Mit1 mi
Ty g Xy Ty
myl- - my! ’

which is sent by @;_1 to the second term in (4.25), and similarly for the last
term.

We show next that ¥*® commutes with the action of the differentials d and
hence defines a morphism of complexes. By (4.23), we have

T dw)ay oo ag (@1, -5 Qky1) =

AL\

= E L (dw)(a1 N---ANa )
... ] ,m1 k+1,mp41) >
e e my. MmEg+1-
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where dw is given by the formula (3.1). Combining (4.3) and (4.2), it is not hard
to check that the first terms in d¥*(w) and ¥*+1(dw) are equal. Expanding the
last term in d¥*(w), we obtain

l

DY
Z Z 17wk (w W) (m,,.. ,karl)(alv"'7Z(ai(l)aj)ﬁ7"'7ak+l>

my, - Mg p1€Ly 1<j I€Zy
J
my . Amg LY, R+
ATt ()‘z + )‘]) )‘k+1

m1!«~mk+1!

Using the following identity,

mz'l' B ml'l' Z m; )\Z ' )\jj B Z l ﬁlﬂmﬂv

m; €Ly m;ELy

where m; = m; +m; — [, we conclude that also the last terms in d¥*(w) and
Wk +1l(dw) coincide, thus proving the claim.

The image of ¥* corresponds to the free part in C*(R, M). Indeed, by Remark
4.7, only C'(R, M) contains torsion and assuming that R decomposes as in (4.4),
it is clear by (4.23) that Im(¥*) = C*(R, M). Moreover, it is not hard to check
that the action of @ on A*(Lie _ R, M), given by (0w)(X) = 0 (w(X))—w(8X),
leads to

(@k(aw)))\hm’)\k(al,-~ vag) =0+ A+ + )\k)(kl'/k(w))/\ 7)\k(a1, ceeLag) .

Since F_[A1, ..., A\x] ®p[g) V is the quotient of F[A1, ..., \x] ®r V by the image of
(04 A+ -+ M), it follows that Ker(¥*) = Im(9).

Finally, we check that the contraction operators are compatible with the
homomorphisms, namely that ¥*(ip, (x)(w)) = tx(¥*(w)). By (3.4), it follows

that the coefficient of A" -+ A in WF " (0 (x) (W) xir, a (@hs1s -+ 5 ak)
is
w(al’ml JANGREIVAN ak,mk)m¢(xl’ to 7xh) ‘11:"':Ik:0 .

Likewise, recalling (4.15), the corresponding coefficient in the polynomial
X (TP xnsaye w (@, s ag) is

ma my,
AP\

w(al’ml A--- A ak,mk)¢(8A1,' .. ’8>\h) ml' . mh‘ A1==Ap=0"

which, by noting Oy A™| =0 = 07'&"|z=0 = M!dy, n, proves the claim.
O

Remark 4.15. Recall the calculus structure (Co(R, M), C*(R, M)) introduced in
Remark 4.13. Formulas (4.22) and (4.23) define an isomorphism of calculus

structures (A, (Lie _R, M), A®(Lie _R, M)) ~ (C4(R, M),C*(R, M)). This iso-
morphism induces the morphism (4. 24) In other Words we have the following
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commutative diagram of calculus structures:

(A, A®) —=—— (C,,C*)

J |

~ = =

(A2, A® /9 A%) =— (Co,C*) — (C, C®).

5. The complex of variational calculus

5.1. de Rham complex over an algebra of differential functions.

Definition 5.1. [DSK] Let I = {1,...,1} be a finite index set. An algebra of
differential functions V in the variables u;, i € I, is a differential algebra, i.e. a
unital, commutative, associative algebra with a derivation 0 : V — V), together
with commuting deriwations —2%— : V — V, such that

6u§n)

5] 0
lawa] = o &)

and, for any f €V, % =0 for all but finitely many i € I,n € Z.

The image of an element f € V under the quotient map V — V/9V is denoted,
as before, [ f.

Example 5.2. The polynomial algebra R, = ]F[Ugn)]iel,nem is an algebra of dif-

ferential functions with au§"> = uEnH) and the usual 9/ 8u£n).

Ezample 5.3. The polynomial algebra Ry[z] is an algebra of differential functions
extension of Ry, with dx = 1.

A wvector field is a derivation of V of the form

n 6 n
X= > P e PreEv. (5.2)
ou,;

icl,neZ 7

Obviously the space of vector fields is closed under the commutator, and we
denote the resulting Lie algebra by Vect(V). In fact, the pair (V, Vect(V)) is
a Lie algebroid, with the obvious actions of V on Vect(V) and of Vect(V) on
V. Hence we can consider the corresponding Gerstenhaber algebra of polyvector
fields 24(V) = Sy(IT Vect(V)), given by Proposition 2.14. Its elements have the
following form:

> 0 )
X = Pinl.-i'”k Avoo A ——— Pznllnk cVy. (53)
i1, i €1 p 8uz(,:’1) augknk) 1ol

ny, g€l
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The associative product in f).(V) is just the wedge product, and the bracket
(2.10) becomes in this case:

[P 0 A 0 0 0 0 ]
au(_ml) b (mn) b (mn+1) au(_mk)
71 N in Th+1 Tk
=D (- 8(3 ) ?m A 2n ) (5:4)
ot Ou; " Quy Ou;, "
k
OP 0 @ 0
- (-1)MeQ — AT A——.
N A T

Note that there is a natural action of 0 as a derivation of the Lie algebra
Vect(V), given by X +— [0, X]. This action extends to a derivation of the Ger-

stenhaber algebra 2,(V). Explicitly, if X is as in (5.3), we have, using (5.1),

b gm0 d
ax)= 3 ((9Pzn1 Z N k>au(7ll)A..-Aau(nk). (5.5)
11 (23

i1, ik €1
ny, - nE€Ly

A polyvector field X € 2,(V) is called evolutionary if O(X) = 0. Hence, X in
(5.3) is an evolutionary polyvector field if and only if

k
oPM e =N p (5.6)

1. Zk
Jj=1

The de Rham complez over V is the free unital commutative associative super-
algebra over V with odd generators dugn)

of the form
1

,i€I,n € Zy. It consists of elements

(:):E Z flﬂlll kmkdu(ml)/\."/\duz('kmk) ) f:?lzkmk EV (57)
Yy, igel
ma Ly
my... Mg

where all but finitely many coefficients f; """ are zero. It is a Z,-graded

complex, with the differential d given by the usual formula:

Ly oy
( )
361 NEZy i1, in€l auz'j
my, M €44

du(")/\du(ml)/\ Adu{™ . (5.8)

3

Clearly, d is an odd derivation of degree 1 and one checks easily that d2 = 0.
Given a vector field X € Vect(V), we define the contraction operator vx as

the odd derivation of the superalgebra £2°(V) acting trivially on V and such that
vx (dul™) = X (u{™). Furthermore, for f € V, we let 7 be the operator of left
multiplication by f on Q'(V). Recalling Definition 2.9, one easily checks that
the resulting map ¢. : II Vect(V) &V — End(2°(V)) defines a structure of a
(Vect(V), V)-complex on (!2' (V),d). Hence, by Theorem 2.25, this extends to a
calculus structure (£24(V), 2°(V)).
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The action of & on V extends to an action on the de Rham complex 2°(V)
as an even derivation of the associative product such that d(du{™) = d(u{"*").

It is immediate to check that 0 commutes with the action of d in (5.8). Hence,
we can consider the reduced calculus structure (£2,(V)?,02°(V)/042°(V)) (see
Example 2.31), which we call the variational calculus structure, and denote by
(2.(V), £2°(V)). It is easy to check that

[0,ex] = toxy , X € 2u(V), (5.9)

hence the Gerstenhaber algebra §2,()V) is the algebra of evolutionary polyvector
fields. The complex (£2°(V),d) is called the variational complex [GD].

5.2. Variational complex as a Lie conformal algebra complex. The connection
between Lie conformal algebra calculus structure and the variational calculus is
based on the following observation, [DSK]. Let V be an algebra of differential
functions and consider the Lie conformal algebra R = @;c;F[0]u;, with the
zero A-bracket. Then V is endowed with a structure of an R-module, with the
following A-action:

uinf = Y A" o7 iel, (5.10)

nely 8u§n)

and R acts by derivations on the associative product in V. Recalling the con-
struction in Section 4.4, we consider the calculus structure (Co(R, V), C*(R,V))
for the R-module V.

In this section we will identify it with the variational calculus structure, and
in the next section we will describe it more explicitly.

We define a map @, : Co(R,V) — 2,(V) as follows. Since R = @, F[0]u,
is a free F[0]-module, the space Cj (R, M) is spanned by elements of the form
a=1u, @ - Qu;y @ P(x1,- -+ ,x), with i1,...,4; € I and ¢ € My. Expanding
the formal power series ¢ as

Pﬁl..:nk
Olan, o mp) = Do Rt PR €V,
nyek€ly L ke
we let
@y (a) = Z Pmm"ki/\.../\i (5.11)
K\ = ie o (n) 9u) '
iy i€l Wiy Wiy,

ni, - nE€Ly

Clearly, @y, is well defined and injective. Moreover, the condition that ¢ € My
exactly corresponds, in terms of the coefficients P;!*;"*, to identity (5.6). Hence,
the image of @ is the space of evolutionary polyvector fields £2;x(V), and P,
induces an isomorphism of Z-graded vector spaces @, : Co(R,V) — 24(V).

Next, we define a map ¥* : 2°(V) — C*(R,V). Let @ € 2%(V) be as in (5.7).
Given indices i1,...,ix € I, we let

(wk(&)),\l,“.ﬂ\k(uilv”‘ 7“%)
= ) AT ATHATI™ € FL . ] @V, (5.12)

ma, mE €Ly
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where (f) is the skewsymmetrization of f, i.e.

Mg Mo (1) Mo (k)
(e ngm) e (5.13)

o€Sk

Note that the RHS is a polynomial in the Variables A, ..., A, since, by as-
sumption, all but finitely many coefficients f;""* are zero. Then ¥*(@) €
C*(R,V) is defined by extending the above formula to R®% — F[A1,..., \] ®
V by the sesquilinearity relations, and composing it with the quotient map
FAr, .., A] @V = F_[A1, ..., A\ ®pjg) V. Clearly, U*(@) satisfies the skewsym-
metry conditions in C*(R,V), thanks to the assumption that the coeflicients
St are skewsymmetric. Hence ¥ (@) lies in C*(R, V). Moreover, the map
W is obviously surjective. To study the kernel of the map ¥*, we need the
following identity, which can be easily checked directly:

(Wk(aa)))\h Ak (uiu Tty u'Lk)
=04+M+ -+ Ak)(kpk(ﬁ))/\hm 7/\k(ui1, cug) EFA, L AN] ®F V.
(5.14)

Recalling that F_[A1, ..., A\x] ®p[s) V is the quotient of F[A1, ..., \x] @ V by the
image of (0 + A1 + -+ + Ax), we deduce that Ker(¥*) = Im(9). Thus ¥* factors
through a bijective map of Z-graded vector spaces ¥* : 2°(V) — C*(R, V).
Theorem 5.4. Let V be an algebra of differential functions in the variables
u;, ¢ € I. Then the maps Po and W* defined by (5.11) and (5.12) give a morphism
of calculus structures

("(}'(V)7 ﬁo(v)) — (C'(Ra V)7 C.(R7 V)) ) (515)
which induces a calculus structure isomorphism

(‘QO(V)a ‘Q. (V)) = (CO(Rv V)a O.(Rv V)) .
Proof. We want to prove that @, is a homomorphism of Gerstenhaber algebras.

Let a = us, ® - @ uy, @ ¢(x1,---,2p) € Cp(R, V), b = uj,, @ -+ @ u, @
(xR h) € Cr—n(R, V) and let P/ ™" and Q;" ;""" be the coefficients

1 Zk: h
n
of 1" - .- x)" respectively z7* - -z, " h" in the formal power series expansion of

¢ and . By (4.8), the coefﬁcient of ™ -z in aAbis

sign(o) Mg (1) ma(h)Qma(h+1) Mg (k)

Wk — R to@)io(h) lo(ht1)lo(k)
o) hl(k — h)!
which, together with (5.11), proves that @, is an associative superalgebra homo-
morphism.

We are left to prove that the Gerstenhaber bracket is preserved by this map.

Since the A-bracket on R is zero by assumption, the expression (4.11) for the
bracket [a, b] reduces to

h+o¢ &
Z U ® -7 By, @ (Wig 0,0(hs -y Th1)) P21, Y oo Tho1 )+

k
Z )"y ® -5 @y, ® (i, 0,0(@1, -, 20))(@hat, - U .o ko),
h+1
(5.16)
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evaluated at y = 0. Using formula (5.10) for the R-module structure on ¥V and
expanding in formal power series, the first sum in (5.16) at y = 0 is equal to

th+1~~mk

- 0
[0 3 8
YD) U@ @, @ Y P et

(ma)
a=1 m,E€Z4 auia
mi L g MeslpMatl L Mk
xq To_1 To® L1

n
where we have used (a%) Y y=0 = Ma!dpn m, . Similarily, the second sum in
(5.16) at y = 0 is equal to

k mi...m
Hpm-m
h+a,, . < . Mh41.--Mk 21...%h
Z (—1) u11® LT ®’Uzzk by Z Qih+1--~ik P (ma)
a=h-+1 mTeZ+ uiﬂ

mi | Mal Madl | Mk
Zq To_1 To® Tp 1

The identity Pr_1([a,b]) = [Pr(a), Pr_n(b)] follows by combining the above
results with the formula (5.4) and the definition (5.11) of @,.

Next, we prove that ¥*® is a morphism of complexes. Let @ € £2%(V) as in
(5.7). Again, due to the triviality of the A-bracket on R, the second term in (4.3)
vanishes. Recalling the A-action (5.10) of R on V and (5.12), the coefficient of

AT ~)\ZL+’°1“ in the polynomial (d¥*(@)),.... Aogs Wiy oo Uy, ) 18
k+1 3<f>fm;_'mk+l
(—1)ott i
LV

By (5.8), it follows that

affm2-:<mk+1
k14w — m Mkt1 ikl
(g/ (dw))/\lr“,)\k+1(ui1"” 7Uik+1) - Z /\1 ! "')‘k+1 <a(ml)>
m,EZ4 ui1
k+1 a(f)™y

_ m ME+1 a+1 1 Tk+1

- Z AP A Z(—l) —

mTEZ+ a=1 uia

thus proving that V**1(dw) = d¥*(@).

Finally, we show that @, and ¥* are compatible with the contraction opera-
tors. Let a = u;, ® -+ @ u;, ® ¢ € Cp(R,V) and let @ € 2%(V) as in above. We
want to prove that W*~"(ig, )(@)) = ta(¥*(@)). By (3.4), it follows that the

. Mp41 my s k—h ~ .
coefficient of A" -+ - A in WP (g, (0) (W) M ga, Ao (Wi gy - Uiy, ) 18

S D DR R M

mi,...,mpE€ELy

On the other hand, recalling (4.15), we have that

La<g/k(('~‘)))>\h+1,'” Ak (uih+1’ s 7uik) =
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h(h—1) My Np 6;?11 a;;h MMp \ M1 mi
:(_1) z E E Pi1-~~ih 7'7'<f>11 i )\ )\k
. - ni: np:
Mp€Z4 i1, ,in€l
ny, np €Ly
- (_1)h(h 1) Pml"'mh <f>m1 mk>\mh+1 L. Amk
- i1l i1k h+1 k
11, n €1
my, - MR €Ly

which completes the proof of the theorem.
(|

Remark 5.5. Formulas (5.11) and (5.12) define an isomorphism of calculus struc-
tures (2.(V), 2°(V)) ~ (Co(R,V),C*(R,V)). This isomorphism induces the
morphism (5.15). In other words, we have the following commutative diagram
of calculus structures:

(‘60 (V)7 fl. (V)) — (50 (R7 V)7 éo(R’ V))

| ]

(2e(V), 02°(V)) —= (Co(R, V), C*(R,V)) .

5.3. A description of the variational calculus structure. Let V be an algebra of
differential functions in the variables w;, i € I. To every k-cochain w € Q we
associate the linear map S : 2x(V) = V, X — Sz(X) = (—DFED/2, ().
Explicitly, it is easy to see that for @ as in (5.7) and X as in (5.3), we have

Sa(X)= > AfHpmepre (5.17)
i1,k €T
my, Mg €L+

where (f) is the skewsymmetrization defined in (5.13).
Lemma 5.6. For & € 2F(V) and X € 2,(V) C @, we have Spz(X) € dV.

Proof. We have, by definition,

Som(X) = (—1)FF12 4 (05) = (= 1)FFD72(9ux (@) — o) (@) -

In the second identity we used equation (5.9). To conclude we just notice that,
by assumption, 9(X) = 0.
O

By Lemma 5.6, for w € 2F(V) = 2k(V)/002%(V) we have the induced map:
2,(V) — V/0V. Recalling the isomorphism ¥* : 2¥(V) = CF(R,V) defined in
Theorem 5.4, to every ¢ € C*(R,V) we associate the induced map S, : (V) —
V/oV. Explicitly, if c € C*(R,V) is such that

CA1, Ak (’LL“ )T 7ui1€) = Z A;nl : )‘mk fzr?l kak (518)

ma, mg €24
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and X € (2 is as in (5.3), we have

Se(X) = Y [frpmeprme (5.19)
REINS |
Mg, ,mkEZ+
In this section we assume that the algebra of differential functions V is non-
degenerate, in the sense that the pairing V x V — V/dV, given by (f,g) = [ fg,
is non-degenerate. By [DSK, Lemma 10(c)], any differential algebra extension of
the algebra of differential polynomials in Example 5.2 is non-degenerate.

Proposition 5.7. Suppose that V is a non-degenerate algebra of differential
functions. Then
(i) if ¢ € C*(R,V) is such that S. = 0, then ¢ =0
(ii) if ¢ € C*(R,V) is such that S.(X1 A -+ A Xy) =0 for every Xi,..., X}, €
2,(V), then ¢ = 0.

Proof. Obviously (i) implies (). Suppose then that ¢ in (5.18) satisfies the
assumption in (i¢). We have, letting X, = Zie],n€Z+ (0" P®) €, o=

1 k

e}
oul™

IERRREAT)

ST FT@MPL) (@™ PE)) =0,
1,0yt €l
My, my €LY
for every of P!,..., P* € V*. Integrating by parts, and using the nondegeneracy
of the pairing V x V — V/9V, we get

S @ L) (O P =0

11k Tk—1
i1, i €1
my,e mi €Ly

for every P!,... P*~! € V!, Equivalently, we have that

Do (O A M) AT N =0,

i1, i €1
my, M EL4

as an element of V[A1,..., Ay—1]. In other words, the corresponding k-A-bracket
{wirn, *+ Uin_1y,  Uite (see Remark 4.6) is zero.
O

Thanks to Proposition 5.7 we can and we will identify the space of k-cochains
Ck(R,V) with the space of skewsymmetric local k-operators, namely the maps
St 2, — V/OV of the form

S(X)= > [fmmepmm (5.20)

i1, ik €L
my, - mEpEL4

where fz CME e Y are skewsymmetric under simultaneous permutations of
upper and lower indices, and all but finitely many of them are zero, and X =
S prne AREEWA ﬁ € 2,(V) is an evolutionary k-vector field.

u .

Jidk gy <"1)
ik
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Next, we will see how the calculus structure on C*(R,V) translates under
this identification.

It is not hard to check, by direct computation, that the definition (4.3) of
the differential d : C*(R,V) — C**1(R,V) gives rise to the following map
on skewsymmetric local operators. Let S : (V) — V/IV be as in (5. 20)

and consider the evolutionary k + 1-vector field X = > Pﬁl ]:El ey RRRWA

ﬁ € 2+1(V). We have

Jk+1

k41 o
0

0= 33w [ (G e e

i1, i1 €1 a=1
my, - M1 €44

(5.21)
In particular, if X = Xy A+ -A X1, with X; € £21(V), we recover formula (166)
from [DSK]:

k+1

(dS)(X) = Z(‘UaH / (XaS) (XA s AXk11)

a=1

where XS means that X, acts on the coefficients of S.

Next, we see how the contraction operators tx, X € §2,(V), act on skewsym-
metric local k-operators. The action of tx on a skewsymmetric local k-operator
S+ 2,(V) = V/V is induced by its action on 2¥(V) via the map & — Sz
defined at the beginning of the section. It follows that, for X € (2,()V) and
Y € 2, ,(V), we must have (1xS)(Y) = (=1)M"=D/25(X AY). Here we
used equation (4. 17) Explicitly, if S : 2,(V) — V/@V is as in (5.20)7 X =

MmN 0 Th41"" 9 é)
ZPJI Jr Bu (n1) ARRERA Humh)? and Y = EQJh-H ]k PSRN ARRRNA gk’ we
Jh Jh41 Tk
have
S Y) = 1 w mkpml My M h41" g 5 29
(LX )( )_ (_ ) Z f 11 g ‘i Qih+1"'ik : ( ' )
i1, i€

my, My €Ly

Combining formulas (5.21) and (5.22) we get, by Cartan’s formula, an explicit
expression for the Lie derivative Lx S : 25_p11 — V/OV. For S and X as before,

— Th1 k41 9 .. é)
and Y = Eth+1"'jk+l e NN =i € 2k—n41(V), we have
Jht1 Jk41
h(h—1) h 8fml mkH
_ ——— a+1 117 k41 mi...mp
(LxS)(Y)=(-1)" = E § 9 (m P
i1yt 41 €1 a=1
Mo €74 (5.23)
k+1 m1...Mp
+ Z m mk+1 aPu in th+1~-mk+1
S 9u (ma) Thit--tht1
a=h+1 k1 10
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In particular, if X = X3 A A Xp, Y = Xpq A - A Xgyq, with X; € 21(V),
equation (5.23) becomes

h
(LxS)(Y) = (~1)" ”(Z 1D (XaS) (X1 T AXiya)

h k+1

+Z Z DPS(Xy A Xp(Xa) k3 /\Xk+1)) )

a=1B=h+1

where, as before, XS with X € 21(V), means that X acts on the coefficients of
S, and Y (X), with X, Y € 2,(V), means that Y acts on the coefficients of X.
(In terms of characteristics, Y (Xp) = Xy (py [DSK]). In the special case h = 1
we recover formula (175) in [DSK] (there is a typo there in the second term of
the RHS):

k
(LxS) (XA AXg) = (XS) (XA AXp)+ D S(X1 A Xp(X) - AXpp) -
B=1
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