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1. DISTRIBUTION THEORY

1 Distribution Theory

A discrete random variable (RV) is described by its probability function

p(r) = P({X = z})

and is represented by a probability histogram. A continuous RV is described by its
probability density function (PDF), f(z) > 0, for which

P({a <X <b})
= /bf(aj) dx, for all a < b.

The PDF is a piecewise continuous function which integrates to 1 over the range of the
RV. Note that

P(X =a)= / f(z)dx =0 for any continuous RV.

Example: ‘Precipitation’ is neither a discrete nor a continuous RV, since there is zero
precipitation on some days; it is a mixture of both.

The cumulative distribution function (CDF) is defined by:

F(z)=P{X <=z}) (area to left of x)

> p(t)

tit<x

f o

The expected value E(X) of a discrete RV is given by:

E(X) =) ap(a),

completed by: F(z)

provided that Z |z|p(z) < oo (i.e., must converge). Otherwise the expectation is not
x

defined.

The expected value of a continuous RV is given by:

B0 = [ apte) e

—00

provided that / |z| f(x) < oo, otherwise it is not defined.

1



1. DISTRIBUTION THEORY

(For example, the Cauchy distribution is momentless.)

Zh(m)p(a:) if Z |h(z)|p(z) < oo (X discrete)

By ={ }
/ h(x)f(z)dx if/ |h(z)|f(z) de < co (X continuous)

[e.o] [e.o]

The moment generating function (MGF) of a RV X is defined to be:

(Zemp(:v) X discrete
Mx(t) = Ele™™]
! / e f(x)dr X continuous
moiment \J—oo
generating fct
of RV X.

Mx(0) = 1 always; the mgf may or may not be defined for other values of t.

If Mx(t) defined for all ¢ in some open interval containing 0, then:

1. Moments of all orders exist;

2. EX"| = M)(;)(O) (rth order derivative) ;
3. Mx(t) uniquely determines the distribution of X:
M'(0) = E(X)
M"(0) = E(X?), and so on.
1.1 Discrete distributions
1.1.1 Bernoulli distribution

Parameter: 0<p<l1
Possible values: {0,1}
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Prob. function:

1.1.2 Binomial distribution

Parameter: 0<p<1l;, n>0
MGF: Mx(t) = {1+ p(e* — 1)}™

Consider a sequence of n independent Bern(p) trials. If X = total number of successes,
then X ~ B(n,p).

Probability function:

plz) = <Z)px(1 —p)"

Note: If Y7,...,Y, are underlying Bernoulli RV’s then X =Y, + Y, +--- +Y,,.
(same as counting the number of successes).

Probability function if:

1.1.3 Geometric distribution

This is a discrete waiting time distribution. Suppose a sequence of independent
Bernoulli trials is performed and let X be the number of failures preceding the first
success. Then X ~ Geom(p), with

p(x) =p(1—p)*, x=0,1,2,...
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1.1.4 Negative Binomial distribution

Suppose a sequence of independent Bernoulli trials is conducted. If X is the number
of failures preceding the n'* success, then X has a negative binomial distribution.

Probability function:

ways of allocating
failures and successes

_n(l—p)

E(X) = —
~ n(l-p)

Var (X) = o

)= [t

1. If n = 1, we obtain the geometric distribution.

2. Also seen to arise as sum of n independent geometric variables.

1.1.5 Poisson distribution

Parameter: rate A>0
MGF: M (t) = eMe'=b

Probability function:

p(z) = , r=0,1,2,...

1. The Poisson distribution arises as the distribution for the number of “point events”
observed from a Poisson process.

Examples:

I x x x x—x— (number of events observed over time)

Figure 1: Poisson Example

Number of incoming calls to certain exchange in a given hour.

4



1. DISTRIBUTION THEORY

2. The Poisson distribution also arises as the limiting form of the binomial distribution:
n — oo, np — A

p—0

The derivation of the Poisson distribution (via the binomial) is underpinned by a
Poisson process i.e., a point process on [0, 00); see Figure 1.

AXIOMS for a Poisson process of rate A > 0 are:

(A) The number of occurrences in disjoint intervals are independent.

(B) Probability of 1 or more occurrences in any sub-interval [¢, t4+h) is Ah4o(h)  (h —
0) (approx prob. is equal to length of interval x\).

(C) Probability of more than one occurrence in [t,t + h) is o(h) (h — 0) (i.e. prob
is small, negligible).

Note: o(h), pronounced (small order h) is standard notation for any function r(h)
with the property:

Figure 2: Small order h: functions h* (yes) and h (no)
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1.1.6 Hypergeometric distribution

Consider an urn containing M black and N white balls. Suppose n balls are sampled
randomly without replacement and let X be the number of black balls chosen. Then
X has a hypergeometric distribution.

Parameters: M,N >0, O<n<M+N

Possible values: max (0,n — N) <z < min (n, M)

M\ [ N
xXr n—x
M+N\ '’
n
M M+N-n nMN
g X) = .
ARG NS Rl v g v v ey v

Prob function:

p(z) =

E(X)

The mgf exists, but there is no useful expression available.

1. The hypergeometric distribution is simply

# samples with z black balls
# possible samples

M N
_\=z n—x
- (M+NY
n
2. To see how the limits arise, observe we must have x < n (i.e., no more than
sample size of black balls in the sample.) Also, x < M, i.e., z < min (n, M).

Similarly, we must have = > 0 (i.e., cannot have < 0 black balls in sample), and
n—ax < N (i.e., cannot have more white balls than number in urn).
ie.x>n—N

i.e. > max (0,n — N).

3. If we sample with replacement, we would get X ~ B (n, p= MLW) It is inter-
esting to compare moments:
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finite population correction

1
hypergeometric ‘ E(X)=mnp ‘ Var (X) = 77375 [np(1 = p)]
binomial | E(z)=np | Var (X)=np(l-p) |

when sample all

balls in urn Var(X) ~ 0

4. When M, N >> n, the difference between sampling with and without replace-
ment should be small.

@OO

1
Figure 3: p = 3

If white ball out —

@ O

1
Figure 4: p = 3 (without replacement)

@OO

1
Figure 5: p = - (with replacement
3

Intuitively, this implies that for M, N >> n, the hypergeometric and binomial
probabilities should be very similar, and this can be verified for fixed, n, x:

lim N M
2, S g
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1.2 Continuous Distributions
1.2.1 Uniform Distribution

CDF, for a < x < b:

F(m):/ f(x)dx:/ biadxzi:z,

that is,
(0 r<a
F(z) = i:a a<x<b
\1 b<uz
1——

|

| |

a b

Figure 6: Uniform distribution CDF

etb _ 6m
Mx(t) =
x(t) t(b—a)
A special case is the U(0, 1) distribution:
I O0<z<l1
flx) =
0 otherwise,
F(z) = = for 0 <z <1,
1 1 el —1
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1.2.2 Exponential Distribution

CDF:
F(z) = 1-—e?*,

A
Mx(t) = m, A>0,2>0.

This is the distribution for the waiting time until the first occurrence in a Poisson
process with rate parameter A > 0.

1. If X ~ Exp(A) then,
P(X>t+z[X >t)=P(X > 1)

(memoryless property)

2. It can be obtained as limiting form of geometric distribution.

1.2.3 Gamma distribution

)\alpha

e a>0,A>0,2>0
with

gamma function : I'(«) :/ t*te tdt
0

A

Suppose Y7, ..., Yi are independent Exp(A) random variables and let X = Y]+ - -+ Yk.
Then X ~ Gamma(K, \), for K integer. In general, X ~ Gamma(a, \), o > 0.

1. « is the shape parameter,
A is the scale parameter

Y
Note: if Y ~ Gamma (o, 1) and X = T then X ~ Gamma («a, A). That is, A is

scale parameter.
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f(x) K M V\ m
a<i a=1 a>1 a>1

large
(approx. normal)

Figure 7: Gamma Distribution

1
2. Gamma (g, 5) distribution is also called ng (chi-square with p df) distribution
if p is integer;

X3 = exponential distribution (for 2 df).

3. Gamma (K, \) distribution can be interpreted as the waiting time until the K
occurrence in a Poisson process.

1.2.4 Beta density function

Suppose Y] ~ Gamma (a, ), Yo ~ Gamma (5, \) independently, then,

Y,
X=_"1
Yi1+Y,

~Bla,[), 0<z<1.
Remark: see soon for derivation!

1.2.5 Normal distribution

X ~ N(u,02); Mx(t) = etret®*/2,

1.2.6 Standard Cauchy distribution

Possible values: z eR

1 1
PDF: flz) = - (1 n 372); (location parameter 6 = 0)

1 1
CDF: F(z) = =+ —arctanz
2 0w
E(X),Var(X), Mx(t) do not exist.

10
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multiply
together

1—3:

Don't need to look at
normalising constant to
obtain shape of
distribution

Figure 8: Beta Distribution

— the Cauchy is a bell-shaped distribution symmetric about zero for which no moments
are defined.

Figure 9: Cauchy Distribution

(Pointier than normal distribution and tails go to zero much slower than normal distribution.)

Z
If Zy ~ N(0,1) and Zy ~ N(0, 1) independently, then X = 71 ~ Cauchy distribution.
2

11
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1.3 Transformations of a single random variable

If X isa RV and Y = h(X), then Y is also a RV. If we know distribution of X, for a
given function h(z), we should be able to find distribution of Y = h(X).

Theorem. 1.5.1 (Discrete case)

Suppose X is a discrete RV with prob. function px(x) and let Y = h(X), where h is
any function then:

)= 3 px)

z:h(z)=y
(sum over all values x for which h(z) =1y)

Proof.

py(y) = P(Y =y) = P{h(X) =y}

Theorem. 1.5.2

Suppose X is a continuous RV with PDF fx(x) and let Y = h(X), where h(z) is
differentiable and monotonic, i.e., either strictly increasing or strictly decreasing.

Then the PDF of Y 1is given by:
Fr(y) = Fx{n™ ()}h ™ ()|

Proof. Assume h is increasing. Then

Fy(y) = P(Y <y) = P{h(X) <y}

12
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Figure 10: h increasing.

= fy(y) = %Fy(y) = %Fx{hl(y)} (use Chain Rule)
= fx {7 W)} h () (1)

Now consider the case of h(x) decreasing:

= fr(y) = —fx{h W)} ) (2)

Finally, observe that if & is increasing then h/(z) and hence h~'(y)’ must be positive.
Similarly for i decreasing, h~!(y)’ < 0. Hence (1) and (2) can be combined to give:

Fr(y) = fx{p ()} (y)']

Examples:

1. Discrete transformation of single RV

13
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Figure 11: h decreasing.

X ~ Po(A) and Y is X rounded to the nearest multiple of 10.
Possible values of Y are: 0, 10,20, ...

PY=10)=P(X=5)+P(X=6)+P(X=7+P(X=8)+...+ P(X =14),
and so on.

. Continuous transformation of single RV
Let Y =h(X)=aX +b, a#0.
To find h=*(y) we solve for x in the equation y = h(z), i.e.,

y=ar+b
IS k1 P Ay .
a a a a
= () =
Hence, fy () = 1o fx (y;b)
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Specifically:
1. Suppose Z ~ N(0,1) and let X = p+0Z, o0 > 0. Recall that Z has PDF:

1 2
_ —2z2/2
z) = e :
0 fx(2) 1 ¢ (:C—,u) 1 — (oo hich is N(p, 0?) PDF
ence, fx(x) = — = e 22 | which is , o :
X |o| o V2 (o) :
X —
2. Suppose X ~ N(u,0?) and let Z = ay
o
Find the PDF of Z.
1
Solution. Observe that Z = h(X) = =X — H,
o o
z+ £
= o) = ot (T2 ) =afxlut o2
. 1 6((2;1% (ptoz—p)?
2702
1 (=1 2 2
—= 6(2‘72)
V2T
1 2
— —z%/2
= e 2),
V2r #z)
ie., Z ~ N(0,1).
X
3. Suppose X ~ Gamma (o, 1) and let Y = ~ A > 0.

Find the PDF of Y.

1
Solution. Since Y = 3 X, is a linear function, we have

Iy (y) = Mfx(\y)

e
A a—1 _—dy

1 -
= A——(A\y)* eV = (o) Y e Y,

[(«)

which is the Gamma(a, \) PDF.

15
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1.4 CDF transformation

Suppose X is a continuous RV with CDF Fx(z), which is increasing over the range of
X. If U = Fx(x), then U ~ U(0,1).

Proof.

= u, for 0 <u < 1.
This is simply the CDF of U(0, 1), so the result is proved. O

The converse also applies. If U ~ U(0, 1) and F' is any strictly increasing “on its range”
CDF, then X = F~}(U) has CDF F(x), i.e.,

Fx(z) = P(X <x)=P{F'(U) <z}
= P(U < F(x))

= F(x), as required.

1.5 Non-monotonic transformations
Theorem 1.3.2 applies to monotonic (either strictly increasing or decreasing) transfor-
mations of a continuous RV.

In general, if h(x) is not monotonic, then h(x) may not even be continuous.

For example,
integer part of x

i h(x) = [,
then possible values for Y = h(X) are the integers
=Y is discrete.

16
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However, it can be shown that h(X) is continuous if X is continuous and h(z) is
piecewise monotonic.

1.6 Moments of transformed RVS

Suppose X is a RV and let Y = h(X).

If we want to find | E(Y) |, we can proceed as follows:

1. Find the distribution of Y = h(X) using preceeding methods.
Z yp(y) Y discrete

2. Find BY) = {

/OO yf(y)dy Y continuous

(that is, forget X ever existed!)

Or use
Theorem. 1.6.1

If X is a RV of either discrete or continuous type and h(x) is any transformation (not
necessarily monotonic), then E{h(X)} (provided it exists) is given by:

Z h(z) p(x) X discrete

By ={
/_ h(z)f(x)de X  continuous

[e.o]

Proof.

Not examinable.

Examples:

1. CDF transformation

Suppose U ~ U(0,1). How can we transform U to get an Exp(\) RV?

17
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Solution.  Take X = F~'(U), where F is the Exp(\) CDF. Recall F(r) =
1 — e for the Exp()\) distribution.

To find F~!(u), we solve for x in F(z) = u,
1.€.,

u=1—e™

—In(1 —w)
=z = 3
HénaaﬁlfszUL1Litﬁﬂkm&thatkf:-—jix——gln«ExpLM.

—InU

Note: Y = ~ Exp(}) [both (1 — U) & U have U(0,1) distribution].

m This type of result is used to generate random numbers. That is, there are good

methods for producing U(0, 1) (pseudo-random) numbers. To obtain Exp()) ran-

—logU
A

dom numbers, we can just get U(0, 1) numbers and then calculate X =

. Non-monotonic transformations

Suppose Z ~ N(0,1) and let X = Z?; h(Z) = Z? is not monotonic, so Theorem
1.3.2 does not apply. However we can proceed as follows:

Fy(z) = P(X < )

where

@ 1 2
d(a) = — e 2t
(@) /wﬁﬁ
is the N(0,1) CDF. That is,

= fx(o) = o Fx(e) = 6 (V) (557) —o(-vB) (—5e ).
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where ¢(a) = ' (a) = —==e~**/? is the N(0,1) PDF

2 V2 V2

1/2)4/2 11
= Lxl/Q_le_l/m which is the Gamma/| =, = PDF.
VLS 272
On the other hand, the distribution of Z? is also called the x?, distribution. We

have proved that it is the same as the Gamma(%, %) distribution.

. Moments of transformed RVS:

—1
Example: if U ~ U(0,1) and Y = (;\gU then Y ~ Exp(\) = f(y) =
Xe M.y >0.
Can check

EY)= / Aye™ ™ dy
0
1
=
. Based on Theorem 1.6.1:
1
U~ U0,1) and ¥ = —28Y

, then according to Theorem 1.6.1,

' —logu
E(Y) :/0 ) (1) du

19
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There are some important consequences of Theorem 1.6.1:

1. If B(X) = p and Var(X) = 0% and Y = aX + b for constants a, b, then F(Y) =
ap+ b and Var(Y) = a?o?.
Proof. (Continuous case)

[e.9]

E(Y)=FE(aX +0b) = / (ax +b)f(x)dx

—00

:a/_ZJJf(m)dx—i-b/_Zf(x)da:

~ ~

Var(Y) = E [{Y . E(Y)}2]
= E[{aX +b— (ap+ b)}?

= E{a*(X — )’}
= a’E{(X - p)*}

= a* Var(X)

]

2. If X is a RV and h(X) is any function, then the MGF of Y = h(X), provided it
exists is,
Z @y () X discrete
My (t) =
/ ™M@ f(x)dr X continuous

oo

20
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This gives us another way to find the distribution of Y = h(X).

i.e., Find My (t). If we recognise My (t), then by uniqueness we can conclude that
Y has that distribution.

Examples

1. Suppose X is continuous with CDF F(z), and F(a) =0, F(b) = 1; (a,b can be
+00 respectively).

Let U = F(X). Observe that

b
My(t) = / '@ f(z) dx

which is the U(0,1) MGF.

—log X
A

2. Suppose X ~ U(0,1), and let Y =

1
My (t) = / ) (1) d
0

1
= / Y dx
0

1
IR B
1—t/A 0
B 1
1t/
A
A—t’
which is the MGF for Exp(\) distribution. Hence we can conclude that
—log X
Y = —282 . Exp(\).

A

21
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7

1.7 Multivariate distributions

Definition. 1.7.1

If X1, Xs,...,X, are discrete RV’s then, X = (X, Xy,..., X,)T is called a discrete
random vector.

The probability function P(x) is:
Px)=PX=x)=P{Xi=n1}n{Xo =2} N---N{X, =2,});
P(x) = P(x1,29,...,2,)

1.7.1 Trinomial distribution

r=2

Consider a sequence of n independent trials where each trial produces:

Outcome 1: with prob m
Outcome 2: with prob m
Outcome 3: with prob 1 — 7 — mo

If X1, X5 are number of occurrences of outcomes 1 and 2 respectively then(X7, X5)
have trinomial distribution.

Parameters: m >0,m >0 and m +m < 1; n > 0 fixed
Possible Values: integers (x1,23) s.t. 1 >0, 20 >0, 21+ 23 <n

Probability function:

n!
P(1,22) = rlzol(n —ay — 332)!”%17%62(1 IR

)n—xl—xz

for

x,r2 20, 1+ 22 <.

22
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1.7.2 Multinomial distribution

T
Parameters: n >0, = (7, m,..., )" with 7; > 0 and Zm =1
i—1

Possible values:  Integer valued (z1,2,...,2,) s.t. ; > 0 & sz =n
i=1

Probability function:
P(x) = " ity o for
Ti,To, ..., @y ) L2 0T

'S
z; > 0, Z T; = n.
i=1
Remarks

n!
1. Note " dff ———— is the multinomial coefficient.
T1, %2, ..., Tr ) = axlas!. ..z,

2. Multinomial distribution is the generalisation of the binomial distribution to r
types of outcome.

3. Formulation differs from binomial and trinomial cases in that the redundant count
x,=n— (r1+ 29+ ...2,_1) is included as an argument of P(x).

1.7.3 Marginal and conditional distributions

Counsider a discrete random vector

X = (X1, Xs,...,X,)" and let
X, = (X1, Xo,..., X)) T&
X2 - (X'I‘1+17 XT1+27 s 7X'I“)T7

Definition. 1.7.2

23
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If X has joint probability function Px(x) = Px(x1,X2) then the marginal probability
function for X; is :
PX1 (Xl) = Z Px(Xl, Xg).
X2

Observe that:

PX1 (Xl) = Z.Px<X1,X2) == ZP({Xl == Xl} N {Xg = Xg})

= P(X; =x3) by law of total probability.

Hence the marginal probability function for X; is just the probability function we
would have if X, was not observed.

The marginal probability function for X is:

Px,(x2) = Y Px(x1,%2).

Definition. 1.7.3

Suppose X = (il) If Px,(x1) > 0, we define the conditional probability function
2

X2|X1 by
PX(Xla Xz)

Px,ix, (%a2]x1) = Py )

Remarks

P{X; =x1} N{X; = x5})
P(Xl = Xl)

PX2|X1 (XQ‘XI) =
= P(X2 = X2’X1 = Xl).

2. Easy to check Px,|x,(x2|x1) is a proper probability function with respect to x,
for each fixed x; such that Py, (x;) > 0.
3. Px,|x,(X1|x2) is defined by:

Px (X17 Xz)

PXl\X2(X1‘X2) = Py (332)
2

24
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Definition. 1.7.4 (Independence)

Discrete RV’s X1, X5, ..., X, are said to be independent if their joint probability func-
tion satisfies

P(zy,xq,...,2,) = p1(z1)pa(z2) . .. pr(z))
for some functions py, pe,...,p, and all (1,29, ..., x,).

Remarks

1. Observe that:

Px, (1) ZZ ZP.CEl,..., X,

T2 3
(@) 2D D pala) o pran)
T2 T3
= c1pi(@1).
Hence p1(z1) o< Px, (1) also pi(z;) o< Py, (z;)
l v
sum of probs. marginal prob.
P(zq,... )
PX1|X2'“XT ($1|I2, o ’xr) - PZQ...IT({L‘17 C ,xr)
__pi()pa(aa) - pr(ay)
Zpl(%)m(xz) - pr(Tr)
1
_ pl(xl)pz(:vg) - pr(zr)
pa(z2)p3(w3) e (T Zpl 1)
_ p1(7y)
Zpl(ﬂfl)
1
Pl
1
p > Py, (m)
= PXI (xl)
That is, Px,|x,..x, (Z1]|2, ..., ) = Px, (z1).
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2. Clearly independence =—
PX¢|X1.A.XZ-_1,XZ-+1...XT (xi‘xlu sy Tie1s Lig1y - - - ,CCr) = Px, (CCz)

Moreover, we have:

Px,x,(X1]x2) = Px,(x;) for any partitioning of X = (X1> if Xq,...,X, are

independent.

1.7.4 Continuous multivariate distributions

Definition. 1.7.5

The random vector (X1, ..., X,)? is said to have a continuous multivariate distribution
with PDF f(x) if

P(XEA):/.../Af(xl,...,xr)dxl...dxr

for any measurable set A.

Examples

1. Suppose (X;, X3) have the trinomial distribution with parameters n, m, m.
Then the marginal distribution of X; can be seen to be B(n, ;) and the condi-
2
1-— et ) .

tional distribution of X,|X; = x4 is B(n — I,

Outcome 1 m
Outcome 2 o
Outcome 3 1 —m; — o

Examples of Definition 1.7.5

1. If X7, X5 have PDF
1 O<a <1

O<axy <1

f(mla xQ) =
0 otherwise

The distribution is called uniform on (0,1) x (0,1).
It follows that P(X € A) = Area (A) for any A € (0,1) x (0,1):
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f(xh IZ)

Figure 12: Area A

2. Uniform distribution on unit disk:

1
= ri+a3<1
m

f(xlvl?) =

0 otherwise.

3. Dirichlet distribution is defined by PDF

£ y_Dleatas+- +artam)
L1, T2y X)) = F(al)r(az) . F(OZT)F(CVT-H)

1 1 -
r e T -y — e — )t

for xq,9,..., 2, >0, > x; < 1, and parameters oy, ag, ..., @41 > 0.

Recall joint PDF:

P(XEA):/.../Af(xl,...,xr)darl...dxr.

Note: the joint PDF must satisfy:

1. f(x) >0 for all x;

/ / fxr,... . 2)dey ... do, = 1.
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Definition. 1.7.6

If X = (il) has joint PDF f(x) = f(x1,X2), then the marginal PDF of X is given
2
by:

o oo
fx, (x1) :/ / flay, oo e, e g1y - o xy) dTp 4 1dTy 4o . . dxy,
—00 —00

and for fx, (x1) > 0, the conditional PDF is given by

f(X17X2)
le (Xl) '

fxa1x, (Xa|x1) =

Remarks:

L. fx,|x,(X2[x1) cannot be interpreted as the conditional PDF of X,|{X; = x;}
because P(X; = x;) = 0 for any continuous distribution.

Proper interpretation is the limit as 6 — 0 in X3|X; € B(xy,d).

2. fx,(x2), fx,x,(X1]x2) are defined analogously.

Definition. 1.7.7 (Independence)

Continuous RV’s X3, Xo, ..., X, are said to be (mutually) independent if their joint
PDF satisfies:

f(xlax% s vmr) = f1<x1)f2($2> v fr(xr)a

for some functions fi, fo,..., f, and all x1,...,z,

Remarks

1. Easy to check that if X7,..., X, are independent then each f;(z;) = ¢;fx,(x;).

Moreover ¢y, s, ..., c. = 1.

2. If Xy, Xo,..., X, are independent, then it can be checked that:

fxl\XQ <X1|X2) - le (Xl)

for any partitioning of X = (Xl) .
X

Examples
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1. If (X1, X5) has the uniform distribution on the unit disk, find:

(a) the marginal PDF fx, (x;)
(b) the conditional PDF fx, x, (w2|2).

Solution. Recall
= ri+a3<1
T

f(xh xQ) =

0 otherwise

(0) fuln) = /_°°f<x1,x2>dx2

o0

~V/1d Viset >
= Odl’z + — dl’g + 0d$2
—c0 —/1—a2 T Vi3
1—a?
= 0+ 2 " 40
T l—y/1-22
2¢/1 — 22
VoTH o<
_ T
0 otherwise.

i.e., a semi-circular distribution (ours has some distortion).

(b) The conditional density for X5|X is:

f(1317 IZ)
fxi (1)

fX2|X1 (xQ‘xl) =

1
Q\/ﬁ for—\/l—x%<x2<\/1—x%

0 otherwise,

which is uniform U(—+/1 — 22,/1 — ?).

2. If Xy,..., X, are any independent continuous RV’s then their joint PDF is:

fle, . ze) = fx, (01) fo (22) - - fix ().
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X1

Figure 13: A graphic showing the conditional distribution and a semi-circular distri-
bution.

E.g. If Xy, Xy,..., X, are independent Exp(\) RVs, then

flxy, ... x,) = H \ e AT
=1

_ r =\ :,1‘1
= Ne L=

forz; >0 i=1,...,n.

3. Suppose (X1, X3) are uniformly distributed on (0,1) x (0, 1).

That is,
1 O0<i <0<y«

f(xlv :132) =

0 otherwise
Claim: X7, X, are independent.
Proof.

Let
1 O0<x <1

fi(zy) =

0 otherwise,
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1 O<xy<x1

fo(w2) =

0 otherwise,

then f(z1,x2) = fi(x1)f2(x2), and the two variables are independent. O

4. (X1, X5) is uniform on unit disk. Are X, X, independent? NO.

Proof.
We know:
1
————— 1<y <1 -2}
2y/1 — 22
fxox, (@2|21) =
0 otherwise,

i.e., U(—/1— 2}, \/1—1?).
On the other hand,

2
—1-122 —-l<az<l1

T
fxy(22) =
0 otherwise,
i.e., a semicircular distribution.
Hence fx,(x2) # fxu|x,(%2]21), so the variables cannot be independent. O

Definition. 1.7.8
The joint CDF of RVS’s X1, X5, ..., X, is defined by:

F(xl,xg,...,xT) = P({Xl S xl}ﬂ{Xg S xg}ﬂﬂ ({Xr S $r})
Remarks:

1. Definition applies to RV’s of any type, i.e., discrete, continuous, “hybrid”.

2. Marginal CDF of X; = (X1,..., X,)Tis Fx,(21,...,2,) = Fx(21,...,2s00,00,...,00),
for s < r.

3. RV’s Xy,..., X, are defined to be independent if

F(zy,...,2.) = Fx,(21)Fx,(x2) ... Fx, (z,).

4. The definitions above are completely general. However, in practice it is usually
easier to work with the PDF /probability function for any given example.
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1.8 Transformations of several RVs

Theorem. 1.8.1

If X1, Xo are discrete with joint probability function P(xy,z5), and Y = X1+ Xy, then:
1. 'Y has probability function
= Z P(z,y — ).

2. If X1, Xy are independent,

prl PX2 )

Proof. (1)

PHY =y}) =) PH{Y =y} n{Xi=a})

(law of total probability)
!

If Ais an event & By, By ... are events

then P(A) =Y P(ANB;) =Y P(A|B)P(B))
:ZP({X1+X2 =y} N{X1=1x})
=) P{Xo=y—a}n{Xi==z})

= ZP(x,y—x).

Proof. (2)
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Just substitute
P(J},y - SL’) - PX1(x)PX2(y - SL’)

]
Theorem. 1.8.2
Suppose X1, Xy are continuous with PDF, f(x1,x5), and let Y = X7 + Xs5. Then
Ltvl) = [ fy-a)de
2. If X1, Xy are independent, then
)= | (@ faly - 2)do
Proof. 1. Fy(y) = P <y)
= P(Xi+ X, <vy)
00 Yy—x1
= / / [z, 22) dy da,y.
r1=—00 J x9=—00
Let 2o =t — x4,
dlL’Q
A |
T
= dxy = dt
o ry
= / / f(.fl?l,t—xl)dtdﬂfl
y %)
= / {/ f(l‘l,t—$1) d$1} dt
= o) =) = [ fay-)ds
]
Proof. (2)
Take f(z,y —x) = fx,(2) fx,(y — ) if X, X5 independent. O
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Ia

s
Lo

Figure 14: Theorem 1.8.2

Examples

1. Suppose X; ~ B(ny,p), Xo ~ B(ng, p) independently. Find the probability func-
tion for ¥ = X; + Xs.

Solution.

Py(y) =Y _ Px,(z)Px,(y — )

min(ni,y) n n
_ 1 (1 _ o \N1i—x 2 Yy—x(1 _ \n2+x—y
> (m>p(1 p) (y_x)p (1-p)

rz=max (0,y — n2)

min (n1,y)
pape o () ()

z=max (0,y — n2)

e (1) (%)
min (n1,y
— (nl + n2> py(l _ p)m—l—nz—y Z L y—=

y z=max (0,y — n2) (nl - n2>
Y

sum of hypergeometric
probability function =1

_ (m ;‘nQ) py(]. . p)n1—|—ng—y7

i.e., Y ~ B(nj + na,p).
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2. Suppose Z; ~ N(0,1),
PDF of X.

Solution.

fsa) = [~ ol)on

Zy ~ N(0,

1) independently. Let X = Z; + Z,. Find

r—2z)dz

L 1

/2

o 1
= e
/oo V2T

[
oo 2T

e—(@=2)%/2 4,

V2r

- 3= g,

- /OO Lt -87) e g,
Coo 2T
T e e
— —z?/4 x5
— e e 2 z
V2 \/—00 s )
=1
1
N(Z Z) pDF
2°2
_ Le—x2/4
Vo 7

ie., X ~ N(0,2).

Theorem. 1.8.3 (Ratio of continuous RVs)

X

Suppose X1, Xy are continuous with joint PDF' f(x1,x5), and let Y = —=.

Then Y has PDF

fr (W)
If X1, X5 independent, we obtain

.

fr(y)

35

1

2| f (2, yx) da.

/OO |z| fx, () fx, (yx) d.
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Proof.

= P{Y <y} n{Xi <0})+P{Y <y}n{X,>0})

0 e’} o 1Y
= / f(@1, x2) drodry + / / f(z1, x2) drodmy.
—0o0 JT1Y 0 —00

Substitute x5 = tx; in both inner integrals;

dxo = x1dt;

0 —00 00 y
:/ / a:lf(xl,txl)dtdxl—i-/ / xy f (1, tey) dt day
—o0 JY 0 —00
0 Y 00 Y
=/ / (—x1>f(x1,t:c1)dtda:1+/ / xy f (2, tey) dt day
00 v 00 0 —00

0 Y o0 Y
= / / |$1|f(l'1,tl‘1) dtdl’1+/ / |I1|f($1,tl'1)dtd$1
—o00 J —o0 0 o0

= Fy(y)

[e.9]

= fo(y) = Foly) = / 2l f (o, yor) das.

—00

Example

is said to have the

1. If Z ~ N(0,1) and X ~ x3 independently, then T =
t-distribution with £ degrees of freedom. Derive the PDF of T
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Solution. Step 1:

k1
Let V = \/X/k. Need to find PDF of V. Recall x} is Gamma<§, 5) SO

k/2
fx(x) = %xk/z_le_xﬂ, for x > 0.

[(k/2)

Now,

= h~(v) = kv? and

h™t(v) = 2kv

= fv(v) = fx (b () [h~  (v)]

_ (1/2)k/2 2\k/2—1 _—kv?/2
= W(lﬂ} Y27l 2 (o)

_ 2(k/2)k/2 k—1_—kv?/2

F(k’/2)v e , v > 0.

Step 2:
Apply Theorem 1.8.3 to find PDF of

Z

T = V= /OO [v|fv(v) fz(vt) dv

:/OOUQ(k/Q)k/QUklekUZ/z 1 e’t2”2/2dv
o T(k/2) V2r

k/2 00
_ (k/2) / Uk—16—1/2(k+t2)v22v dU;

I'(k/2)v2r Jo
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substitute u = v?

= du=2vdv

(k/22 =

k=1 _ 2
__\M=) uze 1/2(k+t*)u du

I'(k/2)v27 Jo

_ (k/2)M? {F(a)}_ (k/2)k/? L(*5)
CD(k/2)V2r [ A ] T(k/2)V2r (1/2(k 4 t2))E+D/2

ey
= — — 00 00
TEWVEr \ F
Remarks:
1. If we take k = 1, we obtain
1
f(t) o< Pl
that is, t; = Cauchy distribution.
(1) 1 1 1

Can also check = — as required, so that f(t) =

NONGEE: T4
2. Ask — oo,tp — N(0,1). To see this directly consider limit of ¢-density as k — oo:

k+1

2\ T2
i.e. lim (1 + t—) for ¢t fixed

k—oo k
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Recall standard limit:

= fr(t) —

1.8.1 Multivariate transformation rule

Suppose h : R"™ — R" is continuously differentiable.
That is,
Wy, o, .. x) = (hi(xy, ..o, 2p), ho(Ty, oy xy)y oo b (2,00 2))

where each h;(z) is continuously differentiable. Let

O o on
O0ry Oxzs  Ox,
o onom
7 Oxy Oxy Oz,
oh, Oh, oh,

| 0z, Ozy Oz,

If H is invertible for all x, then 3 an inverse mapping;:

g:R"— R" with property that:
g9(h(x)) = x.

It can be proved that the matrix of partial derivatives

G = <(‘3gi> satisfies G = H~ L.
y;

Theorem. 1.8.4
Suppose X1, Xa, ..., X, have joint PDF fx(x1,...,x,.), and let h,g,G be as above.
If Y = h(X), then Y has joint PDF

Wi yes - ye) = fx (9(}’))| det G(y)|

Remark:

Can sometimes use H~! instead of G, but need to be careful to evaluate H~'(x) at
x=h"!y) = g(y)-
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1.8.2 Method of regular transformations

Suppose X = (X1,..., X,)T and h: R” — R®, where s < r if
Y = (Vq,..., )" = h(X).

One approach is as follows:

1. Choose a function, d : R" — R"™% and let Z = d(X) = (Z1, Zo, ..., Z,_s)T.
2. Apply theorem 1.8.4 to (Y1,Ys,...,Ys, Z1, Zy, ..., Zp_s)T.

3. Integrate over 71, Zs, ..., Z._s to get the marginal PDF for Y.

Examples

Suppose Z; ~ N(0,1), Zy ~ N(0,1) independently. Consider h(zy,22) = (r,0)T, where

r = hi(21,22) = /2% + 22, and

(
arctan (2) for z1 >0
Z1
22
arctan (—) +7  forz <0
9 = hQ(Zl, 22) = 1
s
§sgn22 for 2y = 0,29 #0
L0 for z1 = 2z, = 0.

3
h maps R? — [0, 00) x [—g, g)

The inverse mapping, g, can be seen to be:

~ (g:1(r,0)\ _ [rcosb
g(r,0) = (gg(r, 9)> N (rsin9
To find distribution of (R, 0):
Step 1
0 0
Egl (Tv ‘9) %91 (T7 9)
G(r,0) =

Egz(ﬁ 0) %92(73 0)
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0 0
Egl(r, 0) = Er cosf = cos

2(7“ cosf) = —rsinf

00

0 o . .
Egg(r, 0) = " sinf = sin f

—7rsinf = rcosf

06

cosf —rsind
=G =
sinf rcosf

= det(G) = rcos?§ — (—rsin®0)
= rcos’ + rsin®f = r.

Step 2
Now apply theorem 1.8.4.
Recall,
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fro(r,0) = fz (g(r, 6))\ det G(r,0)|

= fz(rcos@,rsind)|r|

B 27
0 otherwise
= fo(0) fr(r),
where
1 T 7T
5= "3S0<F

0 otherwise

fr(r)=re™ " forr > 0.
Hence, if Z;, Z; i.i.d. N(0,1), and we translate to polar coordinates, (R, ) we find:

1. R, 6 are independent.
2. 0 ~U(-Z, 3.

27 2

3. R has distribution called the Rayleigh distribution.

It is easy to check that R? ~ Exp(1/2) = Gamma(1,1/2) = x2.
Example

Suppose X; ~ Gamma (o, \) and Xy ~ Gamma (3, ), independently. Find the
distribution of Y = X; /(X + X5).
Solution. Step 1: try using Z = X7 + Xs.

I

Step 2: If h(zy,29) = (y T —i—xQ), then g(y, z) = (( vz )

z =221+ Ts 1—y)z

I Y
G= (—z 1—y)
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= det(G) = 2(1 —y) = (=zy)

=z(1—y)+z2y =z,
where z > 0. Why?

Friz(y,2) = fx,(y2) fx (L —y)2)2

_ A\ a—1_—\yz 2\ - P

- m(yz) e ' (1= y)2)* e a-wz,
1

= W)«wrﬁyafl(l _ y)ﬁ’lza”’*leﬂz.

Step 3:

fr(y) = /OOO fly, z)dz

CT@+8) a1y st OO)‘aJrﬂzaJrﬁ_lef,\z .
- @Y e
o Fla+08) . —1

~ o Y

= Beta(a, ), for 0 <y < 1.

Exercise: Justify the range of values for y.

1.9 Moments

Suppose X1, Xs, ..., X, are RVs. If Y = h(X) is defined by a real-valued function h,
then to find E(Y) we can:

1. Find the distribution of Y.

/ yfy(y)dy  continuous

2. Calculate E(Y) =
Z yp(y) discrete
v
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Theorem. 1.9.1

If h and X4, ..., X, are as above, then provided it exists,

ZZ ) ..Zh(ml, cons )Py, ... ) if X1,...,X, discrete

T1 T2 Ty

B} =
// hzy, ..., z) f(z1,. .. x.)dey .. de,.  if Xy, ..., X, continuous

Theorem. 1.9.2

Suppose Xi,..., X, are RVs, hy,..., hy are real-valued functions and aq,...,a are
constants. Then, provided it exists,

E{aihi(X) + asha(X) + - - - + axhi(X) } = a1 B[ (X)] + a2 E[ha(X)] + - - - 4 a.E [ (X))
Proof. (Continuous case)

Efahy(X) -+ aphu(X)} = /_Z | /_Z {aah (%) + -+« + ahp(x)} fu(x) dardas .. d,
:al/z.../Zhl(x)fx(x)dxl...dxr
—i—ag/z.../Zhg(x)fx(x)dxl...dxr—i—...

...+ak/_z.../_th(x)fx(x)dxl...dm

= a1 B[ (X)] + asE[ho(X)] + - - - + ar E[hi,(X))],

as required.

Corollary.

Provided it exists,

E(ale + CZQXQ + -+ CLTX»,,) = CLlE[Xﬂ + CZQE[XQ] + -+ arE[Xr].
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Definition. 1.9.1.
If X, X, are RVs with F[X;] = u; and Var(X;) = 02, i = 1,2 we define

012 = COV(X1,X2) = E[(Xl - #1)(X2 - #2)]
= E[X1X5] — papo,

P12 = COFI’(Xl,Xg) = 912

0102

Remark:
Cov(X, X) = Var(X) = { E[X?] — (E[X])*}.

In some contexts, it is convenient to use the notation
oy = Var(X;) instead of o?.

Theorem. 1.9.5

Suppose X1, Xo, ..., X, are RVs with E[X;] = p;, Cov(X;, X;) = 0y, and let ay, as, . .

bi,ba, ..., b, be constants. Then
Cov (Z CLZ'XZ‘,ijXj) = ZZaibjaij.
i=1 j=1 i=1 j=1

45
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Proof.

Cov (ZT: CLZ'XZ‘, zr: ijj> =F
j=1

i=1

i a;X;— E (Z ain) } {; b;X; — E (; ijj> }]

=1 i=1

i=1 J=1 j=1

i=1

= ZaibjE{(Xi — i) (X5 — 1)} (Theorem 1.9.2)
i=1 j=1

= a;b;o;;, as required.
i=1 j=1

Corollary. 1

Under the above assumptions,

r

Var (i aiX,) = z”: 27": a;a;0;5 = Z a?af + 2 Z a;a;0;;.

i=1 i=1 j=1 =1

~~ 1<j

covariance
with itself
= variance

Corollary. 2
p = Corr(X;, Xy) satisfies [p| < 1; and |p| = 1 implies that X, is a linear function of
Xj.

Proof. Tt follows from Corollary 1 that

X, X
Var (—1+ —2) =2(1+p)

01 02
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Similarly, we can show that

Then
and

Hence, —1 < p < 1, as required.

Now suppose [p|=1 = A=0
= there is single ¢, such that:
0 = q(ty) = Var(X; — o X2),
i.e., X1 = toXs + ¢ with probability 1. O
Theorem. 1.9.4
If X1, Xy are independent, and Var(X), Var(Xs) exist, then Cov(Xy, Xs) = 0.

Proof. (Continuous)
Cov(Xy, Xp) = E{(X1 — i) (X2 — pi2) }

= /_Z /_C:(iﬂl — ) (w2 — p2) f (w1, T2) dv1dy

= / / (x1 — p1) (2 — p2) fx, (71) fx, (2) dxy das (since X1, X5 independent)

= (/_Z(xl — ) fx, (1) dffl) (/_Z(Iz — p2) fx,(72) dﬂ?z)

=0x0

=0.
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Remark:
But the converse does NOT apply, in general!
That is, Cov(X1, X5) =0 # Xj, X, independent.

Definition. 1.9.2

If Xy, X5 are RVs, we define the symbol E[X;]|X5] to be the expectation of X calculated
with respect to the conditional distribution of X;|Xs,

ie.,
Z$1PX1|X2 (x1]|22) X1| X5 discrete

1

E[Xi|Xs] =
/ T1 fx,x, (21]22) dry - X;| X, continuous

[e.e]

Theorem. 1.9.5

Provided the relevant moments exist,

E(X)) = Ex, { E(X,|X2)},

Var(Xl) = E’XQ{Var(Xlng)} + VarXQ{E(Xl\XQ)}.
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Proof. 1. (Continuous case)

Ex,{B(X1]X2)} = /OO E(X1]X2) fx, (22) ds

_ /Z </Zx1f(x1|x2) dxl) Fr,(22) s

= /OO /Oo 21 f (21]22) fx, (22) dvy dzy

:/ l’l/ f(l'l,illg) dCCQ dl’l

= fx,(71)

= /oo z1[x, (21) dxy

o0

1.9.1 Moment generating functions

Definition. 1.9.3

If Xi,X5...,X, are RVs, then the joint MGF (provided it exists) is given by
Mx(t) _ ]\4){(1517 to, ... 7tr) _ E[et1X1+t2X2+~.-+trXr:| )

Theorem. 1.9.6
If X1, Xy, ..., X, are mutually independent, then the joint MGF satisfies

Mx(ty,...,t,) = Mx, (t1)Mx,(t2) ... Mx,(t.),

provided it exists.
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Proof. (Theorem 1.9.6, continuous case)

oo 00
Mx(tl, . ;tr) = / Ce / €t1x1+t2$2+m+trxrfx({['1, e ,l’r) de’l Ce dl’r
—0o0 —00

= / . / ehmrel2®2 - elrtr £ (20) fx, (22) . .. fx, () dxy ... d,

_ < / Z 11 fy (11) d.r1> ( / Z €272 fy () d;c2) . ( / Z el fx () dxr)

= My, (t1)Mx,(t2) ... Mx, (), as required.

]

We saw previously that if Y = h(X), then we can find My (t) = E[e*®)] from the
joint distribution of X7, ..., X, without calculating fy (y) explicitly.

A simple, but important case is:
Y=X1+Xo+---+ X,
Theorem. 1.9.7
Suppose X1, ..., X, are RVs and let Y = X1+ Xo+ -+ + X,. Then (assuming MGF's
exist):
1. My (t) = Mx(t,t,t,...,1).
2. If Xy ... X, are independent then My (t) = Mx, (t)Mx,(t) ... Mx,(t).

3. If Xy, ..., X, independent and identically distributed with common MGF Mx(t),
then:

My (t) = [Mx(t)]".
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Proof.
Mx(t) = E[e"]
_ E[et(X1+X2+---+XT)]
= EletXiHtXat4tXr)
= Mx(t,t,t,...,t) (using def 1.9.3).
For parts (2) and (3), substitute into (1) and use Theorem 1.9.6. O
Examples

Consider RVs X,V defined by V' ~ Gamma(a, A) and the conditional distribution of
X|V ~Po(V).

Find F(X) and Var(X).

Solution. Use

E(X) = E{EX|V)}

Var(X) = Ey{Var(X|V)}+ Vary{E(X|V)}

E(X|V) = V
Var(X|V) = V
so B(X) = E{E(X|V)}=E(V)= %

Var(X) = Ey{Var(X|V)} + Vary {E(X|V)}

= Ey (V) + Vary (V)

B R Y
) VARSI A

o1
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Remark

The marginal distribution of X is sometimes called the negative binomial distribution.
In particular, when « is an integer, it corresponds to the definition previously with

PE Ty

Examples

1. Suppose X ~ Bernoulli with parameter p. Then My (t) =1+ p(ef — 1).

Now suppose X1, Xs,..., X, are 7.i.d. Bernoulli with parameter p and
Y=X1+Xo+ -+ Xy

then My () = (1+ p(e' —1))", which agrees with the formula previously given
for the binomial distribution.

2. Suppose X; ~ N(uy,0%) and Xy ~ N(ug,03) independently. Find the MGF of
Y =X, 4+ Xo.

Solution. Recall that My, (t) = el eto1/2
My (t) = et

= My (t) = Mx, (t)Mx, ()

— otlmtpz) t* (03 +03)/2
=Y ~ N(pl—i—,ug,af—l—ag).

1.9.2 Marginal distributions and the MGF

To find the moment generating function of the marginal distribution of any set of
components of X, set to 0 the complementary elements of t in Mx(t).

Let X = (Xl, XQ)T, and t = (tl,tg)T. Then

M, (t) = My (‘3) .

To see this result: Note that if A is a constant matrix, and b is a constant vector, then

Maxsp(t) = et PMx (ATt).
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Proof.

Now partition

and

Note that

and

Hence,

as required.

Maxin(t) = E[e" X)) = e P Bl 4]

ethE[e(ATt)TX] _ €thMx(ATt).

Note that similar results hold for more than two random subvectors.

The major limitation of the MGF is that it may not exist. The characteristic function
on the other hand is defined for all distributions. Its definition is similar to the MGF,
with it replacing ¢, where i = /—1; the properties of the characteristic function are
similar to those of the MGF, but using it requires some familiarity with complex

analysis.

1.9.3 Vector notation

Consider the random vector

X = <X17X27 s 7XT')T7

with E[Xl] = ,ui,\/ar(Xi) = O'iz = 04, COV(Xi,Xj> = 0iy-
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Define the mean vector by:

Mo
and the variance matrix (covariance matrix) by:

¥ = Var(X) = [oy;]i=1,..r

Jj=1,...,r

Finally, the correlation matrix is defined by:

L pi2 ... P1r
R = where p;; = —2—.
e ey Tiin/0jj
1
Now suppose that a = (ay,...,a,)? is a vector of constants and observe that:

T

T

a’'X=a1x1 + asxo + -+ a,x, = E a;x;
i=1

Theorem. 1.9.8
Suppose X has E(X) = p and Var(X) = 3, and let a,b € R" be fized vectors. Then,

1. E(@’X)=alp
2. Var(a’X) = a’Ya
3. Cov(al’X,bTX) = al¥b

Remark

It is easy to check that this is just a re-statement of Theorem 1.9.3 using matrix
notation.

Theorem. 1.9.9

Suppose X is a random vector with E(X) = p, Var(X) = X, and let A,x, and b € R?
be fixed.

If Y = AX + b, then

E(Y)=Ap+b and Var(Y) = ALAT,

o4
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Remark

This is also a re-statement of previously established results. To see this, observe that
if al is the i row of A, we see that Y; = al X and, moreover, the (i, 7)™ element of

AL A" = alYa; = Cov(a] X, a] X)
= Cov(Y;,Y;).

1.9.4 Properties of variance matrices
If ¥ = Var(X) for some random vector X = (X1, Xy,..., X,)T, then it must satisfy
certain properties.

Since Cov(X;, X;) = Cov(X,, X;), it follows that ¥ is a square (r X r) symmetric
matrix.

Definition. 1.9.4

The square, symmetric matrix M is said to be positive definite [non-negative definite]
if al Ma > 0 [> 0] for every vector a € R” s.t. a # 0.

—> It is necessary and sufficient that > be non-negative definite in order that it can
be a variance matrix.

—> To see the necessity of this condition, consider the linear combination a”X.
By Theorem 1.9.8, we have
0 < Var(a’X)=a’Ya  for every a;
—> Y must be non-negative definite.
Suppose A is an eigenvalue of X, and let a be the corresponding eigenvector. Then

Ya = )\a
— a’Ya = \a’a = \||a||*.

Hence ¥ is non-negative definite (positive definite) iff its eigenvalues are all non-
negative (positive).

If ¥ is non-negative definite but not positive definite, then there must be at least one
zero eigenvalue. Let a be the corresponding eigenvector.

= a # 0 but a”’Xa = 0. That is, Var(a’ X) =0 for that a.

= the distribution of X is degenerate in the sense that either one of the X;’s is
constant or else a linear combination of the other components.
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Finally, recall that if Aj, ..., A, are eigenvalues of ¥, then det(X) = H Ar
i=1

—> det(X) >0 for ¥ positive definite,
and

det(X) =0 for ¥ non-negative definite but not positive definite.

1.10 The multivariable normal distribution

Definition. 1.10.1

The random vector X = (X1,..., X,)7? is said to have the r-dimensional multivariate
normal distribution with parameters p € R" and 3,, positive definite, if it has PDF

]_ 1 Ts—1
- = skt N (x—p)
fx(x) = oD 8

We write X ~ N, (p, X).

Examples

1. r =2 The bivariate normal distribution
2
Let p = (Ml)7 Y [ 01 P(71202}
K2 pPO102 05

— |¥|=0%03(1 — p*) and
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2. If Z1,Zy,...,Z, are i.i.d. N(0,1) and Z = (73, ..., Z,.)7,

U1 2
=fz(z) = H e~%/2
1 V2T

1 6_1/22:::1 22 _ 1 e—%sz
(27T>r/2 (27-‘-)7'/2

which is N,.(0,., I,,.) PDF.

Theorem. 1.10.1
Suppose X ~ N,(u,>) and let Y = AX + b, where b € R" and A,«, invertible are
fized. Then Y ~ N.(Ap+ b, ALAT).

Proof.

We use the transformation rule for PDFs:

If X has joint PDF fx(x) and Y = ¢(X) for g : R" — R" invertible, continuously
differentiable, then fy(y) = fx(h(y))|H|, where h : R — R” such that h = ¢! and

H = (ahi .
0y,

In this case, we have g(x) = Ax+ b

solving for x in ]

y=Ax+Db
=H=A"
Hence,
_ 1 —1/2(A (y—b)—p) T8 (A (y—b)—p) | g1
fx(y) CREDIE e |A™|
_ 1 o~ 1/2(y—(ApB) T (A=) S (A7) (y— (AppD))
(27T)r/2|2|1/2|AAT|1/2
_ 1 —1/2(y—(Ap+b))T(ASAT) " (y— (Ap+b))
(27)7 2| AT AT |1/
which is exactly the PDF for N, (Au + b, AL AT). O
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Now suppose X, is any symmetric positive definite matrix and recall that we can write
Y = EAET where A = diag (A1, Ay, ..., \.) and E,, is such that FET = ETE = [.
Since Y is positive definite, we must have \; > 0, = 1,...,r and we can define the
symmetric square-root matrix by:

Y2 =FE A2 ET where AV? = diag (v A1, VA2, VA

Note that ¥/2 is symmetric and satisfies:

(21/2>2 — ynl/2yt2” oy

Now recall that if Zy, Zy, ..., Z, are i.i.d. N(0,1) then Z = (Z,...,Z,)T ~ N,(0,1).

Because of the i.i.d. N(0, 1) assumption, we know in this case that E(Z) = 0, Var(Z) =
1.

Now, let X = XY2Z + p:

1. From Theorem 1.9.9 we have

E(X)=%Y?E(Z) + p = p and Var(X) = 22 Var(Z) (21/2)T'

2. From Theorem 1.10.1,
X ~ N,(u, ).

Since this construction is valid for any symmetric positive definite > and any
p € R, we have proved,

Theorem. 1.10.2

If X ~ N.(,X) then

E(X) = p and Var(X) = .

Theorem. 1.10.3
If X ~ N.(u,%) then Z = X7V3(X — u) ~ N,(0,1).

Proof.
Use Theorem 1.10.1. O

X4 ~ N Hq Y11 22
X, R 75 AL D SPHRD 3

Suppose
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where X, p; are of dimension r; and X;; is r; X r;. In order that ¥ be symmetric, we
must have Y11, Y9 symmetric and X, = X1.

We will derive the marginal distribution of X, and the conditional distribution of
X1 Xo.

Lemma. 1.10.1
B Aj . .. .
If M = o | isasquare, partitioned matrix, then |M| = |B] (det).
Lemma. 1.10.2
Y1 = _
If M= H 12 then |M| = |222||211 — 212 2221221|
Yo a2

Proof. (of Lemma 1.10.2)

Let

_ ! _21222_21
¢= {0 Yo

and observe

Y1 — XY N1 0
CM — — )
and 1
IC| = Sl |CM| = |S11 — E1225 S|

Finally, observe |CM| = |C|| M|

= M| = = [Z9||Z1n — S1255 Sa.

Theorem. 1.10.4

Suppose that

X4 ~ N Hq Y1 22
X, ANy ) T\ B Yoo

Then, the marginal distribution of Xy is Xo ~ Ny, (o, X92) and the conditional distri-
bution of X1|Xy is

Ny, (1 + 212355 (X2 — 1), 11 — L19%55 D1
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Proof.

We will exhibit f(x;,x3) in the form

f(x1,%2) = h(x1,X2) g(X2),

where h(x1,X2) is a PDF with respect to x; for each (given) xs.
It follows then that fx,|x,(x1|X2) = h(x1,%2) and g(x2) = fx,(X2).

Now observe that:

1

flx1,x2) = s |2 X
o (r1472)/2 11 12

( ) 12 E22

1 T T\ |2 S| (x K
11 2412 L=
exp [_5 <(X1 — ) (2 o) > {221 222} (X2 B “;>

and
1.
(T1+T2)/2 211 212 1/2 _ 7‘1/2 7’2/2 1/2 —1 1/2
(27T) 21 222 = (27'(') (27T) ‘222} }211 — 212222 221’
r _ 1/2 r 2
= (2m) /2 ‘211 - 2122221221| / (2m) 2/2 ‘222‘1/
2.

(e = )" (x2 = 13)") Ei g;ﬂ : (Xl _ ”1> = ((x1 = p)", (x2 = )"

X2 = Mo

— _ —1 _ —1 A
(211 - 2122221221) _<211 - ZJ122221211>
legzg;
% X1 — My
_22_21221 . E2_21 + Z2_2122% X2 = Mo
X (211 — Z1222721221)_ X (211 - E1222721221)_
L X285,

= (x1 — N1)TV_1(X1 — ) — (x1 — N1)TV_1212E2_21(X2 )
— (%2 = 1) T80 Ty VT (xy = ) + (X2 = p2) By Dot V7 B10 800 (%0 — )

+(x2 — H2)T2521 (X2 — ).
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( How did this come about:

e ()

ax + by
(z.) Lx + dy]

z(ax + by) + y(cx + dy)

az? + bry + cyz + dy?

= (%1 = 1) — D185 (32 — o)) V(301 — pay) — D128 (x2 — )

+ (XQ - Nz)Tzz_zl (XQ - Nz)

( Note:

And:

= (x1 — (g + D125, (%2 — Mz)))T(Zn — Y1285 X)X

(x—y)'Ax—y) =(x-y)"(Ax - Ay)
=xTAx —xTAy —yT"Ax + yT Ay

Sy =Zu

1

(Xl — (py + B1o%5y (%2 — H2))) + (X2 — po) 20 (X2 — py).

Combining (1), (2) we obtain:
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1
f(x1,%2) = 1/2

(2)(ritr)/2 |21 22
21 222

-1
Y11 22 X1 — My

1
X exp —§(<X1 - U1)T> (XZ - Nz)T)
o1 Moo X9 — Mgy

1
(27)71/2|81; — X9 Y55 Doy |12

1 _
wexp {5001 = (o + Z s = )"

X (B11 — E1222_21221)71@1 — (1 + Z12X55 (%9 — Hz)))}

o 1
(27T>r2/2 ‘222}

1 _
172 ©XP {_§(X2 — 15) 855 (x5 — Mz)}

= h(x1,X2)g(x2), where for fixed xa, h(X1,X3), is the

Ny (1 + Z10X55 (X2 — p2), 11 — 12355 Yoy )

PDF, and g(x2) is the N,, (4, X92) PDF.

Hence, the result is proved. O

Theorem. 1.10.5

Suppose that X ~ N,(p,X) and Y = AX + b, where Ay, with linearly independent
rows and b € R? are fired. Then Y ~ N,(Ap + b, ALAT).

[Note: p <r.]

Proof. Use method of regular transformations.

Since the rows of A are linearly independent, we can find B(,_,)x, such that the r x r

matri B
atrix A

) is invertible.
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If we take Z = BX, we have
Z\ (B X 4 0 N Bu+0]| [BEBT BxAT
Y) \A b Ap+b| 7 |AXBT AXAT
by Theorem 1.10.1.

Hence, from Theorem 1.10.4, the marginal distribution for Y is

N,(Ap +b, ALAT).

1.10.1 The multivariate normal MGF

The multivariate normal moment generating function for a random vector X ~ N (p, )
is given by
Mx(t) _ etTp,—&—%tTEt

Prove this result as an exercise!

The characteristic function of X is

1
Elexp(it"X)] = exp (z’tTu — §tTEt)

The marginal distribution of X; (or Xs) is easy to derive using the multivariate normal

MGF.
t; M1
t = = .
(1) = ()

Then the marginal distribution of Xy is obtained by setting to = 0 in the expression
for the MGF of X.

Let

Proof.
T L 7
Mx(t) = exp (t u—|—§t Et)

1 1
= exp (tlTlh + b0 o + §t1TE11t1 + 17 Siats + §t2T222t2) :

Now,

t 1
Mx, (t1) = Mx (01) = exp <t1TM1 + §t1T211t1) ,
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which is the MGF of X; ~ N, (1, %11).

Similarly for Xy. This means that all marginal distributions of a multivariate nor-
mal distribution are multivariate normal themselves. Note though, that in general
the opposite implication is not true: there are examples of non-normal multivariate
distributions whose marginal distributions are normal.

1.10.2 Independence and normality

We have seen previously that X, Y independent = Cov(X,Y) = 0, but not vice-versa.
An exception is when the data are (jointly) normally distributed.

In particular, if (X, Y") have the bivariate normal distribution, then Cov(X,Y) = 0 <=
X,Y are independent.

Theorem. 1.10.6

Suppose X1, Xo, ..., X, have a multivariate normal distribution. Then X1, X, ..., X,
are independent if and only if Cov(X;, X;) =0 for all i # j.

Proof.

(=)X41,.... X, independent
= Cov(X;, X;) =0 for i # j, has already been proved.

(=) Suppose Cov(X;, X;) =0 for i # j
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011 0 0
VX)) =% = | 72

| 0 0 o
ot 0 ... 0

-1 :

— 2 = 0 0‘22 ' and |X| = 011092 ... 0
0 ... 0 o}
1 1., Tzfl _
— fx(x) R e

(27r)r/2|2|1/26
1 _isr(wimpg)?

(27)7/(01102 . . . 07y /2

1 _1(@i—u)? 1 _1(za—pg)?
= [ — T —¢ 2 o022 .
V 271'«/0'11 vV 271}/0'22

orr

1 e_%w
\V2ry /o,
= filz1)falza) ... fr(wy)

== Xi,..., X, are independent.

Note:

(x—p)"'SH(x—p) = (21— puzs—po. . — piy)

0'1_11 0 e O T _,ul
-1 N €To —
« 0 o5 ... 2 . M2
0 0 (TT,_rl Ly — Wr
— 27": (xz ,uz>2
- Oi4
=1
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Remark

The same methods can be used to establish a similar result for block diagonal matrices.
The simplest case is the following, which is most easily proved using moment generating
functions:

X4, X5 are independent

if and only if 15 = 0, i.e.,
X1 ~ N My 211 0
Xg r1+72 TR ) 0 222 :
Suppose X1, Xo, ..., X, are i.i.d. N(u,0?) RVs and let
¥ = yx
- n — 9

52— 3 (X - X%

Theorem. 1.10.7

(n—1)52

Then X ~ N(p,0?/n) and 5 ~ x2_, independently.
o

(Note: S? here is a random variable, and is not to be confused with the sample covari-
ance matriz, which is also often denoted by S*. Hopefully, the meaning of the notation
will be clear in the context in which it is used.)

Proof. Observe first that if X = (Xy,...,X,)T then the i.i.d. assumption may be
written as:
X ~ Nn(ﬂlny UQIan)

1. X ~ N(u,0?/n):
Observe that X = BX, where

Hence, by Theorem 1.10.5,

X ~ N(Bul,0*BB") = N(u, 0% /n), as required.
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2. Independence of X and S: consider

1 1 1 17

n n n n

11 _1 _1 1

n n n n

1 1 1 1

A= n 1 n n n
1 1 1 1

L n n 1 n n_|

and observe
X
X — X

AX = | Xo— X

Xp1—X

We can check that Var(AX) = 02AAT has the form:

10 ...0

= X,(X; - X,Xy - X,...,X,_1 — X) are independent.
(By multivariate normality.)

Finally, since

X=X =—((X; = X)+ (X = X) + -+ (X, — X)),

it follows that Sz is a function of (X; — X, X, — X,..., X,,_; — X) and hence is
independent of X.

3. Prove:
(n—1)5?

2
o2 ~ Xn-1
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Consider the identity:

n n

D Xi—p? =D (X = X)) +n(X —p)’

i=1 =1

(subtract and add X to first term)

n

- g
=1

and let Ry = Z%
o

=1

Ry (X=n)
>~ \o/vn
If My, My, M3 are the MGFs for Ry, Ry, R3 respectively, then,

Ml(t) = Mg(t>M3(t) since R1 = RQ + R3
with Ry and R3 independent

| |
depends depends only
only on on X
5«2
M (t)
= My(1) = .
2( ) Mg(t)
X -\’
Next, ob that Ry = ~ X3
ext, observe that ris <0/\/ﬁ) X1
= M;j(t) = !
ST =2
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and
n Xl —u 2
) Y EC L
i=1
=~ M) =
N s e
My(t) = .
1) = gy
which is the mgf for x2_,.
Hence,
(n —1)57 2
T2z X
O
Corollary.

If Xi,...,X, are i.i.d. N(u,0?), then:

X—u
T = ~th_
S/\/n !
Proof.
. e Z 5 .
Recall that ¢, is the distribution of \/?/k, where Z ~ N(0,1) and V' ~ x; indepen-

dently.

Now observe that:
X X-—u (n—1)52/0?

T — —
S/ oy (n—1)
and note that, ~
X —p
—— ~ N(0,1
A N0
and ( 1)s?
n p—
P Xo 1)
independently. O]
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1.11 Limit Theorems

1.11.1 Convergence of random variables

Let X1, X5, X3,..., be an infinite sequence of RVs. We will consider 4 different types
of convergence.

1. Convergence in probability (weak convergence)

The sequence {X,,} is said to converge to the constant a € R, in probability if

for every ¢ > 0
lim P(|X,, —a| >¢)=0

n—oo

2. Convergence in Quadratic Mean

lim E((X, —a)?) =0

n—o0

3. Almost sure convergence (Strong convergence)

The sequence {X,,} is said to converge almost surely to « if for each € > 0,

| X, —a| > ¢ for only finite number of n > 1.

Remarks
(1),(2),(3) are related by:

Not Comparable
_ - - -~ -~

—_- ~

-
Convergence in quadratic Mean Strong gonvergence

(Implies) (Implies)

Weak Convergence

Figure 15: Relationships of convergence

4. Convergence in distribution

The sequence of RVs {X,,} with CDFs {F,} is said to converge in distribution
to the RV X with CDF F(z) if:

lim F,(z) = F(z) for all continuity points of F.

n—oo
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not continuity point

Figure 16: Discrete case

Small n Large n

All points are
continuity points

Figure 17: Normal approximation to binomial (an application of the Central Limit
Theorem) continuous case

Remarks

0 z<a
1. If we take F'(x) =
1 2>«

then we have X = « with probability 1, and convergence in distribution to this
F' is the same thing as convergence in probability to a.

2. Commonly used notation for convergence in distribution is either:

(i) L[Xn] — L[X]

ii) X,, — L[X] oreg., X, — N(0,1).
(i) P [X] g P (0,1)

3. An important result that we will use without proof is as follows:
Let M,(t) be MGF of X,, and M (t) be MGF of X. Then if M,(t) — M(t) for

each t in some open interval containing 0, as n — oo, then L£[X,)] ? L[X].

(Sometimes called the Continuity Theorem.)
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Theorem. 1.11.1 (Weak law of large numbers)

Suppose X1, Xo, X3, ... is a sequence of i.i.d. RVs with E[X;] = p, Var(X;) = %, and
let

Then X,, converges to u in probability.

Proof. We need to show for each ¢ > 0 that

lim P(| X, — pu| >¢€) =0.

n—o0

2
Now observe that E[X,,] = u and Var(X,,) = 7 So by Chebyshev’s inequality,
n

2

P(]X'n—u]>e)§0—2—>0 as n — oo, for any fixed € > 0.
ne

Remarks

1. The proof given for Theorem 1.11.1 is really a corollary to the fact that X,, also
converges to p in quadratic mean.

2. There is also a version of this theorem involving almost sure convergence (strong
law of large numbers). We will not discuss this.

3. The law of large numbers is one of the fundamental principles of statistical infer-
ence. That is, it is the formal justification for the claim that the “sample mean
approaches the population mean for large n”.

Lemma. 1.11.1

Suppose a, is a sequence of real numbers s.t. lim na, = a with |a| < co. Then,

n—oo

lim (14 a,)" = e

n—oo

Proof.

Omitted (but not difficult).

72
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Remarks

This is a simple generalisation of the standard limit,

lim (1 + f)n =e”,
n

n—oo

Consider a sequence of i.i.d. RVs X1, Xs,... with F(X;) = u, Var(X;) = 02 and such
that the MGF, Mx(t), is defined for all ¢ in some open interval containing 0.

Let S, = Z X; and note that F[S,] = nu and Var(S,) = no?.
i=1
Theorem. 1.11.2 (Central Limit Theorem,)
Sp —np
ov/n
L[Z,] — N(0,1) as n — oo.

Let X1, X,,...,S, be as above and let Z,, = . Then

Proof.

We will use the fact that it is sufficient to prove that

My, (t) — €/ for each fixed t

[Note: if Z ~ N(0,1) then My(t) = /2]

X; — 1
Now let U; = a and observe that Z,, = — Z U;.
o V/n “

Since the U; are independent we have:

My, (t) = {My(t/v/n)}"

Now,

E(Ui) = 0 = My(0) =0,
Var(U;) =1 = M{;(0) = 1.
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Consider the second-order Taylor expansion,
2

Ma(t) = My(0) + My ()t + M(0)5 + ()

My(t) =1+0+t*/2+r(t), where 1il%i§) =0
S— S
l

(My(0))(as My (0) = 0)

=1+*/2+1r(t).

My, (t) = {My(t/v/n)}"
={1+t/2n+r(t/v/n)}"

=(1+a,)",

where

2

a, = = +7r(t/v/n).

2n

2
Next observe that lim na, = 3 for fixed ¢.

[To check this observe that:
2 2
lim o = 3 and lim nr(t/v/n)

n—oo 2’]7, n—oo

t*r(t/v'n)

= lim —/ VY

N ONOE
r(s)

=2 lir% — = 0 for fixed ¢.
S— S

Note: s =t/y/n — 0 as n — co.]
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Hence we have shown My (t) = (1 + a,)", where

lim na, = t*/2, so by Lemma 1.11.1,

n—oo

lim My, (t) = "'/ for cach fixed ¢.

n—oo

Remarks

1. The Central Limit Theorem can be stated equivalently for X,,,

) Xn—p ) Xn—,u_Sn—nu
ie. L’(J/\/_)HN(OJ) (Justnotethat N )

2. The Central Limit Theorem holds under conditions more general than those given
above. In particular, with suitable assumptions,

(i) Mx(t) need not exist.
(ii) X1, Xa,... need not be i.i.d..

3. Theorems 1.11.1 and 1.11.2 are concerned with the asymptotic behaviour of X,.

Theorem 1.11.1 states X,, — j in prob as n — oo.

X,
Theorem 1.11.2 states P, N(0,1) as n — oc.

0/\/_ D

These results are not contradictory because Var(X,) — 0, but the Central Limit
X, — E(X,)
Var(X,,)

Theorem is concerned with
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2 Statistical Inference

2.1 Basic definitions and terminology

Probability is concerned partly with the problem of predicting the behavior of the RV
X assuming we know its distribution.

Statistical inference is concerned with the inverse problem:

Given data xy, s, ..., x, with unknown CDF F(z), what can we conclude about
F(x)?

In this course, we are concerned with parametric inference. That is, we assume F
belongs to a given family of distributions, indexed by the parameter 0:

&

={F(z;0):0 € 0}
where © is the parameter space.

Examples

(1) S is the family of normal distributions:

0 = (u,0%)
O ={(n,0?%) :peR,c* R}

then & = {F(x) L F(z) = @ (x_“)}.

o2

(2) & is the family of Bernoulli distributions with success probability 6:
©={0ecl0,1] C R}.

In this framework, the problem is then to use the data xz1,...,x, to draw conclusions
about 6.

Definition. 2.1.1

A collection of i.i.d. RVs, Xi,..., X, with common CDF F(x;8), is said to be a
random sample (from F'(x;8)).

Definition. 2.1.2

Any function T' = T(zq, 29, ...,2,) that can be calculated from the data (without
knowledge of ) is called a statistic.

Example

i=1

3|

The sample mean 7 is a statistic (Z =
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Definition. 2.1.3
A statistic T" with property T'(x) € © Vx is called an estimator for 6.

Example

For 1, %o, ..., T, i.i.d. N(u,0?), we have @ = (u,0?). The quantity (Z, s?) is an esti-
1 < 1 <
tor for @, where 7 = — i, S% = i —7)2
mator for 8, where T = — E x E (x; — )

, n—1+4
=1 =1

There are two important concepts here: the first is that estimators are random
variables; the second is that you need to be able to distinguish between random vari-
ables and their realisations. In particular, an estimate is a realisation of a random
variable.

For example, strictly speaking, x1, xs, ..., x, are realisations of random variables
n
X1, Xo,....X,,and T = — g x; is a realisation of X; X is an estimator, and T is an
n
. i=1
estimate.

We will find that from now on however, that it is often more convenient, if less rigorous,
to use the same symbol for estimator and estimate. This arises especially in the use of
0 as both estimator and estimate, as we shall see.

i

An unsatisfactory aspect of Definition 2.1.3 is that it gives no guidance on how to
recognize (or construct) good estimators.

Unless stated otherwise, we will assume that 6 is a scalar parameter in the following.

2.1.1 Criteria for good estimators

In broad terms, we would like an estimator to be “as close as possible to” # with high
probability.

Definition. 2.1.4

The mean squared error of the estimator 7" of 6 is defined by

MSEr(0) = E{(T — 6)%}.

Example: )
Suppose X1, ..., X, are i.i.d. Bernoulli § RV’s, and T'= X =‘proportion of successes’.
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Since nT ~ B(n, ) we have
E(nT)=n0, Var(nT)=nd(1-10)

o(1 —0)

n

— E(T)=6, Var(T)=

o(1 - 0)

n

= MSEr(f) = Var(T) =

Remark:
This example shows that M SEr(f) must be thought of as a function of § rather than
just a number.

For example: see Figure 18

A

MSE
1/(4n)

Figure 18: M SEr(#) as a function of 6

Intuitively, a good estimator is one for which MSE is as small as possible. However,
quantifying this idea is complicated, because M SF is a function of #, not just a number.
See Figure 19.

For this reason, it turns out it is not possible to construct a minimum M SFE estimator
in general.

To see why, suppose T is a minimum M S'E estimator for §. Now consider the estimator
T, = a, where a € R is arbitrary. Then for a =0, Ty = 6 with M SEr,(0) = 0.
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MSE+ (8)
MSE Ta
=T, is preferable
MSET1(9)
0 0
A
MSET2(9)
MSE

=T4, T not comparable

MSET (6)

v

0 0

Figure 19: M SE7 () as a function of 6

Observe M SEr, (a) = 0; hence if T* exists, then we must have M SEr-(a) = 0. As a
is arbitrary, we must have M SEpr(0) =0 V6, € ©
= T" = 6§ with probability 1.

Therefore we conclude that (excluding trivial situations) no minimum M SE estimator
can exist.

Definition. 2.1.5 The bias of the estimator T is defined by:
br(0) = E(T) — 0.
An estimator 7" with br(0) = 0, i.e., E(T) = 0, is said to be unbiased.

Remarks:

(1) Although unbiasedness is an appealing property, not all commonly used
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estimates are unbiased and in some situations it is impossible to construct
unbiased estimators for the parameter of interest.

Example: (Unbiasedness isn’t everything)

E(s*) = o%
If E(s) = o,

then Var(s) = E(s*)—{E(s)}?

which is not the case
— FE(s) < o.

(2) Intuitively, unbiasedness would seem to be a pre-requisite for a good esti-
mator. This is to some extent formalized as follows:

Theorem. 2.1.1

MSE7(0) = Var(T) + br(6)?

Remark:

Restricting attention to unbiased estimators excludes estimators of the form T, =
a. We will see that this permits the construction of Minimum Variance Unbiased
Estimators (MVUE’s) in some cases.

2.2 Minimum Variance Unbiased Estimation
2.2.1 Likelihood, score and Fisher Information

Consider data x1,xs,...,x, assumed to be observations of RV’s Xi, Xs,..., X, with
joint PDF (probability function)

fo(x;0)  (Pu(x:0)).
Definition. 2.2.1
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The likelihood function is defined by

fx(x;0) X continuous
L(0;x) =
P(x;0) X discrete.

The log likelihood function is:
0(0;x) = log L(0; %) (log is the natural log i.e., In).

Remark
If x1,2,,...,x, are independent, the log likelihood function can be written as:
((0;x) = Zlog fi(zi; 0).
i=1
If x1,x9,...,x, are i.i.d., we have:

0(0;x) =Y log f(x:; ).

Definition. 2.2.2

Consider a statistical problem with log-likelihood ¢(6;x). The score is defined by:

ol
Ub;x) = B

0%l
Remark

For a single observation with PDF f(z, 8), the information is

and the Fisher information is

2

i(0)=FE (—%log f(X, 6)) :
In the case of x1, 2o, ..., 2, i.i.d. , we have
Z(6) = ni(0).
Theorem. 2.2.1

Under suitable regularity conditions,

E{UG:;X)} = 0
and Var{(0; X)} = Z(0).
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Proof.

Observe E{U(0; X)} = / .../mu(e;x)f(x;ﬁ)dxl...dmn

= /_Z/_Z (%logf(x;@)) f(x;0)dxy ... dx,

0

_ /:/: (%) F(x:0)dar ... dan

x 008
_ / | a0y dr,

regularity — = %/ / f(x;0)dzy ...dzx,
0

= 0, as required.

To calculate Var{U/(0; X)}, observe

)
PUO;x) 0 {@f(x;(’)}

962 90 | f(x;0)
) aa—;f(x; 0)f(x;0) — <%f(x; 9))2
a . [f (x;0)]”
= Ux) = @8_92;@);9)2—;5

= Var{U/(6;X)} = E{U*0;X)} (as E(U) =0)

Jrxi0) -
= F NN +Z(6) (by definition of Z(#)).
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Finally observe that:
62 82
(X (9) 00 0 = (X;Q)
962 00?
= = e = f(x;0)dx;, ... d
/oo /oo foca) OGOt

f(X;0)
:/ / (i 0)da . da,

a o0 o0
= ﬁ/m.../mf(x;e)dxl...dxn
2

Pk
= 0

Hence, we have proved Var{U/(0; X)} = Z(6).

2.2.2 Cramer-Rao Lower Bound

Theorem. 2.2.2 (Cramer-Rao Lower Bound)
1

If T is an unbiased estimator for 6, then Var(T) > 700)"
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Proof.

Observe Cov{T(X),U(0;X)} = E{T(X)U(6;X)}

_ / / Vf(x:0)dzs . .,

:/ / _fx)e)f(x;e)dxl...dxn
_ ae/ / F(x:0)day . . dan

= E{T( )}

- 0899

To summarize, Cov(T,U) =1
Recall that Cov?(T,U) < Var(T) Var(U) [i.e. |p| <1 and divide both sides by RHS]

Cov?(T,U) 1
Var(Ud) — Z(6)

— Var(T) > as required.

Example

_ 1 <&
Suppose X1, Xo, ..., X, are i.i.d. Po(A) RV’s, and let X = — ZXZ" We will prove
n 4

that X is a MVUE for \.
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Proof.

e M\

(1) Recall if X ~Po(A), then P(z) = , B(X) = Xand Var(X) = \.

z!

Hence, F(X) = X and Var(X) = % Hence X is unbiased for .

1

(2) To show that X is MVUE, we will show that Var(X) = Aoy

Step 1:
Log-likelihood is

(A x) = log P(x;\)

n efAAwi
=1
—nAy\ > T - 1
so l(\;x) = loge " A=t ZH—'
s

i=1
= —n\+ ixilog)\ — logﬁxi!
i=1 i=1

= —nA+nxlog)— longi!.

=1

Step 2:
0
Flnd W’
(%__ +na: 824_—nx
ax TN N 2
Step 3:
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I(\) = —-E (g—ii)

S A 1
(3) Finally, observe that Var(X) = — = ——.
n

By Theorem 2.2.2, any unbiased estimator 7" for A must have

1 A
Var(T) > o =

— X is a MVUE.

Theorem. 2.2.5

The unbiased estimator T(x) can achieve the Cramer-Rao Lower Bound only if the
joint PDF /probability function has the form:

f(x;0) = eap{ A(O)T (x) + B(0) + h(x)},

—B'(9)
A0)

where A, B are functions such that 0 = and h is some function of x.

Proof. Recall from the proof of Theorem 2.2.2 that the bound arises from the inequality
Cor*(T(X),U(6; X)) < 1,

ol
here U(0;x) = —.
where U(0; x) 50
Moreover, it is easy to see that the Cramer-Rao Lower Bound (CRLB) can be achieved
only when

Cor*{T(X),U(9;X)} =1
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Hence the CRLB is achieved only if U is a linear function of 7" with probability 1
(correlation equals 1):

U=al +b a,b constants = can depend on # but not x

ie. % =U(0;x) = a(0)T(x) + b(h) for all x.

Integrating wrt 6, we obtain:
log f(x;0) = ((0;x) = A(0)T(x) + B(6) + h(x),
where A'(0) = a(0), B'(0) = b(0).

Hence,
J(x;0) = exp{A(0)T(x) + B(0) + h(x)}.

Finally to ensure that E(T') = 6, recall that E{U(6; X)} = 0 and observe that in this
case,

E{U(0;X)} = E[A(O)T(X)+ B'(0)]

= A(O)E[T(X)] + B(6) =0

—B'(6)
— LK[T(X)] =
TX) -
. . _B(8)
Hence, in order that T'(X) be unbiased for 8, we must have 00 =0.

2.2.3 Exponential families of distributions

Definition. 2.2.3

A probability density function/probability function is said to be a single parameter
exponential family if it has the form:

f(x;0) = exp{A(0)t(x) + B(0) + h(x)}
for all x € D € R, where the D does not depend on 6.
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If z1,...,x, is a random sample from an exponential family, the joint PDF /prob func-
tions becomes

f(x;0) = Hexp{A t(z;) + B(0) + h(z;)}

= exp{A(Q)it( ) +nB(0 +Zh }

In this case, a minimum variance unbiased estimator that achieves the CRLB can be

seen to be the function: .

T=2%" i),

—B'(6) h
A'(0)

which is the MVUE for E(T) =

Example (Poisson example revisited)

Observe that the Poisson probability function,
e AN
x!

plz;A) =
= exp{(log\)x — X —logx!}

= exp{AN)t(z) + B(\) + h(z)},

where
A(N) = logA
B(A) = =\
tr) = x
h(z) = —logx!
1 &
X = - t(z;) is the MVUE for
i=1
B0 —(-1)
A'(N) /A
= A\
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Example (2)

Consider the Exp(A) distribution. The PDF is

flz) = e 7, x>0

= exp{—Az +log \};

—> f is an exponential family with

AN = =X
B(A) = log\
t(r) = x
h(z) = 0
—B'(\) . .
We can also check that E(X) = a0 In particular, we have seen previously

1
E(X) = X for X ~ Exp(A).

1
Now observe that A’(\) = —1, B'(\) = X

— —B') = 1 as required
A(N) oy e

1
It also follows that if 1, x9, ..., z, are i.i.d. Exp(\) observations, then X = — Z t(z;)
i=1

3

1
is the MVUE for 1= E(X).

2.2.4 Sufficient statistics

Definition. 2.2.4

Consider data with PDF /prob. function, f(x;#). A statistic, S(x), is called a sufficient
statistic for 6 if f(x[s;#) does not depend on @ for all s.

Remarks
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(1) We will see that sufficient statistics capture all of the information in the
data x that is relevant to 6.

(2) If we consider vector-valued statistics, then this definition admits trivial
examples, such as s = x

1 X=Ss
since P(X =x|S=s) =
0 otherwise

which does not depend on 6.

Example

Suppose x1,Ta, ..., T, are i.i.d. Bernoulli-6 and let s = Z x;. Then S is sufficient for
i=1

6.

Proof.

n

P(x) = [Jo (-0

=1

_ gEa(] - g)0-a)

— 01— )"

Next observe that S ~ B(n, 0)

— P(s) = (”)98(1-9)%5

S

PHX =x}n{5 = s})

— P(x]s) PS5 =)
 PX=x)
~ P(S=5s)

0, otherwise.
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Theorem. 2.2./ The Factorization Theorem

Suppose x1, ..., x, have joint PDF/prob function f(x;0). Then S is a sufficient statis-

tic for 0 if and only if

for some functions g, h.

f(x;0) = g(s;0)h(x)

Proof.
Omitted. O
Examples
(1) z1,29,...,2, i.4.d. N(u,0?), 0? known.
1 2 2
Then f(x; = = o(F1/(20%)(@imn)
F(x; 1) ll =
o) expd — L S
202 —
1 n n
= (2m0?) ™2 exp {_ﬁ (ZZI ri — 2u; x; + nu2> }
= (2m0?) ™2 exp 1 2Mi$' —nu® | pexp L ixz
202 — ’ 202 — !
= exp 1 Q,uzn:m —np? | pexp b zn:xz _n log(2mo?)
207 — ’ 207 — b2
= S = Z:JcZ is sufficient for p.
i=1
(2) If x1, 29, ..., x, are i.i.d. with
flz) = exp{A(0)t(z) + B(0) + h(x)},
then f(x;0) = exp {A(e) > () + nB(e)} exp {Z h(xz)}
=1 i=1
= S = ) Hx)

i=1

is sufficient for # in the exponential family by the Factorization Theorem.
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2.2.5 The Rao-Blackwell Theorem

Theorem. 2.2.5 Rao-Blackwell Theorem

If T is an unbiased estimator for 6 and S is a sufficient statistic for 8, then the quantity
T = E(T|S) is also an unbiased estimator for 6 with Var(T*) < Var(T'). Moreover,
Var(T*) = Var(T) iff T* =T with probability 1.

Proof  (I) Unbiasedness:
0 = E(T) = E{E(T|S)} = E(T)
— E(T")=9.
(I) Variance inequality:
Var(T) = E{Var(T|S)} + Var{E(T|S)}
= E{Var(T|S)} + Var(T")

> Var(T%),

since E{Var(T'|S)} > 0.
Observe also that Var(7") = Var(7T™)

=  E{Var(T|S)} =0
= Var(T'|S) = 0 with prob. 1
= T = E(T|S) with prob. 1.

(III) T is an estimator:

Since S is sufficient for 6,

7~ [ T0sxs)ix

o0

which does not depend on 6.

Remarks
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(1) The Rao-Blackwell Theorem can be used occasionally to construct estima-
tors.

(2) The theoretical importance of this result is to observe that 7% will always
depend on x only through S. If T is already a MVUE then T =T —
MVUE depends on x only through S.

Example
Suppose 1, ..., T, ~i.i.d. N(u,0?), 0* known. We want to estimate pu. Take T' = zy,
as an unbiased estimator for u.

S = Z x; is a sufficient statistic for p.
i=1

According to Rao-Blackwell, T* = F(T'|S) will be an improved (unbiased) estimator
for p.

T
If x = (21,...,2,)7 for X ~ N, (ul,02I), then (S) = Ax, where A is a matrix

10 0
A —
11 1
Hence,
T U o? o?
(5) ~ M), o2aan 7
S 2 2
n o no
et
— T|S=s ~ N( (s—nu) 2——2)
no
1 1
()
n n
E(T|S) = Z r,=x=T"
is a better (or equal) estimator for p.
2
Finally, observe Var(X) = 7z < 0? = Var(X;) with < for n > 1, 0% > 0.
n

Remarks

(1) We have given only an incomplete outline of theory.

(2) There are also concepts of minimal sufficient & complete statistics to be
considered.
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2.3 Methods Of Estimation
2.3.1 Method Of Moments

Consider a random sample Xi, Xo, ..., X, from F(0) & let = u(0) = E(X).

The method of moments estimator 8 is defined as the solution to the equation

X = u(0).

Example

1
Xi,..., X, ~iid Exp(\) = E(X;) = Y the method of moments estimator is
defined as the solution to the equation
1
%

X=2 = A=

>

Remark

The method of moments is appealing:

(1) it is simple;
(2) rationale is that X is BLUE for p.

If 0 = (01,0,...,0,), the method of moments can be adapted as follows:
(1) let py, = pp(0) = E(XF), k=1,...,p;

1n
2) let :—E K
(2) let my ni:lxl

The MoM estimator 6 is defined to be the solution to the system of equations

my = ()
ma = M2(é)
mpy = Np(é)
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Example
Suppose X1, Xs, ..., X, are i.i.d. N(u,0?) & let 8 = (u, 0?).

p =2 = two equations in two unknowns:

m(@) =EX)= n

12(0) = E(X?) = o +p°

1
mi = — ZT;
n <
=1
n
_ 1 2
mo = — x;
n -
i=1
.. we need to solve for fi, 572
p=1x
L9, - 1 _ 1
02+u2:—2x?=> 2 = = :ch2 7*
n n
1
= - (.’L’Z — (’E)2
n
n—1,

Remark

The Method of Moments estimators can be seen to have good statistical properties.
Under fairly mild regulatory conditions, the MoM estimator is
(1) Consistent, i.e., 6 — 6 in prob as n — oo, for all 6.

6—-0 —

2) Asymptotically Normal, i.e., ———. N(0,1) as n — oo.
(2) Asymp y Vo) D (0,1)

However, the MoM estimator has one serious defect.
Suppose X, ..., X, is a random sample from Fy, & let Ox be MoM estimator.

Let Y = h(X) for some invertible function h(X), then Yj,... Y, should contain the
same information as Xi,...,X,,.

. we would like By = fy. Unfortunately this does not hold.
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Example
< 1
Xi,..., Xy, t.i.d. Exp(A\). We saw previously that Ay = %
Suppose Y; = X2 (which is invertible for X; > 0). To obtain My, observe E(Y) =

E(X?) =

2.3.2 Maximum Likelihood Estimation

Consider a statistical problem with log-likelihood function, ¢(6;x).

Definition. The maximum likelihood estimate 6 is the solution to the problem max 0(0;x)
€

i.e. § = argmax((f;x).
0€o

Remark

In practice, maximum likelihood estimates are obtained by solving the score equation

ol

2 =U(0;x) =

Example
If X1, Xo,..., X, are i.i.d. geometric-§ RV’s, find 6.

Solution:

U0;x) = log{ﬁg(l_g)ziq}
- 210g9+z . — 1) log(1 — 6)

= n{logf+ (z —1)log(l —6)}

or 1 -1
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To find 6, we solve for 6 in 1 — 67 = 0

n # of successes

T r # of trials
>
i=1

>
I
SN

2.3.3 Elementary properties of MLEs
(1) MLE’s are invariant under invertible transformations of the data.

Proof. (Continuous i.i.d. RV’s, strictly increasing/decreasing translation)
Suppose X has PDF f(z;0) and Y = h(X), where h is strictly monotonic;

— fr(y:0) = fx(h"'(y);0)|h " (y)'|  when y = h(z).

Consider data 1, xs,...,x, and the transformed version y, ys, . .., Yn:

by(yy) = log{ny(yz';Q)}
= log{fo(h‘l(yz-);9)|h‘1(yi)’|}

= IOngx(:Ei; 0) + logH |h ™ (y;)|
i=1 i=1

= (x(0;x) +log (th‘l(yi)’|> :

i=1

since log (H | ()| | does not depend on 6, it follows that f maximizes
i=1

(x(0;x) iff it maximizes ly (6;y).
U

(2) If ¢ = ¢(0) is a 1-1 transformation of #, then the MLE’s obey the transfor-
mation rule, ¢ = ¢(0).

Proof. It can be checked that if £4(¢;x) is the log-likelihood with respect
to ¢, then

lo(6;%) = L4((0);%).
It follows that f maximizes £4(6;x) iff ¢ = ¢(f) maximizes £4(; X).
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(3) If T(x) is a sufficient statistic for 6, then 0 depends on the data only as a
function of #(x).

Proof. By the Factorization Theorem, T'(x) is sufficient for @ iff
f(x0) = g(t(x);0)h(x)
— ((0;x) = logg(t(x);0)+ logh(x)
— ) maximizes {(;x) < 0 maximizes log g(t(x); 0)

— 0 is a function of T'(x).

Example

Suppose X1, Xy, ..., X, are i.i.d. Exp()\); then
fX(Xa )\) = H)\é’_)\xi = )\ne_)‘Z?:1 Ti )\ne—)\nf'
=1

By the Factorization Theorem, z is sufficient for A\. To get the MLE,

U(A,x):g—f\ = %(nlog)\—n)@)
n _
= g
ol 1 1
Z.

Note: as proved \ is a function of the sufficient statistic

Let Y1,Ys, ..., Y, be defined by Y; = log X;.
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If X ~Exp(\) and Y = log X, then we can find fy(y) by taking h(x) = log x and using
fry) = xR W) [ y) =€ hT () =e]

= e eV

= ly(\y) = log{H/\e_)‘eyieyi}
i=1

= log {A"e‘AZLl eV g2liz1 yl}

O\ A
=1
2 n
— )\ = p
E eyi
=1
n
= n
2 : log z;
€
=1
n

L@

Finally, suppose we take § = log A = \ = ¢’

— f(x;0) = e’ ()\e_’\’”)

= ly(0;x) = log (H 69669“>
i=1
— IOg {eneefeena’c}
6

= nf — e'nzt.
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< 1 < 1 ~
But A\=—- = log )\ =log (j) = —logz = 0, as required.
T T

Remark: (Not examinable)

Maximum likelihood estimation and method of moments can both be generated by the
use of estimating functions.

An estimating function is a function, H(x;#), with the property E{H (x;6)} = 0.

H can be used to define an estimator 8 which is a solution to the equation
H(x;0) = 0.
For method of moments estimates, we can take
H(x;0) =7 — E(X) [E(X) if not i.i.d. case].

To calculate the MLE:

(1) find the log-likelihood, then

(2) calculate the score & let it equal 0.

For maximum likelihood, we can use

H(x;0) =U(0;x) = %

Recall we showed previously that E{U(6;x)} = 0.

2.3.4 Asymptotic Properties of MLEs

Suppose X1, Xo, X3,. .. is a sequence of i.i.d. RV’s with common PDF (or probability
function) f(x;0).

Assume:
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(1) 6o is the true value of the parameter 0;
(2) fiss.t. f(z;01) = f(x;6y) for all v = 6, = 0.

We will show (in outline) that if 6, is the MLE (maximum likelihood estimator) based
on Xy, Xo,..., X, then:

~

(1) 6, — 6y in probability, i.e., for each € > 0,

lim P(|6, — 6y > €) = 0.

n—oo

V/1i(0) (0, — 60y) ; N(0,1) as n — o0

(Asymptotic Normality).

Remark

The practical use of asymptotic normality is that for large n,

A 1
0~ N6y, ——].
( " m(go))
Outline of consistency & asymptotic normality for MLEs:

Consider i.i.d. data Xy, Xs, ... with common PDF /prob. function f(x;0).

If 6, is the MLE based on X;, Xo, ..., X,, we will show (in outline) that 0, — 0y in
probability as n — 0o, where 6 is the true value for 6.

Lemma. 2.3.1

Suppose f is such that f(x;0;) = f(x;0,) for all x = 6, = 6. Then (*(0) =
E{log f(X;0)} is maximized uniquely by 6§ = 6.
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Proof.

o0

) - () = /_°°<1ogf<x;e>>f<x;eo>dx— / (log £(x: 60)) f (; 60)

= [ e (firay) st

[ (e

-/ " (Fla:0) - f(:60))da

— [ swode~ [ o =0
Moreover, equality is achieved iff

= 1 for all z

= f(z;0) = f(z;6p) for all x

:>6 == 60.

Lemma. 2.3.2
_ 1 1
Let 0,(0;x) = —€(0, 1, ...,x,), i.e., —x log likelihood based on 1, xs, ..., .
n n

Then for each 6, £,,(9;x) — ¢*(#) in probability as n — oo.

Proof. Observe that

n

L0:x) = log[] f(zs:0)

n =1
- n — g (3]

1 n
= = E Li(9), where L;(0) = log f(x;;0).
n
i=1

Since L;(0) are i.i.d. with E(L;(0)) = £*(0), it follows by the weak law of large numbers
that £,,(0;x) — £*(6) in probability as n — oo.
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To summarise, we have proved that:

(1) £a(8,%) — £(0);

(2) ¢*(0) is maximized when 6 = 6.

Since 6,, maximizes 0,(0,x%), it follows that 6, — 6y in probability.
Theorem. 2.5.1

Under the above assumptions, let U, (0;x) denote the score based on Xy, ..., X,.

Then,
U (0p;x) —

\/ TLZ(Q()) D

N0, 1).
Proof.

a n
Un(Bo;x) = %long(xi;H)b:@O
i1

n

0
_ % log f(4;0)]9=a,

i=1

" 0
= ZL{i, where U; = 2% log f(;0)|a=g,-
i=1

Since Uy,Us, ... are i.i.d. with E(U;) = 0 and Var(l;) = i(6), by the Central Limit
Theorem,

VnVard)  /ni(dy) P

Theorem. 2.5.2

Under the above assumptions,

—

ni(60) (6 — b0) 1,

N, 1).

103



2. STATISTICAL INFERENCE

Proof. Consider the first order Taylor expansion of U, (f;x) about 6y:
Uy (0, %) ~= Uy (80; %) + UL (603 %) (8, — ).
For large n

= U,(00;x) = —U, (0o; X)(én — bo)

—U! (00;x)(0, — 0y) — N(0,1).
Now observe that: (6
i ”510’X> — i(6p) as n — oo
by the weak law of large numbers, since:
—U! (6p; %) I~ 0?
Ve | i 0]o—a,
- n; 502 og f(xi; 0o,
M — 1 in probability.
ni(6o)
“U' (Bn:x) - .
Hence, M(Qn —6y) = ni(6o) (60, — 0o) for large n
ni(0o)
— V/nil0o) (0, —66) 5 N(0,1).
O
Remark”

The preceding theory can be generalized to include vector-valued coefficients. We will
not discuss the details.

2.4 Hypothesis Tests and Confidence Intervals

Motivating example:
Suppose X1, Xs, ..., X, are i.i.d. N(u,0?), and consider Hy : = po vs. Hy : 1 # pig.

If 0% is known, then the test of H, with significance level o is defined by the test
statistic

X —p
~o/yn’
104
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and the rule, reject Hy if |2| > z(a/2).

A 100(1 — )% CI for u is given by

(X ~2(a)2)-Z X + z<a/2)i> .

Vi Vn

It is easy to check that the confidence interval contains all values of g that are accept-
able null hypotheses.

2.4.1 Hypothesis testing

In general, consider a statistical problem with parameter
0 € OygU Oy, where ©p N O 4 = ¢.
We consider the null hypothesis,
HO 0 c @0
and the alternative hypothesis
Hy:0 €0,
The hypothesis testing set up can be represented as:

Actual Status
Hy true Hy true
type 11

error

(5)

Accept Hy J
Test Result

Reject Hy type 1
error V

(@)

We would like both the type I and type II error rates to be as small as possible.
However, these results conflict with each other. To reduce the type I error rate we
need to “make it harder to reject Hy”. To reduce the type II error rate we need to
“make it easier to reject Hy”.

The standard (Neyman-Pearson) approach to hypothesis testing is to control the type
I error rate at a “small” value a and then use a test that makes the type II error as
small as possible.

The equivalence between the confidence intervals and hypothesis tests can be formu-
lated as follows: Recall that a 100(1 — «)% CI for 6 is a random interval, (L,U) with
the property

P((L,U)20)=1-«a.
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It is easy to check that the test defined by rule:
“Accept Hy : 0 = 0y iff 0y € (L,U)” has significance level a.

a = P(reject Hy|Hy true)
B = P(retain Hy|H 4 true)
1 — 3 = power = P(reject Hy|H 4 true), which is what we want.

Conversely, given a hypothesis test Hy : § = 6y with significance level «, it can be
proved that the set {0y : Hy : 0 = 6, is accepted} is a 100(1 — «)% confidence region
for 6.

2.4.2 Large sample tests and confidence intervals

Consider a statistical problem with data z1, ..., x,, log-likelihood ¢(0; x), score U (6; x)
and information ().

Consider also a hypothesis Hy : 6 = y. The following three tests are often considered:

(1) The Wald Test:
Test Statistic: W = 1/ni(6)(6 — 6,)
Critical Region: reject for [W| > z(«a/2)

(2) The Score Test:
Test Statistic: V =

Z/{(eo, X)
Critical Region: reject for |V| > z(a/2)

(3) Likelihood-Ratio Test:
Test Statistic:  G? = 2(4(0) — £(6y))

Critical Region: reject for G* > x7 ,

Example:

Suppose X1, Xo, ..., X, i.i.d. Po(\), and consider Hy : A = A.

n A)\xi
(A x) = logH '

o=
x.
i=1 v

= n(ZlogA—\) — longi!
i=1
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U()\;X):%:n<§—l> :n(i)\—)\) — \=17
IO = ni(\) = E (-%) - (Z—f) —g
— W = \/ni(\)(A =X
_ A — Ao
A/n
V _ u()\o;X)
_ n(.f‘—)\0>
Ao(\/n/)\o)
T — Ao
B \//\0/71

G? = 2(((\) — t(\))

= 2n(zlog A — ) — 2n(zlog Ao — o)

= 2n (flog)\i - (5\—/\0)> :
0

Remarks

(1) Tt can be proved that the tests based on W, V, G? are asymptotically equiv-
alent for H, true.

(2) As a by-product, it follows that the null distribution of G* is x3. (Recall
from Theorems 2.3.1, 2.3.1 that the null distribution for W,V are both

N(0,1)).

(3) To understand the motivation for the three tests, it is useful to consider
their relation to the log-likelihood function. See Figure 20.

We have introduced the Wald test, score test and the likelihood test for Hy : 6 = 6, vs.
H, : 0 =40, These are large-sample tests in that asymptotic distributions for the test
statistic under H, are available. It can also be proved that the LR statistic and the
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|
Q

Slope = U(bp)

N
—~

>
==

I_

>
o
S

\

Figure 20: Relationships of the tests to the log-likelihood function

score test statistic are invariant under transformation of the parameter, but the Wald

test 1s not.

Each of these three tests can be inverted to give a confidence interval (region) for 6:

Wald Test
Solve for 6y in W2 < z(«a/2)2.

Recall, W = \/ni(0)(0 — 6y)
ey )
ni(6) ni(6)
e, 0+ 22
ni(6)

Score Test

U (bp; x)

Need to solve for 6y in V? = (

LR Test R
Solve for 6y in 2((0;x) — £(60; %)) < X7, = 2(/2)*.

Example:
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Xi,..., X, i.i.d. Po(\).

Recall Wald statistic is W =

A/n

— A+ z(a/2\/N\/n
<~z £ z(a/2)\/T/n.

Score test:

j _
Recall that the test statisticis V =

Ao
\/)\0/77,.

Hence to find a confidence interval, we

need to solve for )y in the equation
Vi< 2(af2)?

. —@;0 /fj) < (0f2)?

— (.’i’ — )\0)2

n

22
= A\ — (2:E+Z(a/ ) )A+:E2 <0,

which is a quadratic in Ag and hence can be solved:

—b+Vb? — 4dac

2a

For the LR test, we have

G? =2 {xlog)\ﬁ _ (x—)\o)}

0

— can solve numerically for \g in G* < z(a/2)?. See Figure 21.

2.4.3 Optimal tests

Consider simple null and alternative hypotheses:

Hy:0=06, and H,:0=296,
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Poisson n=20, xbar=7.5

o -
(.\II —
el
S Above Falls Into CI
<
K}
T YA
g Not In CI
score test Cl: (6.39,8.80)
wald test Cl: (6.30,8.70)
(KI) -
— -log-likelihood
- - -(score test)A2
---- -(wald test)A2

T T T T T T T
6.0 6.5 7.0 75 8.0 8.5 9.0

lambda

Figure 21: The 3 tests

Recall that the type I error rate is defined by
a = P(reject Ho|Hy true).
and the type II error rate by

B = P(accept Hy|Hy false).

The power is defined by 1 — 3 = P(reject Hy|H, false) — so we want high power.
Theorem. 2.4.1 (Neyman-Pearson Lemma)

Consider the test Hy : 0 = 0y vs. H, : 0 = 0, defined by the rule

f(X; 90)
f(x;04)

110
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for some constant k.

Let o* be the type I error rate and 1 — 3* be the power for this test. Then any other
test with o < o will have (1 — () < (1 — (%).

Proof. Let C be the critical region for the LR test and let D be the critical region (RR)
for any other test.

Let C; =C ND and Cy, Dy be such that

C=CUC , CiNCy=¢

D261UD2

, ClmD2:¢

. f(x;6)
f(X7 60) > k
f(x; 6@) <k f(x; 9a>

(when in C)

Figure 22: Neyman-Pearson Lemma
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See Figure 22 and observe a < o
= / f(x;00)dxy ... dx, < /f(x; Op)dx; ... dx,
D c

= f(x;00)dxy ... dx, < f(x;0p)dxy ... dx,.

Do

Ca
Now (1-08%)—-(1-0) = /Cf(X;Qa)d$1 coodry, — /D f(x;60,)dxy ... dx,

= 1-8-01-08) = ; f(x;0,)dzy ... .dx, + . f(x;04)dzy ... dxy,

— | f(x:0,)dzy...dx, — f(x;0,)dxy ... dx,,
Cy Do

since D = (C; UDy),

= f(x;0,)dzy ... dx, — f(x;0,)dzy ... dx,
Co Do
1 1
> — | f(x;00)dxy...de, — — | f(x;00)dxy...dx,
k Je, k Jp,
> 0, as required.

See Figure 23.

Moreover, equality is achieved only if

D, is empty (= ¢).

Example:

Suppose X1, Xs, ..., X, are i.i.d. N(u,0?), 02 given, and consider

Hy:p=povs. Hy:p= g, fa > o
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For a constant k,

ﬁ \/21—7W€‘XP {—%‘2(% - MO)Z}

f[ \/Ql—meXp {—#(% - Ma)Q}

1 (O )
exp {_ﬁ (; T — 2nFpy + nuﬁ) }
exp —L Z x2 — 20T g + np
202 — ‘ “
L INT o o 2 2
exp {5 (2n(j1o — ) — g+ )
f (x5 pta)

&

Y,
o

for a suitably chosen ¢ (rejected when Z is too big).
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To choose ¢, we use the fact that

X — 1o

=i

~ N(0,1) under H,.

Hence, the usual z-test,
reject Hy if 2 > z(«)

is the Neyman-Pearson LR test in this case.

Remarks

(1) This result shows that the one-sided z test is also uniformly most powerful
for

Ho:p=povs. Ha:p> po
(2) This can be extended to the case of
Ho:p<povs. Ha:p>po
In this case we take

@ = max P(rejecting |pu = o).
0

(3) This construction fails when we consider two-sided alternatives

ie., Hy:p=puovs. Ha:p# o

—> no uniformly most powerful test exists for that case.
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