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1 Co-ordinate independent calculus.

1.1 Introduction

In this section we review some elementary constructions from calculus. We will formulate
them in a way that makes their dependence on co-ordinates manifest. This will make the
transition to calculus on manifolds simpler.

1.2 Smooth functions

Recall that if f: U ¥ R is a function defined on an open subset U of R then we say that f is
di Cerkntiable at x 2 U if the limit

.. ¥ x h f x
lim
h1o h

exists. If the limit exists we call it the derivative of ¥ at x and denote it by any of
df x ; dyf; or f%x:

If ¥ is di Cerkntiable at any x in U we just say that f is di Ceréntiable.

IfuU R"is open and f: U T R we can define partial derivatives by varying only one of
the co-ordinates. If e' is the element of R™ with a 1 in the ith position and O’s elsewhere we
define a curve by

it X  tej:
The ith partial derivative of ¥ at x is then defined by
eif x f i%0:

We say that F is smooth if it has partial derivatives of any order. Because a di Lerkéntiable
function is continuous it follows that ¥ has continuous partial derivative of any order. | am
quite deliberately avoiding the notation

of
@xi

for the time being. )
IfU R"and f:U ¥ R™ then we say that f is smooth if the functions f': U T R are
smooth where ¥ x flx ;F2x ;i FM x

1.3 Derivatives as linear operators.

Because partial derivatives are co-ordinate dependent they are not a particularly useful way
of thinking about derivatives if we want to move to a co-ordinate independent setting such as
di Cerkentiable manifolds. It is more useful to think of the derivative of a function f: U ¥ R
atx, forU R", asalinear map

df x :R" 'R

defined by

df x v cj—t,fx tv :
dt to

We think of this as the rate of change of ¥ at x in the direction of v. For smooth functions
df x is linear. Note that df X is akin to the notion of a directional derivative but we do
not require that v is of unit length. We can recover the partial derivatives from this definition
by applying the linear operator df x to the vector e'. The result, df x e' , is just the ith
partial derivative of f at x.

Similarly if £: U ¥ R™ then we define a linear map

df x :R" 1 R™



by

df x v d—t,fx tv :
dt t o

As a linear map we can expand df X in a basis and we recover the Jacobian matrix
- X o
df x €' 0;Flel:
j1
1.4 The chain rule.

Fundamental to many of the constructions we want to consider in the following sections is
the chain rule:

Theorem 1.1 (Chain Rule.). LetU R" beopen,f:U ¥ R™ V R™openandg:V ! RK
with £ U V. Letx 2U. If f and g are smoothsoalsoisg f:U ¥ RXand

dg F X dg T x df x :

The composition on the right hand side is the composition of linear operators. In particular
if we expand both sides in terms of the standard basis of R" then we have

_ x
0; g f x 9" @;f
1

An important part of the chain rule is the fact that the composition of smooth functions
is also smooth. A partial converse of this result will be important in the sequel.

Lemma 1.2. Let U be an open subset of R™ and V an open subset of R™. A function :U ¥V
is smooth if and only if for every smooth function ¥:V ¥ R the composite U T Ris
smooth.

Proof. If is smooth then the result follows via the chain rule. If th_e result is_true then take
f_to be the restriction to V of each of the co-ordir_late functions x'. Then x' is smooth so
x! ' is smooth. But if each component of 'is smooth so alsois . O

1.5 Diledmorphisms and the inverse function theorem.

A function f: U ¥ V where U and V are open subsets of R" is called a (smooth) di Ledmor-
phism if it is smooth, invertible and has smooth inverse. If f is adi (edmorphismf £ 1 1gn
so it follows from the chain rule that at any point x 2 U

1grn len X dfle df x

sothat df x ! df ' f x . Thatis, the inverse of the linear map df x is the linear
map df 1 ¥ x . Notice that this means that a di CEdmorphism necessarily goes from an
open subset of R™ to an open subset of R™ where n m so we have lost nothing by putting
that in the definition.

It is also useful to have the notion of a local di Cedmorphism. We say that f: U ¥ R" is
a local di Ledmorphism at x 2 U if there is an open subset V of R" containing x such that
fV isopenand f:V ¥ £ V isadiledmorphism.

With this notion we have the important inverse function theorem:

Theorem 1.3 (Inverse Function Theorem). Let U be an open subset of R" and f: U ¥ R" be
a smooth function such that df x is invertible. Then F is a local di [edmorphism at x and
df !t fx daf x L

The Lemma proved in the previous section also gives us a characterisation of di Ledmor-
phisms:



Lemma 1.4. LetU and V be open subsets of R". Abijection :U ¥ V isadiledmorphism ifand
only if for every function ¥: V T R we have that f is di Cerkntiable if and only if £ U IR
is di Cerkntiable.

Proof. We just apply Lemma 1.2to and 1. O

2 DiLCerkentiable manifolds

2.1 Co-ordinate charts

Manifolds are sets on which we can define co-ordinates in such a way that we can do calculus.
In general we don’t expect to be able to define co-ordinates on all of a manifold any more than
we can cover the whole of the surface of the earth with a single map. First we define:

Definition 2.1 (Co-ordinate charts). A co-ordinate chart on a set M is a pair U; where
U Mand :U ¥ R"isa function which is a bijection onto its image U which is open
in R"™.

If U; is a co-ordinate chart we call U the domain of the co-ordinate chart and the
co-ordinates. Notice that we do not say that U is open in M because M is not a topological
space yet; it is just a set.

Example 2.1. Let 1gn: R™ ¥ R" be the identity map. That is 1grn X xL:::::x" . Then
R";1grn is a co-ordinate chart on R". We usually call these the standard, usual or natural
co-ordinates.

Example 2.2. Let U be any open subset of R™ and
U T R"

the inclusion map defined by x X. Thenclearly U U which isopenand isabijection
onto U U so that U; is a co-ordinate chart on R".

define :V I R" by
X i

"uv

u

i1
Then is a bijection, in fact a linear isomorphism. Indeed every linear isomorphism arises
inthisway asif :V I R"isa linear isomorphism we can take w' 1 el wheree'isthe
vector with a 1 in the ith place and zeros everywhere else. We leave it as an exercise to show
that for everyu 2V

Example 2.4. Let

and define polar co-ordinates

r, :Uur 01 ; R?
as follows. We definer:U ¥ 0O;1 byr X,y X2 yZ2and :U 1 ; by the
requirement that x r Xx;y cos x;y andy r x;y sin xX;y and Xx;0 0.

Clearly r; is a bijection on the given domain and range.
Example 2.5. Let S? be the set of all points in R3 of length one. Let

Up S? f0;0;1g RZ%

We can define co-ordinates on U by stereographic projection from the point 0;0;1 onto the
X-Y plane. Thatisifp  Xx;y;z 2 Up it has co-ordinates p Sp; 3p defined



uniquely by the requirement that the line through 0;0;1 and p intersects the X-Y plane at

Sp; 3p;0.Sowemusthave

x 0y 0z 1 x 0:x2 00 1

and hence

TS and 2 XYz T

In general a manifold will have lots of co-ordinates. We no more expect a manifold to come
with a given set of co-ordinates than we expect an abstract vector space to come with a given
basis. However not all co-ordinate charts will do. We want them to be able to fit together
in some compatible way. The motivation for our definition comes from the desire to define
di Cerkntiable (in fact smooth) functions on a manifold. Indeed we can regard co-ordinates as
a device to decide which, of the many functions on M, are going to be smooth. Let U; be a
co-ordinate chartand let ¥: U ¥ R be a function. Then as U is just a set it makes no sense to
ask that ¥ be smooth. However we can ask that ¥ be smooth with respect to the co-ordinates.
That is we consider

1 . .
5 XYz

f 1. U R

Now f 1 is a function defined on an open subset of R™, namely U and we know what
it means for such a function to be smooth. Consider now what happens when we change co-
ordinates to some other co-ordinate chart say V; for convenience assuming that V. U.
Then it is possible that 1 is smooth but f 1 is not. To compare them we write

f 1 f 1 1

where
1. ur v

is a bijection between open subsets of R". Then a su Lcieht condition for f 1 to be smooth
if 1is is that 1 is smooth. As we want this to work both ways we also require
that 1 be smooth. In other words we require that 1 is a di Cedmorphism. If we

want this to be true for any ¥ then we have already seen in Lemma 1.2 that this becomes a
necessary condition.

In practice we may not be able to find charts U; and V; with U V so in the
definition we need to allow for this.

Definition 2.2 (Compatibility of charts). A pair of charts U; and V; are called compat-
ibleifthesets U\XV and U\V are open and the map

ituow i UNV T UV
is a di Ledmorphism.

Note that we need to restrict the map totheset U\V so that it can be composed
with . In general just writing 1 will not make sense.

Example 2.6. If U R? is the set in example 2.4 on which polar co-ordinates are defined
then it has two co-ordinate charts defined on it U; r; ,and U; . The polar co-ordinates
and the inclusion. Notice that U\ U U sothat U\U and r; U\ U are open by
assumption.

If we calculate the composition

r: 01 S NV
we obtain
r; 1ls; ssin  ;scos
which is a di Cedmorphism. Hence U; r; and U; are compatible.



and by

x X
\Y

i1 i1
Notice that both and areontosothat V\V R" is certainly open in R™ and likewise
for . If we define a matrix Xj' by

X
v! Xj'wJ
j 1
for all i then
''v Xj'wJ v w!
ij 1 j 1
so that
X
I v Xj' v

Another way of calculating this result is to observe that

'V I R"
and
'V IR
are linear isomorphisms so that
L.R" IR
is the linear isomorphism with matrix XJ' Being linear 1 is certainly smooth so that

V; and V; are compatible.

Example 2.8. If we consider again the example of S2 we had defined a co-ordinate chart
Uo; o taking
Up S? f0,0;1¢g

and
Yy

1z z
If we stereographically project from the point 0;0; 1 then we get co-ordinates

0o X;¥:Z

A P
defined on
Up S?2 f00, 1g

We want to check that these are compatible. Note first that both ¢ Upg\U; and 1 Ug\U;
are equal to R?> f 0;0;0 g which is open in R2. Then an easy calculation shows that
1
1 2 -
1 1.2 X ) X
0 17jR2 fo00g XX %1 2  x2 2 xl2 22

which is a smooth map on R> £ 0;0;0 g. Similarly for Olij £ 0:00 g-
To make M into a manifold we need to be able to cover it with compatible co-ordinate
charts.

Definition 2.3 (Atlas). An atlas for a set M is a collection f U ; j 2 Ig of co-ordinate
charts such that:

(i) forany and inl, U ; and U ; are compatible and;

(ihM [ 21U .



Then we have

Definition 2.4 (Manifold). A manifold is a set M with an atlas A. We call the choice of an atlas
A for a set M a choice of di Lerkntiable structure for M.

Example 2.9. If there is a co-ordinate chart with domain all of M then this, by itself defines
an atlas and makes M a manifold. For example R";id makes R™ a manifold and if U is open
in R™ then U; makes U a manifold.

Example 2.10. If V is a vector space then any linear isomorphism from V to R™ makes V a
manifold. The vector space V has other atlases such as the atlas of all linear isomorphisms

fV; j :V ¥ R"alinear isomorphismg:

Example 2.11. The charts Up; o and Uj; 1 are compatible and have domains that cover
S2 so they make it into a manifold. It is not di Cculk to show that we cannot make S2 into
a manifold with only one chart S2; if we require that is continuous. Indeed if is
continuous then because S? is compact we must have  S? R" compact and hence closed
but S? is open so this is not possible unless  S? R" but then it is not compact.

Example 2.12. Consider the set RP,, of all lines through the origin in R™ 1. We shall show
that this is a manifold. This manifold is called real projective space of dimension n. If X

The numbers x x%:::::x" are often called the homogeneous co-ordinates of the line x .
It is important to note that they are not uniquely determined by knowing the line. Indeed we
have that x y ifand only if there is a non-zero real number such that x y. Define
subsets U; RPp by

Ui fx jx' 0g

foreach i 0;:::;n and notice that these subsets cover all of RP,,. Define maps
itU; T R"
0 i1 i1 n
X X X X
S I o R E oy
X! xhox! X!

Notice that we need to check that these maps are well defined but that follows from the fact
that x y only if x is a scalar multiple of y. It also straightforward to check that the

i are bijections onto R™ and hence define co-ordinates. Lastly it is straightforward to check
that these co-ordinate charts are all compatible and hence make RPy, into a manifold.

We need to now deal with a technical problem raised by the definition of atlas. We often
want to work with co-ordinate charts that are not in the atlas A used to define the diCer}
entiable structure. For example if M R? we might take A  flrng. Then in a particular
problem we might want to work with polar co-ordinates. But are they somehow compatible
with the di Cerkntiable structure already imposed by A ? The definition of what compatibility
is in this sense is easy. We could say that another co-ordinate chart is compatible with the
given atlas if when we add it to the atlas we still have an atlas. In other words it is compatible
with all the charts already in the atlas. We will take a di Cerknt, but equivalent, approach via
the notion of a maximal atlas containing A to explain these notions. We define;

Definition 2.5 (Maximal atlas.). An atlas A for a set M is a maximal atlas for an atlas A if
A A and for any other atlas B with A B wehave B A.

We then have

Proposition 2.6. For any atlas A on a set M there is a unique maximal atlas A containing A.
The maximal atlas consists of every chart compatible with all the charts in A.

Proof. Define the set A to the set of all charts which are compatible with every chart in A.
Then clearly if B is another atlas for M with A B then we must have B A. What is not
immediate is that A is an atlas. The problem is that we do not know that the charts we have
added to A to form A are compatible with each other. So let U; and V; bechartsin



A.. We need to show that U; is compatible with V; . Recall from the definition that this
istrue ifthesets U\V and U\YV are open and

ituw - UNV I UV

is a di Ledmorphism. To prove this it su [ced to show that for every x in U \'V we can find a
W withx2W U\V suchthat W and W are open and such that

1 .
twroworow

is a di Ledmorphism.

To find W choose a co-ordinate chart Z; in A with x 2 Z. This is possible as the
domains of the charts in an atlas cover M. ThenletW U\V \Z. Now U; is compatible
with Z; sothat U\ Z isopen. Similarly V \Z isopen so that

W U\NZ \ V\Z
is open. Using compatibility again we that
itonz: UNZ 1T UN\Z
is a di Ledmorphism and hence a homeomorphism so that
w ow
is open as required. A similar argument shows that W is open. Then the chain rule shows

that
1 1 1

iw iw iw
is a di Ledmorphism. O
Finally we have

Definition 2.7. If M is a manifold with atlas A we define a co-ordinate chart on the manifold
M; A to be a co-ordinate chart on the set M which is in the maximal atlas A.

It should be noted that having defined an atlas we tend not to refer to it very much. We
usually say U; is a co-ordinate chart on a manifold M rather than U; is a member of
the atlas A for a manifold M; A . The situation is similar to that for a topological space X
with topology T . We rarely refer to the topology T by name. We say U is an open subset of
X rather than U is in the topology defining the open sets of X.

2.2 Linear manifolds.

There are many similarities between manifolds and vector spaces. Choosing co-ordinates is
much like choosing a basis. It is useful to develop this idea further.

Definition 2.8. Define linear co-ordinates on a setV to be a bijection :V I R",

Definition 2.9. Define two sets of linear co-ordinates and to be linearly equivalent if
1is a linear isomorphism.

It is straightforward to prove that linear equivalence is an equivalence relation. We define
Definition 2.10. A linear atlas on a set V is an equivalence class of linear co-ordinates.

Definition 2.11. We define a linear manifold to be a set V with a choice of linear atlas.



We can define an addition and scalar multiplication on V by choosing some linear co-
ordinates  from the linear atlas and defining

av bw la v b w

where a and b are real numbers and v and w are elements of V. We have to check that this
is well-defined that is it is independent of the choice of from the equivalence class. If is
another choice then we have

av  bw a v b w
la v b I w
la v b ow
1 lav b w
la v b w
where in moving from the third to the fourth lines we use the fact that 1is linear. We

have proved.

Proposition 2.12. A linear manifold has a natural vector space structure which makes all of
the linear co-ordinates linear isomorphisms.

Because of Proposition 2.12 the theory of linear manifolds is really the theory of vector
spaces. However it is an amusing exercise to translate everything in the theory of vector
spaces into the linear manifold setting. For example a function f:V ¥ R is linear if ¥ 1
is linear some choice of linear co-ordinates . It is then easy to prove that £ 1:v 1 Rfor
any choice of linear co-ordinates . Indeed we just note that

f 1 f 1 1 :

2.3 Topology of a manifold

Often a manifold is defined as a topological space and the domains of the charts are required
to be open sets and the co-ordinates homeomorphisms. This is really superfluous as the
topology is forced once we have chosen the atlas. Given a manifold M we define a subset
W M to be open if for every x 2 W there is a chart with domain U suchthatx 2U W. We
need to show that such a definition of open sets defines a topology on M. The only problem
is showing that the intersection of two open sets is open. This follows from the following
Lemma whose proof we leave as an exercise.

Lemma 2.13. Let U; be a co-ordinate chart on a manifold M and let W U be such that
w U isopen. Then W; ;v isa co-ordinate chart.
We also leave as an exercise showing that with this topology if U; is a co-ordinate chart

then U 1 U is a homeomorphism.

Readers familiar with the notion of a basis for a topology will realise that we are claiming
here that the set of all domains of coordinate charts in a maximal atlas is a basis for a topology
on M. It is this topology we have described above.

We will in general require a manifold to be Hausdor [Cahd paracompact in the topology
defined by its atlas.

Now that we have defined the topology of a manifold we can discuss its dimension. Each
co-ordinate function has as range some RY. From the definition of compatibility it is clear
that d is constant on the connected components of M. We shall go further and assume that
our manifolds are such that this number d is constant on all of M. We call this number the
dimension of the manifold.

10



2.4 Exercises
Exercise 2.1. Consider the n sphere
S" fx2R"™ 'jkxk® 1g:

Let )

Ug x2S"jx' 1g S" feig
where e has all components 0 except the ith which is equal to one. If x is a point in U; show
that there is a unique line through x and the vector e;. Show that this line intersects the plane

fx jx' 0g

in exactly one point. Writing this point as

PX T X X0 g x i i X
defines a function
i Lo DU LR
Show that Uj; ;i is a co-ordinate chart on S" and that

fU; i Ji 1;::::ng

is an atlas for S".

The functions ; are are said to arise by stereographic projection from e;j onto the plane
fx jx' Og.
Exercise 2.2. Consider the sphere S" again. Define

U, fx2s"jx'>0g

and define . :U. ¥ R" by

j XTiinx xHingxt hx i x
Show that U; ; ; isaco-ordinate chart for S". Similarly define
U, fx2s"jx'<0g

and define ; :U; ¥ R" by

: Xl;"';an Xl;:..;xl 1;X' 1;:..;Xn
Again show that U; ; ; isa co-ordinate chart for S".

Show that
fU,: ;U 3 J1 1::0ng

is an atlas for S".
Exercise 2.3. Show that the atlases in Exercises 2.1 and 2.2 define the same maximal atlas on
sn.
Exercise 2.4. Let RP, be the set of all lines (through the origin) in R™ . This space is called
real, projective space of dimension n. If X is a non-zero vector in R™ 1 denote by x the line
through x. Show that x y if and only if there is a non-zero real number such that
X V.

Define subsets U; of RP, by

and maps *;i:U; ¥ R" by



forevery i 0;:::;n. Show that *; is well defined and that Uj; ”; is a co-ordinate chart on
RP,. Show that

is an atlas for RP,.

Exercise 2.5. Show that if M; and My are manifolds then there is a natural way of making
M; M, into a manifold so that dim M; Mo dim M; dim M :

Exercise 2.6. Repeat exercise (2.4) for C" to define 2n dimensional complex projective space
CPp, as the space of complex lines through zero in C™ 1,

3 Smooth functions on a manifold.

We motivated the definition of the compatibility of charts by the problem of defining smooth
functions on a manifold. Let us return to that problem now.

Definition 3.1. A function f: M T R on a manifold M is smooth if we can cover the manifold
with co-ordinate charts U; such that ¥ 1. U T R issmooth.

Notice that we do not know that £ 1. U T R is smooth for any chart U; but
only that we can cover M with charts for which this is so. To get this stronger result we need
the following Lemma.

Lemma3.2. Iff: M ¥ Risasmooth functionand V; isaco-ordinate chartthenf 1R
is smooth.

Proof. It su [ced to show that for every x 2 V there is a W V containing X such that
T I 1w is smooth. Pick any such x. Then by definition there is a chart U; with x 2 U

and f 1. U ¥ Rsmooth. LetW U\V. Then
f ty f how how
which is smooth by the chain rule and compatibility of charts. O

We will also be interested in smooth functions of a single real variable into a manifold or
paths. We have

Definition 3.3. If x is a point of a manifold and : ; I M we say that is a (smooth)
path through x if 0 x and there isachart U; with ; U and such that
is smooth.

Example 3.1. If X is a point in R™ and v is a vector in R™ then the function
t, X tv

is a path through x.
Example 3.2. If x 2 S?2 and v 2 R® with hx;vi 0 then

X tv
7 kx tvk

is a path in S? through x.

We have a similar type of lemma as before.

Lemma 3.4. If : ; ¥ Mis apathinM and V; is a chart with ; V then
is a path in M.
Proof. Chain rule and compatibility. O

12



3.1 Exercises

Exercise 3.1. Define h: R ¥ R by
C

expl—)l(2 if 1<x<1;

h x .
0 otherwise.

and show that h is smooth. By integrating h find a smooth function g: R ¥ R with the
property thatg x iszeroforx < 1landg x isonefor x > 1. Showthatforany > >0
there is a smooth function :R"™ ¥ R with x equal to zero if kxk > and equal to
one if kxk < . Now consider a manifold M and a point x. By using co-ordinates show
that if U is any open subset of M containing x then there are open subsets U; and U, with
X 2U; Uz U andasmooth function f: M T R with ¥ equal to 1 on all of U; and equal
to zero outside of Us.

Exercise 3.2. Let x be point in a manifold M. Let X« be the set of all pairs U;f where U isa
open set containing X and f: U ¥ R is a smooth function. Define a relation on Xx by saying
that U;f ~ V;g ifthereisanopensetW withx2W U\V and fjw gjv. Show that
this an equivalence relation. Equivalence classes are called germs at x and the set of them we
will denote by Gx. Show that Gy is an algebra under pointwise addition, scalar multiplication
and multiplication. If f 2 C1 M;R the algebra of all smooth functions on M it defines the
germ containing M; ¥ . Show that the map this induces CT M;R ! Gy is onto. [Hint: Use
3.1]

Exercise 3.3. Consider the map F: R® I R? defined by
Fxy;z x?2 y? z? 9x y z 3:
If we identity the tangent spaces to R® and R? with R® and R? respectively calculate the
tangent map
Txyz F: R 1R
Exercise 3.4. Define amap F: S? I CP; by
F Xy;z X iy;l z:

By using the co-ordinates defined in Exercises (2.1) and (2.6) show that this map is well defined
asz ! 1 and that it is, in fact, a di Ledmorphism.

4 The tangent space.

Most of the theory of calculus on manifolds needs the idea of tangent vectors and tangent
spaces. The name ‘tangent vector’ comes of course from examples like S?2 R® where a
tangent vector at x 2 S? is a vector in R® tangent to the sphere which in that particular case
means orthogonal to x. However in the case of a general manifold M it does not come to
us sitting inside some RN and we have to work a little harder to develop a notion of tangent
vector.

Although we do not have a notion of tangent vector yet we do have the notion of a smooth
path in a manifold. Let us we what this does for us in R". In that case if f: R™ * R and a
path :R ¥ R"with 0 x then we can consider

f Y0
the rate of change of ¥ along as we go through 0. By the chain rule we can write this as
f %0 dfFx ‘o0

where ° 0 isthetangentvectorto att 0. Notice that this equation tells us the f ’0
depends on only through ° 0, thatisif we replace by another path with 0 xand
‘o 00 then
f ‘o0 f ‘o
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On a manifold we do not have the vector space structure of R" so we cannot, immediately,
di Cerkntiate a path. However we can compose a smooth path and a smooth function f to
obtain a function

i : : I R:
Moreover if we choose co-ordinates U; with ; U then we have that
f f 1
so that , being the composition of two smooth functions, is smooth and it makes sense
to consider
f 00 :
If we insert the co-ordinates again and apply the chain rule this is
f %0 df ' x °0:
We would like f ® 0 to be the rate of change of f in the direction ° 0 but because

we are on a manifold we do not know what ° 0 is. To avoid this problem we just define
® 0 to be the set of all paths which should have the same tangent vector ° 0 . We do this
as follows.

Definition 4.1 (Tangency). Let : ; I Mand : ; T M be paths through a point
X. We say that and are tangentatt O if forevery f 2C1 M;R we have

f %0 £ Y0

LetU M isanopen setcontainingmandg: U ¥ R be smooth. Thenif : 7 I Mis
a path through mwe havethat 1 U isan open neighbourhood of 0 2 ;  sothere exists
0 such that 0 ©  Uandwecandefine g j oo %0. Clearly this is independent
of the choice of ° and we will just denote it by g 0.
Lemma 4.2. Let : ;7 T Mand ; T M be paths though a point x. Then and
are tangent at O if and only if there isachart V; containing X such that
°0 °0:

Proof. If and are tangent then the result follows by applying the definition to the co-
ordinate functions multiplied by a smooth bump function which is one in a neighbourhood
of x. Conversely if the result is true then by the chain rule

f %0 df ' x 0 df '  x 0 ¥ Y0:
O

It is easy to see that tangency is an equivalence relation on the set of all paths through the
point x. The equivalence classes are called tangent vectors (although we have not yet shown
that they are vectors). The equivalence class containing a path is denotedby ° 0 ortg
If X is a tangent vector and 2 X then we usually say that X is tangent to rather than that

is an element of X. The set of all tangent vectors at X we denote by T,xM. We want to show
now that TxM has the structure of a vector space.

Let beapathand U; a choice of co-ordinates with U containing the image of . Then

: I RM
is a smooth path in R™. This has a tangent vector at zero which is the vector
°0
inR™"at  x . Notice that from the lemma this depends only on % 0 . We define a map
d x  :TyM I R"

by
d x Yo °0:

By definition of tangency this map is injective we want to prove

14



Proposition 4.3. Themapd X is a bijection.

Proof. As we have already noted it su [ced to show that this map is onto. Let U; be a
chart about x. If v is a vector in R" then t , X  tv is a path in R™ with tangent vector
v. Because U isopen we can findan > 0suchthatifjtj< then x tv2 U.
Then we can define ; I M by

t Ix tv:
Then we have t X tv so that 00 V. O

Lemma 4.4. If and are co-ordinates on M and is a path through x then
0 d 1 x °0:

or
d x d 1 x d x

Proof. The lemma follows immediately from the chain rule applied to the composition of

maps
1

Notice that all the maps here are defined on open subsets of R" so that we can apply the
standard chain rule. O

From the discussion in the previous section the maps d x define linear co-ordinates on
TxM and hence by Proposition 2.12 TxM has a unique vector space structure which makes all
the mapsd X linear isomorphisms.

Example 4.1. As always the first example is M R". In that case we have a preferred set
of co-ordinates. These are just the identity. So two paths and are tangent if and only if

°0 0 . In other words two paths are tangent if they have the same tangent vector at
X. Notice also that if v is any vector there is a preferred path whose tangent vector is v. That
is the straight linet , X tv. So in the case of R" there is no reason to introduce all the
extra machinery of equivalence classes of paths.

Example 4.2. The second example is MV a finite dimensional vector space. Notice that if
is a path through v in V then we can make sense of of the derivative of at O directly by

Of course ° 0 defined in this way is a vector in V whereas above we have defined ° 0 as
an equivalence class of paths. This correspondence defines an isomorphism

T,V 1V
to Yo

Notice that the inverse to this map sends a vector w to the tangency class of the straight
linew , v tw and that each tangency class tg contains a unique straight line t ,

0 t 0. Again in this case the extra machinery of equivalence classes of paths adds
nothing to what we already know.

In the introduction to this section we remarked on the case of the two-sphere which is a
submanifold of R3. We will return to submanifolds shortly but first we need to consider the
notion of the derivative of a function.

15



4.1 The derivative of a function.

Recall that a function f: M I R is smooth if we can cover M with co-ordinates U; such
that T 1. M ¥ Rissmooth. If isasmooth path through x 2 M then if follows from
the chain rule that

f f 1

is smooth. Hence we can di Cerentiate the function f att 0. By the chain rule we have
that

f %0 df ' x %o
It follows that F °0 f 0 if and are in the same tangency class. Hence if
X 1o is a tangent vector in TxM we can define

df x X f 00:

We call this the rate of change of T in the direction X. Notice that we can calculate df x X
without explicit reference to the path by the formula

df x X df ! x d x X:
As we vary the tangent vector X we define a map
df X : TxM IR
called the di Cerential of ¥ at x. This map satisfies the formula
df x df ! x d x

and hence, being a composition of linear maps, is linear.
We call the set of linear maps from TxM to R the cotangent space to M at x and denote it
by T, M. So we have
df x 2T, M:

Elements of T, M are also called one-forms.
If f: M I V is asmooth function into a vector space we can also define df x by
dfF x f ‘0

which is a vector in V. The one-form df is then an example of a vector space valued one-form.

4.2 Co-ordinate tangent vectors and one-forms.

Let U; be a set of co-ordinates on M where ;i1 ™. Then each of the component
functions ! is a real function so we can define n one-formsd ' x 2 T, M called the co-
ordinate one-forms.
We have seen that
d L17,MIR"
is a linear isomorphism. We denote by

@
K
the image under this map of the standard basis vector e' in R". We call the set of these

the basis of co-ordinate tangent vectors. Consider what happens when we apply d I'x to
@=@ J x . We have

x d ! x é

d'x@jx d'x d 'x & d ! 1 x e
Notice that if y 1..:::y" isapointin R" then ! 1y  ylisalinear map so equal
to its own derivative. Henced ' 1 x e} is the ith component of the vector e} or
just jj. It follows from linear algebra that d 1 x :;::5;d ™ x isabasis of TxM and, in fact,

the dual basis to the basis @=@ .
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4.3 How to calculate.

It is useful for calculations to know how to expand various quantities in these co-ordinate
bases. First let ¥ be a smooth function on M then we must have

X .
df x ajd ' x

i1

for some real numbers a'. This is just linear algebra as is the fact that if we apply both sides
of this equation to @=@ J x and use the dual basis relation we deduce that
1

a' df x g - X
we define 1
@@fi x df x g D X
and hence have the formula:
df x X@@fixdix:
i1

If is a path through x then its tangentat 0, ° O can be expanded as

X
°0 o'
il e

= X
i

Applyingd J x to both sides and using the chain rule we deduce that

00 X i 00@
i1

4.4 Tangent vectors as di Lerkntial operators

There is a useful equivalent definition of tangent vectors implicit in the notation @=¢ ‘. Note
that the set C1 M;R of all smooth functions is an algebra over R. If m 2 M we define:

Definition 4.5. An m-derivation of Ct M;R isalinear map :Ct M;R I R satisfying
fg fgm fm g
forall f;g2Ct M;R .
If X 2 TmM then itis easy to check that x F X F is an m-derivation. In fact we have

Proposition 4.6. If C1 M;R T R is an m-derivation then there exists X 2 TmM with
X

Proof. First assume that f is zero in an open neighbourhood U of m and that is a smooth

bump function with support in U and 1 in a smaller open set containing m. Then ¥ 0
so that O L fm f m T . Also if T is any function and we
choose a similar then O i so that f Tt . Assume then that there
is some X 2 TxM such that F x ¥ whenever ¥ has support in the domain of a co-
ordinate chart U. Then choosing as above but with support in the same domain we have

T T x F x F . It su [ced then to prove the result for the manifold U or
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equivalently for an open ball in R™ with x 0. In such a case, using the fundamental theorem
of calculus we have

z

X 71 af
fx FfO x! oxi tx dt (4.1)
i1 0
X
fo x'gi x 4.2)
i1
(4.3)
where z,
i X ot tx dt
gi o B
so that of
i 0 axi
It follows that we have
X
f fo x'gi
i1
and thus -
f 0 ! @fi 0
i1 %
If we let
X @
X x! -
i1 oxt!
then -
x F x F ! @fi 0 f :
i1 %
O

Notice that the set of all m-derivations is naturally a vector space which is isomorphic to
the tangent space at m.

5 Submanifolds

Historically the theory of di [erential geometry arose from the study of surfaces in R3. We
want to consider the more general case of submanifolds in R". Recall that we have

Definition 5.1. A set Z R" is a submanifold of dimension d if there is a smooth map
f:R" 1 R" dforsomedsuchthatz ¥ 10 anddf z isontoforallz?2 Z.

We will show that any submanifold of R" is a manifold by constructing co-ordinate charts.
The idea is simple. At any point z 2 Z we define the subspace tangent to Z. This is the kernel
K2 of the map df z . Then we consider orthogonal projection of K, onto Z. The inverse of
this map defines co-ordinates on an open neighbourhood of z. In fact these are a very special
kind of co-ordinate. To prove this we first prove

Proposition 5.2. Let Z be a submanifold of R"™ of dimension d. Then at any z 2 Z we can find
a co-ordinate chart U;  on R" such that if Lo, ™ then

U\z fx2uUj 91x "x  0Og:
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Proof. Let K, be the kernel of df z and let :R"™ ¥ K, be the orthogonal projection onto
K. Choose a basis v1;:::;v9 and write , with respect to this basis as

Defineamap :R™ ¥ R" by
X Tx iy 9% flx ;" 9 x
Because is a linear map it is its own derivative so we have
d z Lz 9z :dft z;:;df" 9 2

Consider v in the kernelofd z . Thend z v Oanddf z v 0. Hence v is both
orthogonal to K; and in K; so it must be zero. Sod 2z is injective and hence a dimension
count surjective so a bijection. Now we can apply the inverse function theorem so there is an
open set U in R" suchthat U is open and

ju:u 1t U
is a di Cedmorphism. But this just means that U; juy is a co-ordinate chart on R". Notice
that 9 1 x N x Oifand only if f x Oifandonly if x isinU\ Z. O
Let U; be a set of co-ordinates on R" such that
U\z fx2uU:j 91x " x  0g:
Then consider U\Z;  where jlu\z; N J-”U\dz . This is a co-ordinate chart. The only

thing to check is that that because U is open then
T U\Z fx2Rdj xl;:::;xd;O;:::;O 2 Ug
is open. This is an elementary fact about the topology of R". Consider two such co-ordinate
charts U; and V; . We will provethat U\ Z; and V \Z;  are compatible. This
follows essentially from the fact that U; and V; are compatible. First we note that
T U\V\Z fx2Rdj xl;:::;xd;O;:::;O 2 U\Vyg
and, again, this is open. For the smoothness of the co-ordinate change map we note that
—i —1 i 1 .
' i unw\z X ' i uaw X0
where x;0 x1;::::x9;0;:::;0 . Hence the result follows.
We have now proved
Theorem 5.3. If Z is a submanifold the set of charts above is an atlas.

This result gives us many examples of submanifolds:
Example 5.1 (Spheres). Consider the sphere S® R" ! defined as the set of points x whose
length kxk is equal to one. Here
kx k2 x! 2
i1
We can prove it is a submanifold of R™ and hence a manifold by consideringthemap f: R 1 1

1 defined by
f x kxk? 1:

Clearly this is smooth and has zero set Z equal to the sphere S™. To check that the derivative
is smooth note that
df x v 2hx; Vi

and is a linear map onto a one-dimensional space so to show it is onto we just need to show
that it is not equal to the zero linear map.
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Example 5.2 (The orthogonal group). The orthogonal group is the group of all linear transfor-
mations of R" that preserve the usual inner product on R". We shall think of it as a group of
N by N matrices:

on fXjxXxt 1g

We can identify the set of all n by n matrices with R". There are various ways of doing this.
So as to be concrete let us assume we have done it by writing down the rows one after the
other. With this identification in mind define a smooth map f: R 1 R by f X XXt 1.
It is clear we have ¥ 1 0 O n . Define the linear subspace S R" to be the set of all
symmetric matrices. This can be identified with R whered n n 1 =2. Itis easy to check
that f takes its values in S so we will think of ¥ as a smooth map f: R" 1 RY,

We want to calculate df X the derivative of ¥ at a matrix X. By di Cerkntiating the path
t , X tY we obtain

df X Y Yx' Xyt

If B is any symmetric matrix then it is easy to check that df X 1=2 BX B if we use that
fact that XXt 1andB B!. We have therefore shown that df X isonto forany X 20 n
so that O n is a submanifold of dimensionn d nn 1 =2

5.1 Tangent space to a submanifold of R"

If Z is a submanifold of R™ then there is a natural notion of the plane tangent to Z at any point
X independent of abstract notions such as equivalence classes of paths and co-ordinates. It
is just the subspace of R™ tangential to Z at x. More precisely if Z ¥ 1 0 itis the kernel
of df x which we denoted by Kx. To relate this to the abstract notion of tangent vector
consider a smooth path

; 1 Z:

Because Z R" this is naturally a path in R™. We check first that this is smooth. To do this
choose co-ordinates U;  for R™ about x satisfying

U\Z fx22z:j 91x " x  0g:
and denote by " the corresponding co-ordinates on U \ Z. Smoothness of means that the
functions ! ] ! are smooth foreachi 1;:::;d. Because has image inside Z we
also have that ! Oforeachi d 1;:::;n and hence these are also smooth. So isa

smooth path in R". Consider the vector ° 0 in R". We have that f t 0 for all t so by
the chainruledf x %0 Osothat °0 2 K.
We can now define a map TxZ ¥ Kyx. If X 2 TxZ then we choose a path  whose tangent
vectorat Ois X and map X to ° 0 2 Ky. We have to check first that this is well-defined. Let
be another such path and consider the co-ordinates . By definition we have

—i 0o —i 0o
foreveryi 1;:::;d. Hence we also have

i 0o i L)
foreveryi 1;:::;d. But

) " %0 o

fori d 1;:::;n sowe have

i 0o i 0o
fori 1;:::;n. Hence X maps to the same element of Ky whether we use or . To show

that this map is injective we use a similar argument. It is easy to see that this map is linear.
Hence, counting, dimensions we see that this is a linear isomorphism.

We conclude that if Z R" is a submanifold and we consider the tangents to all the paths
through x 2 Z, thought of as maps into R" then they span the space K.
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5.2 Exercise

Exercise 5.1. Show that the set defined by the equation

r?2 a? x2 a2 a 1?2

is a smooth submanifold of R3 if a and r are real numbers with r < a.
Exercise 5.2. Show that the following subset of R? is a submanifold:

2 2

Q fxy;z jx* vy z 9 and x y z 3g:

5.3 Smooth functions between manifolds

The definition of a smooth function on a manifold and a smooth path can all be subsumed in
the following definition.

Definition 5.4. Let f: M I N be a map between manifolds. Then f is called smooth if for
every point X 2 M there is a co-ordinate chart U; onM and V; on N such that x 2 U,
f U V and

f . ur v

is smooth.
Again we have the usual lemma:

Lemma 5.5. Let F: M I N be a smooth map between manifolds. Assume that there are co-
ordinate charts U; onM and V; on N such that f U V. Then

f 1 U v

is smooth.

5.4 The tangent to a smooth map.

If f: M ¥ N is asmooth map and : ; ¥ M is a smooth path through x then ¥ is
a smooth path in N through ¥ x . Moreover if we consider another path  which is tangent
to thenftT and are tangent. To see this choose co-ordinates U; and V; with

f U V. Assume without loss of generality that ; and ; arein U. Then we
have
f %0 d f ' x °0
and
f "0 d fF oox ‘0
so that °0 0 0 implies that f 0 f 0 and hence f

and F are tangent. So associated with F there is a well-defined map from TxM to T¢ x N
thatsends °0 to F 0 0 . This map is denoted T« T and called the tangent to f at x. So
we have that
T<f 0 f 00:
Notice that the tangent map satisfies
Txf d fx ' T, f d x:

so that, being a composition of three linear maps it is itself linear. Moreover this formula also
shows that with respect to the bases of TxM and T¢ x N given by the co-ordinate vector fields
we have
Xagi f
Tx M @— X 0 — X @— f x
@ e ! @

In other words it is given by the action of a matrix whose entries are the partial derivatives of
the co-ordinate expression for f.

i1
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Example 5.3. The tangent space to R™" at X is just R" again. Themapd x :TxM I R"
isjustthemapTx :TxM ¥ T L R"™

Example 5.4. IfF: R™ ¥ R™ isasmooth map then, after identifying TxR" with R™" and T x R™
with R™ we see that the tangent map Tx F is just the matrix of partial derivatives dF x .

The chain rule for smooth functions in R™ generalises to manifolds as follows.

Proposition 5.6 (Chain Rule). Let¥: M ¥ Nandg: N ! P be smooth functions. Then the map
g F:M Y PissmoothandTx g F Tex g Tx T

If f: M ¥V isasmooth map from a manifold to a vector space then we can define, as for
a real valued function, a derivative by

df x to f ‘0
which is a vector on V. On the other hand we have just defined
T F Tk M ¥ Te, Vo

To understand the relation between these two notions of derivative recall from Example 4.2
that we have seen that the tangent spaces to a vector space are naturally identified with the
vector space itself by di [Cerentiating each path. If we compose Tx F with this identification
T¢fx V 7V then we obtain df x .

5.5 Submanifolds again.

If M is a manifold then we can define a submanifold of M by using the principal property of
submanifolds in R".

Definition 5.7 (Submanifolds.). We say that a subset N M is a submanifold of dimension d
of a manifold M of dimension m if for every x 2 N we can find a co-ordinate chart U; for
M with x 2 N and such that

U\NN fy2N:j 91y "y  0Og:
Just as before we can define co-ordinates U\ N;  on N by letting
Ty 'y
foreachi 1;:::;d. Similarly we have
Proposition 5.8. The set consisting of all the charts U \ N;  constructed in this manner is

an atlas. Moreover it makes N a manifold in such a way that the inclusion map ny: N I M
defined by y N N is smooth.

Because the condition for being a submanifold is local we can use the inverse function
theorem as in Proposition 5.2 to prove

Proposition 5.9. Let f: M T N be a smooth map between manifolds of dimension m and
N respectively. Letn 2 NandZ f ' n. Thenif T,f is onto for all z 2 M the set Z is
submanifold of M. Moreover the image of z in T;M is precisely the kernel of T,F.

6 Vector fields.

We have seen how to define tangent vectors at a point of a manifold. In many problems we
are interested in vector fields X, that is a choice of vector X x 2 T«xM at every point of a
manifold. We need to make sense of the notion of such a vector X x depending smoothly on

X. We do this as follows. Choose achart U; . Then at every point x 2 U we have a basis
e ... @
0 1 X ;i o " X



of TxM and we can expand X X as a linear combination of these tangent vectors:

We call the functions X': U ¥ R the components of the vector field with respect to the co-
ordinate chart. We have

Definition 6.1. A vector field X on a manifold M is smooth if its components with respect to
a collection of co-ordinate charts whose domains cover M are all smooth.

We have the usual lemma.

Lemma 6.2. If X is a smooth vector field then its components with respect to any co-ordinate
chart are smooth.

Proof. Let U; be a co-ordinate chart and let X 2 U. Choose a co-ordinate chart V; with

X 2 V and such that the components of X are smooth with respectto V; . Then write
X x
X X' x @—I X X' x @—a X :
i1 @ al @
From the results of section 4.3 we have
d?®? X e a.ld !
i@
so using the property of dual bases we have.
@ X 2@
@ " _,6i¢@32
Hence
. X 0 !
X'y y X%y
@ a
al
for all y 2 U \'V so that the X! are smooth on U \ V and hence smooth on all of U. O

Classical texts on di Cerkntial geometry, in particular those on tensor calculus, downplay
the co-ordinates and charts and concentrate on the components of vector fields and similar

tensors. Assume that M is covered by the domains of co-ordinate charts U ; . For each
chart U ; we write
X i
Xju XM= (6.1)
. @ !
i1l
and then as in the proof above we have that for x in the intersection of U and U we have
] X i .
X' x — x x! x: (6.2)
10 J
j 1

The converse is also true. If we have a collection of maps X': U ! R satisfying 6.2 then
we can define a vector field using 6.1 and check that it is well-defined. Classical and physics
texts generally suppress the index and also the sum by applying the Einstein summation
convention. This convention is that any index that occurs in an expression in both a raised
and lowered position is summed over. So a typical writing of 6.2 would be to say that we have
co-ordinates x! and co-ordinates x'’ and that the vector field transforms as

@x!
@xJ°
Notice that even if we do not exploit the Einstein summation convention it is a useful guide

to memorising expressions like. To apply it correctly we need to remember that the index on
a co-ordinate is a superscript.

xi xi"
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6.1 The Lie bracket.

One use of this discussion is the definition of the Lie bracket of two vector fields. Let X and
Y be two vector fields and write them locally as

X xxi@
i1 e’
and
Y XYi@
i1 o
so that
Then define - ) )
1 1
XY XJ@L vi @X_ @

e Tadg v

[H]
We leave it as an exercise to show that this transforms as a vector field. We call X;Y the Lie
bracket of the vector fields X and Y. Lie is named after Sophus Lie and pronounced "lee".

6.2 Exercise

Exercise 6.1. Let X and Y be vector fields on a manifold M. Define a new vector field X;Y
by defining it in local co-ordinates U; by
X @j .
X:Y ju Xig, @ ' Yi
[H] Y

@xJ .
i @71

(S

(S

Show that this makes sense. That is it doesn’t really depend on the choice of co-ordinates.
The vector field X;Y is called the Lie bracket of X and Y.

6.3 Vector fields and the tangent bundle.

There is a more sophisticated way to define vector fields which we now consider, partly for its
own interest and partly because it is the motivating example of the notion of a vector bundle.
Let M be a manifold and take the union of all the tangent spaces, denote it by

L
™ TxM
xX2M

and call it the tangent bundle to M. There is an important map :TM I M called the
projection that sends a vector X 2 TxM to the point X x at which it is located. A vector
field isamap X: M ¥ TM with the special property that X x 2 TxM. This property can be
also written as X idyg,thatis X x X. Suchamap X: M ¥ TM is called a section
of the projection map . We want to consider smooth vector fields and as we already have a
notion of smooth function between manifolds the simplest way to define smooth vector fields
is to make TM a manifold. To do this involves a construction that we will use again later so
we ill state it in more general form than is immediately necessary.

Let E be a set with a surjection :E ¥ M where M is a manifold. Denote by Ex the fibre
of E over X, that is the set 1 % . Let V be a finite dimensional vector space. Assume that
we can cover M by co-ordinate charts f U ; g 2 such that for every 2 | and for every
x 2 U there is a bijection

X Ex TV

such that the map
U \u L] GL V
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is smooth where GL V is the group of all linear isomorphisms of V. Then it is possible to
make E a manifold as follows. We define bijections

a luyu 1« Uu Vv
X . X ; X Vv

To make these into charts we should really identify V with some RK but we will not bother
to do that. To check compatibility we note that U \u U \U V whichisopenin
R" V. Likewise for U \U . Then the map we want to check is smooth is the map

UN\NU VIUNANU V

which sends X;v to X; X X v and this is smooth and invertible. By inter-
changing and we deduce that this map is a di Cedmorphism. Hence we have made E into
a manifold. Notice that with this manifold structure the map is a di Cedmorphism, as the
co-ordinate charts of a manifold are di Cedmorphisms. Notice also that each Ex is a vector
space from Lemma 2.12. Moreover it easy to check that the addition and scalar multiplication
are smooth. Define a section of :E ¥ M to be a smooth map s: M ¥ E which satisfies
s X 2 Ex forall x 2 M. If s is such a section then on restriction to U we can define a map
Sa:U T Vbys x X S X . The sy are clearly smooth. The converse is also true if s
is any map and the s5 defined in this way are smooth then s is smooth.

Consider now the case of the tangent bundle. Let U ; be a co-ordinate chart on M.
ThenV R"and X d 5 X . The condition we require to hold is that the map

x , d Ix d 'x d Al x d; 1 x

is smooth. But this is just the Jacobian matrix of partial derivatives which depends smoothly
on X.
It is straightforward to now check the following Proposition.

Proposition 6.3. A vector field on a manifold M is smooth if and only if it is a smooth section
of the tangent bundle.

To understand what it means to be smooth in terms of co-ordinates recall the definition

ofd x . We have the co-ordinate vector fields @=@ ' x fori 1;::::n. Then
d x g - x €

where e' is the standard basis vector of R". So clearly this is a smooth map so that the
co-ordinate vector fields are smooth.
More generally if X is a vector field we can write it as

This proves

Proposition 6.4. Let X be a vector field on a manifold M. Then if X is smooth and U; isa
co-ordinate chart then if we let

the functions X': U ¥ R are smooth. Conversely if X is a vector field and we can cover M with
co-ordinate charts U; such that the corresponding X': U ¥ R are smooth then X is smooth.
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6.4 Vector fields and derivations.

Recall from Section 4.4 that the tangent vectors at m 2 M can be identified with the m-
derivations of the algebra C1 M:R . To understand what this means for vector fields we first
have:

Definition 6.5. A derivation of C1 M is a linear map
D:Ct M;R ¥ Ct M;R

such that
D fg Dfg fD g:

A vector field X gives rise to a derivation ¥ , X ¥ and using the previous Lemma we
have

Proposition 6.6. Every derivation arises from a vector field.

Proof. Let D be a derivation. Then note that for any x ¥ , D ¥ Xx is a derivation at x.
Hence there is a tangent vector X x such that D ¥ x X x ¥ for all x. We have to
check that X x depends smoothly on x. But if we choose local co-ordinates as in the
proof for m-derivations and extend them to global functions then we have

X X D ' x
i1

but D is a smooth function so X is smooth. O

The advantage of thinking of a vector field as a derivation is that derivations have a natural
bracket operation. If D and D? are two derivations then a simple calculation shows that D; D°
defined by

D;D° f DD'F DD f
is also a derivation. So we can define the bracket of two vector fields X and Y and called the
Lie bracket X;Y . Tocalculate X;Y we applyitto ' then we have

Xy Voxy 1 Yy X
so that if
X i
X X1=—
i1l @ I
and
Y in@
i1l @ I
so that - ) )
1 1
X:y xJ oY \'2 @X.:
;1 @ @ J
Hence * ]
Syl Sex|
XY xJ@ YJ@ _ 0
g1 @ @ 1 @1t
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7 Tensor products and tensor fields.

If V and W are finite dimensional vector spaces then the Cartesian product V. W is naturally
a vector space called the direct sum of V and W and denoted V' W. The tensor product is a
more complicated object. To define it we start by defining for any set X the free vector space
over X, F X . Thisis the set of all maps from X to R which are zero except at a finite number
of points. We define the vector space structure by adding and scalar multiplying maps. Each
X gives rise to a function x which is one at x and zero elsewhere. We therefore have a
map : X I F X . By construction the span of the image of isall of F X .
The special property of the free vector space over X is the following.

Proposition 7.1. Let f: X ¥ U be any map from X into a vector space U then there is a unique
linear map fF X ¥ U such that T.

Proof. The general element of F X is

for a;j 2 R. We define

O

Given two vector spaces V and W we can define F VW . This is an infinite dimensional
vector space. We shall denote v;w by v;w . Consider the subspace Z defined as the
span of all elements of the form

v  viw VW vl w

and

v:w w VW v:w?

for any real numbers and and vectors v;Vv’ 2V and w;w’ 2 W. Let us denote

v W FV W=Z

and define a map

by

We have
Proposition 7.2. Themap :V W IV W is bilinear.

Proof. We check the first factor only

0

\V \Y w Vv VYW Z
v  viw VW
vl w VW viw  Z
VW viw Z
viw  Z viw Z
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From Proposition 7.1 we know that any map f: vV W ¥ U, where U is a vector space
extends to a map f:FV W 1 U. Standard linear algebra tells us that we can take the
quotient to get a map f:V WUYUIff Zz 0. The map isdefinedbyv w I f v;w .
For exampleifv 2V andw 2W thenv w ¥v v w w definesalinear map from
vV WIR

vectors vi wJ inV W. We wish to show that they form a basis. First we check that they
span the space V.~ W. As the elements of V W are finite linear combinations of elements
of the formv w it su [cedto show thqg,these are all in thq§pan of the vectors v!  wJ. But

this follows from the bilinearity. If v i1aiviandw " bjwl then
X X . .
(VAR ajbjv'  wi:
i1j 1
To show that they are linearly independent assume that
X X . .
0 ajjv'  wi:
i1j 1
Let v; and w; be the dual bases of V and W . Thatisv; vJ Fandw, wi T Then

apply the map V. W I R defined by v; and w; to this equation to obtain aj; 0. So we
have proved.

Proposition 7.3. If V and W are finite dimensional vector spaces then
dmV W dimV dim W :

We can iterate tensor products. IfV and W and U are vector spaceswe canform V. W U
andV W U . These di[erknt vector spaces are in fact isomorphic via the map

v w u,vVv w u:

We use this map to identify these two spaces and ignore the brackets. We writeV. U W
for the triple tensor product. More generally we can form finitely many tensor products.

We also need to know about tensor products of maps. IfX:V ¥ V0islinearandY: W ¥ W?°
is linear then we can define a map

\VARRYVAN IAVARRRVYL

by viw . X v Y v .Thisisabilinear map so factorstoamapV W ¥ V% W%which
we denote by X Y. Itisdefinedby X Y v w Xv Y w:

We have seen that any bilinear map V. W ¥ R gives rise to a linear mapV W I R.
It is easy to show that this is an isomorphism. More generally if for any collection of vector

spaces V1;:::; Vk we denote by Mult V; Vk; R the space of all multilinear maps from
V1 Vik ' R we have
Proposition 7.4. If V1;:::;Vk are vectors spaces then there is a natural isomorphism
Mult V; ViR ¥ Vi Vs, Vi
defined by
f, v Vik » F vyiiivk

7.1 Tensor fields

Consider now a manifold M. Forany r;s 0 we can define

Tm® M Tm M TmM T, M T M
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where there are r copies of T,n M and s copies of T,,, M so that Tml;o M Tm M and
TO*M T, M. Tt M has a basis given by the tensor products

@ @ i is
@ jl @ jr dm dm
and we can use these to make the r;s tensor bundle
. LC .
T M Tm® M
m2M

into a manifold following the approach for vectors. An r;s tensor field X is a section of this
tensor bundle and locally looks like

The functions Xj, ....;j, i, :is recover the classical idea of a tensor field as a collection of functions

transforming in a certain way.

8 DiLerkential forms.

In vector calculus in R® extensive use is made of the idea of vector fields and the di [erential
operators grad, div and curl. DiLerkntial forms and their associated exterior derivative are
the generalisations to higher dimensions, and manifolds of these ideas.
8.1 The exterior algebra of a vector space.
If V is a vector space we define a k-linear map to be a map

1.V VvV IR;
where there are k copies of V, which is linear in each factor. That is

¥ vi;iiiiVi1, Voo WV o1 VK ¥ Vil Vi 1,V Vi 1 VK
¥ vyl Vi 1, W, Vi 1, VK o

¥ Vil ViV 15000 VK ¥ viiiliiVi 10 Vi il Vk
for all vectors vq;:::; vk and all i. Note that it follows that
L] AV TSI VA VAR ¥ 7 0

and if 2 Sy is a permutation of k letters then

¥ vi;Vo, i VK sgn Y'v 1V 2,115,V g
where sgn is the sign of the permutation . We denote the vector space of all k-linear,
totally antisymmetric maps by K V . and call them k-forms. Ifk 1the 1V isjustV
the space of all linear functions on V and if k 0 we make the convention that ©° V R.
We need to collect some results on the linear algebra of these spaces.
Assume that V has dimension n and that vi;:::;Vvn is a basis of V. Let ¥ be a k form.

Then if wyq;:::;wy are arbitrary vectors and we expand them in the basis as

X

Wi WijVj:
i1
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then we have

so that it follows that ¥ is completely determined by its values on basis vectors. In particular
ifk>nthen KV 0.
If Yand Z2aretwo linear mapsinV then we define anelement 1~ 2 called the wedge
productof 'and 2,in 2V by
I 2 vive tvi 2ve twvy %

More generallyif ¥ 2 PV and 2 9V wedefine®¥~ 2 P AV py

1 X
— sgn T w ogiinw w 1510 W
plal P p pa

P q
Assume that dim V n. Then we leave as an exercise the following proposition.
Proposition 8.1. The direct sum
Y kv
k 1

with the wedge product is an associative algebra.

We call V the exterior algebra of V . We call an element ¥ 2 KV  an element
of degree k. Because of associativity we can repeatedly wedge and disregard brackets. In
particular we can define the wedge product of m elementsinV and we leave it as an exercise

to show that
X

In 2 A M yitivm sgn v 1 2v MV m
25m
det | Vj
Notice that
1A /\ i /\ i1l /\ /\ m 1A /\ i1l /\ i /\ /\ m
and that
1A AN AN AN A m 0:
Still assuming that V is n dimensional choose a basis vi;:::; v of V. Define the dual basis

of vV , L::::: N by _ _

1 V_] }

for all i and j. We want to define a basis of K V . Define elements of K V by choosing k

[ERVAN ~n k-

As we are trying to form a basis we may as well keep the ij distinct and ordered 1 i} <
< ik nNn. We show first that these elements span KV . Let ¥ beanelementof KV
Notice that

1~ ~ ok Vil Vi
equals zero unless there is a permutation such that j; i ;| forall I and equals sgn if
there is such a permutation. Consider vectors wy;:::; Wik and expand them in the basis as
X
Wi WijVj:
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Then we have X

so that it follows that ¥ is completely determined by its values on basis vectors. For any
ordered k-tuple 1 i1 < <ik ndefine

and consider pre

1 i1< <igk n

We show that ¥ Y. It su Cced to apply both sides to vectors vj,;:::;vi, foranyl i<
< ik N and show that they are equal but that is clear from previous discussions. So
KV is spanned by the basis vectors 1~ N ', We have

Proposition 8.2. The vectors i1~ ~ i where 1 ip < < ik N are a basis for
kv
Proof. We have already seen that these k-forms span. It su [cedto show that they are linearly
independent.
We show by induction on m that if we fix any subset B, consisting of exactly m of the J
then the k-forms it ~ N kwherel g < <ix n,andall the J are chosen only

from B, are linearly independent. If m 1 the result is clear. More generally assume the
result for m and that we have a linear relation amongst some of the 1~ ~ ik where each
of the J are chosen from some set B, 1 of sizem 1. There must be some ' 2 By, 1 which
occurs in some but not all of the k-forms 1~ ~ i Otherwise we musthavek m 1
and there is only one term in the linear expression which is not possible. So now wedge
the whole expression with . The terms containing ' disappear and we obtain a relation
between the k 1 forms constructed from vectors inBn, 1 f ig which is a contradiction. [

do this — an keep the uniqueness of the coe [ciehts ¥ ;,..;, — if we demand that they be
antisymmetric. That is

LTI RE Y adiic
Then we have
P [ERVAN ~n i
L 1 1< <ik n Biie K
- 1 i1 A ~ ke

1 iginik Nkl 1 [N %

We will need one last piece of linear algebra called contraction. Let ¥ 2 KV andv 2 V.
Then we defineak 1 form ,, ¥, the contraction of ¥ and v by

Example 8.1. Consider the vector space R%. Then we know that zero forms and one forms are
just real numbers and linear maps respectively. Notice that in the case of R3 we can identify
any linear map v with the vector v v%;v?;v3 where

Let T be the basis of linear functions defined by ' x x'. We have seen that every two
form ¥ on R3 has the form

-
N
>
w
w
>
[

-
[y
>
N



Every three-form takes the form
aln~r 2A 3
It follows that in R® we can identify three-forms with real numbers by identifying  with
a and we can identify two-forms with vectors by identifying ¥ with ¥,; 1,; B3,
It is easy to check that with these identifications the wedge product of two vectors v and

w is identified with the vector v w. In other words wedge product corresponds to cross
product.

8.2 DiLerkntial forms and the exterior derivative.

We can now apply the constructions of the previous section to the tangent space to a manifold.
We define a k-form on the tangent space at x 2 M to be an element of

KT, M:

We want to define k-form ‘fields’ in the same way we define vector fields except that we do not
call them k-form fields we call the di Cerkntiable k-forms or sometimes just k-forms. Choose

co-ordinates U; onM. Then ¥ x in X T4 M can be be written as
X 1 . .
T x E 1 i1;:::;ikd 1A ~d "k
i

for each set of k indices. We call these functions the components of ¥ with respect to the co-
ordinate chart. The components satisfy the anti-symmetry conditions in the previous section.
We can also define the ¥ as

[ET 13

We define a smooth di Cerkntial form by

Definition 8.3 (Di Lerkntial form.). A di[Cerkntial form ¥ is smooth if its components with
respect to a collection of co-ordinate charts whose domains cover M are smooth.

We have the usual Lemma

Lemma 8.4. If a di Cerkntial form is smooth then its components with respect to any co-ordinate
chart are smooth.

We denote by X M the set of all smooth di Lerentiable k forms on M. Notice that ° M
is just CT M the space of all smooth functions on M.
Using the equation

v R .
=110 Ik @ ily---u@ ik.
for the components of the di Cerkéntial form we can calculate the way the components change

if we use another co-ordinate chart V; . We have
@ X 2g
e i _,0 102




The usual derivative on functions defines a linear di [Cerkntial operator

d M 1 1Mm:

As well as being linear d satisfies the Leibniz rule:
d fg fdg df g:

We want to prove
Proposition 8.5. If the dimension of M is n then there are unique linear maps

d: PM 1 Plyy

forallp 0;:::;n 1 satisfying:
1. If p 0dis the usual derivative,

2.d? 0,and
3.d 1~ dr ~ i1Pe~d where®2 PM and 2 9 M.

Proof. We define d recursively. We have the ordinary definitionofd if p 0. We assume that

we have it defined for all p < k and that the conditions (i), (ii) and (iii) hold when ever they
make sense. Consider ak form ¥, Let U; be a co-ordinate chart and let

x 1 i1 A N k-
Ll o E 1 i1:::ikd d .
[
Then define X 1 . .
LI [ Liigid 2N ~d
2k
so that
X
] 1, ~d 1

Consider now another choice of co-ordinates V; . We have

-
1
@
>
o
]

where
| ]

Then if the proposition is to be true we must have

Pk
dr d ¥,1;,~d

KodEind
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This defines a di [erkntial k 1 form on the open set U. On the open set V it is defined by

di,~d @
al

and we need to check that these two agree. We have

5(@ i
1@ @
X 2 i X
Lb Iad brx; o ;d!i:
b;il@ @ il@
Hence
X X @2 i X @ i
di,~d 2 ———d Prp;ndg 2 dr;~d &
. @ ke 2 . @ 2
al iiab 1 ha 1

The first term vanishes because the partial derivative is symmetric in a and b and the wedge
product is anti-symmetric. Hence we have

P, -
§ required. Clearly condition (i) is still true. For (||p10te thatdd® d [;d ;~d |

&.dd j~d T 0. For the final condition let ', i~d 1. Assumethat has degree
g. Then 0 1
X X . .
A @ 191~ j~ JAA~
i j 1
so that (o} 1
X X . .
dn @ 19 1;~ j~d 1 Ang
i j1
Then applying the result for degrees lower than k we have
d ;n j’\dj d!i’\j’\dj lpl!i’\dj’\d i

Putting this altogether we have

X h ) i )
drn 19 1; ~ ;~d J 1P alegnd j~d I ~d !
j 1
X . . . .
d?¥; ~d "\j’\dJ 1981, ~d "\dj’\dJ
Jj 1
dr ~ 198 ~d :
as required. O

Note that this proposition implies that if

x 1 d [ERPAN ~d Ik
= PO P
(R 1 k!
then we have X 1
dar Ed Vi, Nd 1A ~d
i
or
x 11 [FRN 1% i i i
drn i d 'ond zn ~d
i
(IO N B ™ k! @ °

It is a useful exercise to reprove this lemma using this definition of the exterior derivative.
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Example 8.2. Recall from 8.1 the way in which we identified one-forms and two-forms on R3
with vectors. It follows that di [erentiable one and two forms on R3 can be identified with
vector-fields. Similarly zero and three forms are functions. With these identifications it is
straightforward to check that the exterior derivative of zero, one and two forms corresponds
to the classical di Lerkntial operators grad, curl and div.

8.3 Pulling back di Lerkntial forms

We have seen that if f: M I N is a smooth map then it has a derivative or tangent map Tx T
that acts on tangent vectors in TxM by sending them to T¢ x N. Moreover Tx T is linear.
Recall that if X:V ¥ W is a linear map between vector spaces then it has an adjoint or dual
X W 1V defined by

X \% X v

where 2 W andv 2 V. Notice that X goes in the opposite direction to X. So we have a
linear map called the cotangent map

Ty T T , NYTT M
which is just the adjoint of the tangent map. It is defined by
T, f 1 X T T, F X

This action defines a map on di [erkntial forms called the pull-back by ¥ and denoted f . if
12 KN thenwedefinef ¥ 2 KM by

f ¥ x XXk P Ffx T F Xy Tx F X

Notice that if is a zero form or function on N then £ 1 f. The pull back map
f: 9N ¥ AM:
satisfies the following proposition.
Proposition 8.6. If f: M ¥ N is a smooth map and ¥ and is a di Lerkntial form on N then:
1. df 1 f dI  and
2.f 1~ f 1 ~f

Proof. Exercise. O

8.4 Integration of di Lerkntial forms

If M is a manifold a partition of unity is a collection of smooth non-negative functions f g 2,
such that every x 2 M has neighbourhood on which only a finite number of the  are non-
vanishing and such that 5, 1.

Recall that if f: M ¥ R is smooth function then we define supp ¥ to be the closure of the
set on which F is non-zero. There are two basic existence results on a paracompact, Hausdor [
manifold.

1. If fU g o) isanopencover of M there is a partition of unity f g 2, with supp 2U .
Such a partition of unity is called subordinate to the cover.

2. If fU g 2 is an open cover of M there is a partition of unity f g 23, with a possibly
di Cerknt indexing set J with each supp insome U .
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LetU R"and :R"™ ! R"beadiledmorphism. Thenitiswell knownthatiff: U 1
R is a function then
Z . z
f  jdet e jaxt::idx" fdxt::dx™
u @xJ U
In this formula we regard dx? : : : dx™ as the symbol for Lebesgue measure. However it is very

suggestive of the notation for di [Ceréntial forms developed in the previous section.
If ¥ isa dilerkntial n formonV U then we can write it as

' x  fxdx!~r ~Adx™

If we pull it back with the di Cedmorphism  then, as we seen before,
1

i
| f x det dxi~ ~dx™:

@xJ

So di Cerkntial n forms transform by the determinant of the jacobian of the di Ledmorphism
and Lebesgue measure transforms by the absolute value of the determinant of the jacobian
of the di Cedmorphism. We define the integral of a di Cerkntial n form by
Z Z
| f x dxt:iidx"
v v

when ¥ f x dx'~ N dx". Alternatively we can write this as

z z

] | I dxt::dx™:
v v @xt @xn X X

Call a di Ledmorphism : U ¥ V orientation preserving if

@ i
@xJ

det x >0

for all x 2 U. Then we have

Proposition 8.7. If :U 1 U is an orientation preserving di Cedmorphism and ¥ is a
diCerkntial n formon U then

We can use this proposition to define the integral of di Ceréntial forms on a manifold.

Letf U ; g 21 be a covering of M by co-ordinate charts. Choose a partition of unity
subordinate to U . Then if ¥ is a di Cerential n form we can write
X
' r

where the support of T isin U . First we define the integral of each of the forms Ll

z z
1

M ]

Then we define the integral of ¥ to be
z x Z
! l
M - u
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We have to show that this is independent of all the choices we have made. So let us take

another open cover f V ; g 23 with partition of unity . Then we have
x £ x £ x
! ' 1 b ¥
21 u 2 v 23
x £ X
1 |
U b B
21 2]
X xZ
1 1
b -
21 23 v

The di Cerkential forms T have supportinU \V so we have

z z
1 b B 1 b X
\
U ; U\
U \Vv
If the di Cedmorphism
1
i U\
is orientation preserving then we have
z z z
U \v U \Vv u
So we can complete the calculation above and have
x £ x £
! ' ! v
21 u 23 U
All this calculation rests on the fact that
1
i UV,

is an orientation preserving di Ledmorphism. In general this will not be the case. We have to
introduce the notion of an oriented manifold and and oriented co-ordinate chart. Before we
can do that we need to discuss orientations on a vector space.

8.5 Orientation.

Let V be a real vector space of dimension n. Then define det V NV . This is a real,
one dimensional vector space. So the set det V fOg is disconnected. An orientation of
the vector space V is a choice of one of these connected components. If X is an invertible
linear map from V to V then it induces a linear map fromdet V ¥ det V which is therefore
multiplication by a complex number. This number is just det X the determinant of X If M
is a manifold of dimension n then the same applies to M; det TxM fOg is a disconnected
set. We define

Definition 8.8. A manifold is orientable if there is a non-vanishing n-form on M. Otherwise
it is called non-orientable.

If and are two non-vanishing n forms then f for some function ¥ which is either
strictly negative or strictly positive. Hence the set of non-vanishing n forms divides into two
sets. We have

Definition 8.9 (Orientation). An orientation on M is a choice of one of these two sets.
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An orientation defines an orientation on each tangent space TxM. We call an n form
positive if it coincides with the chosen orientation negative otherwise. We say a chart U;
is positive or oriented ifd 1~ ~d "is positive. Note that if a chart is not positive we
can make it so by changing the sign of one co-ordinate function so oriented charts exits. If
we chose two oriented charts then we have that

1
i u\v

is an oriented di Ledmorphism. The converse is also true.

Proposition 8.10. Assume we have a covering of M by co-ordinate charts f U ; g 21 such
that for any two U ; and U ; the di Ceadmorphism
1
I uU\U

is orientation preserving. Then there is an orientation of M which makes each all these charts
oriented.

Proof. Notice that the fact that
1
i U\uU

is an oriented di Ledmorphism means that if x 2U \ U then
d 1~:d "x

is a positive multiple of
d 1~:d " x

Hence if is a partition of unity then
X
d 1~::d " x
is a non-vanishing n form. Clearly this defines the required orientation. O

8.6 Integration again

We now have the required result that we can integrate di Cerential forms of degree k over a
k-dimensional oriented manifold.

9 Stokes theorem.

Recall the Fundamental Theorem of Calculus: If T is a di Cerentiable function then
z
fb fa — X dx:
p dt
In the language we have developed in the previous section this can be written as
z
fb fa df
ab
where we orient the 1-dimensional manifold a;b in the positive direction. We want to prove
a more general result that will include Stokes theorem, Green’s theorem, Gauss’ theorem and
the Divergence theorem. If M is an oriented manifold of dimension n with boundary @M and
T jsan n 1 form then Stoke’s theorem says that
z z
dry LI
M oM

Before we prove this result we need to make sense of the idea of a manifold with boundary.
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9.1 Manifolds with boundary.

We denote by R" the half-space

R™ £ xY:ix™ jxt>o0g:
We define the boundary of R" to be

eR"  f xl:ix"™ jxt  og

and we identify it with R™ 1. Recall thatasetU R" is open ifitis of the formU V \R"
where V is open in R™. If U is open in R" we say that f: U ¥ R is smooth if there is an open
setV R"withU V\R"andasmoothmapF:V ¥ RsuchthatF x f x forallx 2 U.
IfVv R"wedefine@v V \@R".
Let M be a set with a subset denoted by @M that we call the boundary of M. We say that
u; is a co-ordinate chart on M if it is a co-ordinate chart as defined before but in addition
@u @ U, @U isopenin@ U ,and ju:@0U I @ U is a bijection. We define
compatibility of charts in the usual way but with the extended notion of smoothness above.
Once we have this we can define the idea of an atlas and the notion of a manifold M with
boundary @M. Notice that if we discard the boundary points @M we immediately see that
M @M is a manifold. Similarly @M is a manifold. We can extend everything we have done so
far to the case of manifolds with boundary.

9.2 Stokes theorem.

Let M be a manifold of dimension n with boundary @M and let ¥ bean n 1 form on M with
compact support. We want to prove

Theorem 9.1 (Stoke’s theorem). Let M be an oriented manifold with boundary of dimension n
and let ¥ be a di Cerkntial form of degree n 1 with compact support then

Z YA
dr LN
M om
Proof. We cover M with a covering by co-ordinate chart§:, U ; and choo,ge a partition of
unity subordinate to this cover. Notice that because 1 we have d 0 and
hence
z = Z
dr dy
M M
XZ
d L|
M
< Z
d 1
u
XZ
'd 1
u
< Z
d ! v
u
and
Z XZ
| |
M Y,
XZ
Ll
@u
XZ
1 '
@ U
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So it su [ced prove that
z

Z
d 1 | 1 L]

U @ U

or equivalently Stoke’s theorem for di Lerkntial forms with compact support on R". Let us
assume then that ¥ is a di Cerkntial form on U, where U is of the form U R"\V for V
open in R". As as 1 is has compact support it has bounded support so thereisan R > 0

such that if jx'j >R foralli 1;:::;nthen ¥ x 0. Write x t;y fory 2R" !and
I fdt~dy!:::dy" ! sowe have
Z Z Z
f > af .
dr @—dt’\dyl:::dy” g dy' ~rdt~dy?t:dy™
U u 0t u,; , 0x!
“—dt~dy?l:i:dy" ftyhony LRy Lyt ?
u 0t U,
f t’yliiyl l’ R,yl 1;..:;yn 1 dt/\dyl dyn
@dt/\dyl dy"
su @t
f O,yl,,yn 1 dyl dyn
Z@U
L
U

9.3 Exercises

Exercise 9.1. If X is a vector field and ¥ is a di Cerential 1-form show that the di Ceréntial
1-form defined by

X .00 OX
Ly ¥ xi=——4 n, ==
* iij e e

dJ:

where
X .0 X .
X X'=— and 1 ,d '
- @ ! -
] ]
is actually independent of the choices of co-ordinates. We call Lx ¥ the Lie derivative of ¥
by X.

Exercise 9.2. Let and be p and g forms, respectively on a manifold M. Show that
d »~ d »~ 1P ~d:

Exercise 9.3. Consider thecircle S f x;y jx? y? 1g. Thisis a manifold of dimension
1. The circle has a co-ordinate chart U; whereU S! f1;0gand :U I 0;2 is
defined implicitly by

Xy cos Xy ;sin Xy
That is is the usual angle co-ordinate in polar co-ordinates. ldentify the tangent space to
the circleat x;y with the line in R? tangential to the circle at x;y . Calculate a formula for
the vector field @=@ in terms of x and y and hence show that it extends from U to a vector
field on all of S'. Show that d also extends to a di [erential 1-form ¥ on all of the circle.
Show that there is no function ¥ : S ¥ Rsuch that ¥  df.
Exercise 9.4. Let S2 fx 2 R3jkxk? 1g be the two-sphere. Recall that the spherical co-
ordinates of the point X;y;z on the two-sphere are defined by requiring that:

X sin cos
y sin sin
Z CcOos
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Find an open set U  S? for the domain of the spherical co-ordinates so that 2 O;
and 2 0;2

For any x in S? and X;Y 2 TxS? define a di [erential two-form ¥ on S% by ¥, X;Y
hx;X Yi, where h; i is the usual inner-product on R3 and x is the cross-product of three
vectors. By using suitable co-ordinates (spherical are good) calculate the integral of ¥ over
S2 and show that it is non-zero.

Exercise 9.5. Show that it is not possible to find a di Cerential one-form on the two sphere
such that d is the volume form ! defined in exercise (9.4).

Exercise 9.6. Consider the torus T2 in R® with co-ordinates defined implicitly by
X b asin cos ;b asin sin ;acos

Calculate @=@ and @=@ . Calculate the (outward) unit normal n X to the torus, this is
the vector in R2 orthogonal to the tangent space to the torus at x. You will need to draw a
picture or something to check it is the outward normal.

Define vol a two-form by vol X;Y hn;X Yi and calculate its integral over T2 when we
orient T2 in such a way as to make vol positive.

Exercise 9.7. Recall the definition of RP, the space all lines through the origin in R? and its
associated co-ordinate charts given in Exercise 2.4. Calculate the linear relationship between
the basis of one forms d {;d { and the basis of one forms d };d § fori j. Hence

calculate the relationship betweend {~d fandd j~d §. Show that RP; is not orientable.

Exercise 9.8. Let f: M ¥ N be a smooth map. If ¥ is a p-form on N show that df ¢
f dr.

10 Complex line bundles

10.1 Introduction

The mathematical motivation for studying vector bundles comes from the example of the
tangent bundle TM of a manifold M. Recall that the tangent bundle is the union of all the
tangent spaces T,yM for every m in M. As such it is a collection of vector spaces, one for
every point of M.

The physical motivation comes from the realisation that the fields in physics may not just
bemaps :M I CN say, but may take values in di [erknt vector spaces at each point. Tensors
do this for example. The argument for this is partly quantum mechanics because, if isa
wave function on a space-time M say, then what we can know about are expectation values,
that is things like: 7

h x:; xidx
M
and to define these all we need to know is that X takes its values in a one-dimensional
complex vector space with Hermitian inner product. There is no reason for this to be the
same one-dimensional Hermitian vector space here as on Alpha Centauri. Functions like
which are generalisations of complex valued functions, are called sections of vector bundles.

We will consider first the simplest theory of vector bundles where the vector space is a

one-dimensional complex vector space - line bundles.

10.2 Definition of a line bundle and examples

The simplest example of a line bundle over a manifold M is the trivial bundle C M. Here
the vector space at each point m is C fmg which we regard as a copy of C. The general
definition uses this as a local model.

Definition 10.1. A complex line bundle over a manifold M is a manifold L and a smooth
surjection :L ¥ M such that:
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1. Each fibre 1 m Lm is a a complex one-dimensional vector space.

2. Every m 2 M has an open neighbourhood U 2 M for which there is a di Cedmeorphism
7 1U YU Csuchthat * Lm fmg C for every m and that moreover the
map ~j., :Lm ¥ fmg Cis a linear isomorphism.

Note 10.1. The second condition is called local triviality because it says that locally the line
bundle looks like C M. We leave it as an exercise to show that local triviality makes the
map a submersion (that is it has onto derivative) and the scalar multiplication and vector
addition maps smooth. In the quantum mechanical example local triviality means that at least
in some local region like the laboratory we can identify the Hermitian vector space where the
wave function takes its values with C.

Example 10.1. C M the trivial bundle

Example 10.2. Recall that if u 2 S? then the tangent space at u to S? is identified with the
set T,S? fv 2 R®jhv;ui 0g. We make this two dimensional real vector space a one

dimensional complex vector space by defining i v v U v:We leave it as an
exercise for the reader to show that this does indeed make T,S? into a complex vector space.
What needs to be checked is that i i v i i v and because
TuS? is already a real vector space this follows if i iv v. Geometrically this follows from

the fact that we have defined multiplication by i to mean rotation through =2. We will prove
local triviality in a moment.

Example 10.3. If is any surface in R® we can use the same constructionasin (2). Ifx 2 and
Ax is the unit normal then Tx A.. We make this a complex space by defining i Vv
v Nx V.

Example 10.4 (Hopf bundle). Define CP; to be the set of all lines (through the origin) in C2.
Denote the line through the vector z z%:zY by z z%:z' . Note that z% 2z
z%;z1 for any non-zero complex number . Define two open sets U; by

Ui fz%z' jz' og

and co-ordinates by i:U;j * Cbhy o z z1=z%and ; z z%=z1. As a manifold
CP, is di Cedmorphic to S2. An explicit di (edmorphism S? ¥ CP; is given by X;y;z ,
X iy;1 z.

We define a line bundle H over CP; by H C? CP; where

H fw;, z jw z forsome 2C g:

1 7z isthe

We define a projection :H ¥ CP; by w; z z . The fibre H z
set

f z,z jJj 2Cyg

which is naturally identified with the line through z . It thereby inherits a vector space
structure given by

w: z wl z w  w z

We shall prove later that this is locally trivial.

10.3 Isomorphism of line bundles

It is useful to say that two line bundles L ¥ M;J ¥ M are isomorphic if there is a di Cedmor-
phismmap ” :L ¥ Jsuchthat > Ly Jm for every m 2 M and such that the induced map
ZjLm i Lm ¥ Jm is a linear isomorphism.

We define a line bundle L to be trivial if it is isomorphic to M  C the trivial bundle. Any
such isomorphism we call a trivialisation of L.
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m

Figure 10.1: A line bundle.

10.4 Sections of line bundles

A section of a line bundle L is like a vector field. Thatisitisamap * : M ¥ L such that
” m 2 Lp, for all m or more succinctly 7 idm.

Example 10.5 (The trivial bundle.). L C M: Every section * looks like = X f X ;%
for some function F.

Example 10.6 (The tangent bundle to S?: T S?). Sections are vector fields. Alternatively because
each TxS? R?2 we can think of a section s asamap s: S2 I R® such thaths x ;xi 0 for
all x 2 52,

Example 10.7 (The Hopf bundle). By definition a sections: CP; ¥ H is a map
s:CP; ' H C? cCP;

which must have the form z z :w . For convenience we will write it as s z
z ;s z where, forany z s:CPp ¥ C? satisfiess z z forsome 2C .

The set of all sections, denoted by - M;L , is a vector space under pointwise addition and
scalar multiplication. I like to think of a line bundle as looking like Figure 1.

Here O is the set of all zero vectors or the image of the zero section. The curve s is the
image of a section and thus generalises the graph of a function.

We have the following result:

Proposition 10.2. A line bundle L is trivial if and only if it has a nowhere vanishing section.

Proof. Let >:L ¥ M C be the trivialisation then > 1 m;1 is a nowhere vanishing section.
Conversely if s is a nowhere vanishing section then define a trivialisation M C ! L by
m; > S m :Thisis an isomorphism. O

Note 10.2. . The condition of local triviality in the definition of a line bundle could be replaced
by the existence of local nowhere vanishing sections. This shows that TS? is locally trivial as
it clearly has local nowhere-vanishing vector fields. Recall however the so called ‘hairy-ball
theorem’ from topology which tells us that S has no global nowhere vanishing vector fields.
Hence TS? is not trivial. We shall prove this result a number of times.

10.5 Transition functions and the clutching construction

Local triviality means that every property of a line bundle can be understood locally. This is
like choosing co-ordinates for a manifold. Given L ¥ M we cover M with open sets U on
which there are nowhere vanishing sections s . If is a global section of L then it satisfies

ju s for some smooth :U T C. The converse is also true. If we can find such
that s s forall ; thenthey fittogether to define a global section with jy S .
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It is therefore useful to defineg :U \U ¥ C bys g s . Then a collection of
functions define a global section if on any intersection U \ U we have g . The
functions g are called the transition functions of L. We shall see in a moment that they
determine L completely. It is easy to show, from their definition, that the transition functions
satisfy three conditions:

1 g 1

2 g g9 1
3 g g g lonU \U \U

We leave it as an exercise to show that these are equivalent to the cocycle condition:

g g'lg 1onU \U \U

Proposition 10.3. Given an open cover fU gof M and functionsg :U \U 1! C satisfying
(1) (2) and (3) above we can find a line bundle L ¥ M with transition functions the g

Proof. Consider the disjoint union M of all the C U . We stick these together using the
g . More precisely let | be the indexing set and define M as the subset of I M of pairs
:m such that m 2 U . Now consider C M whose elements are triples ;m; and
define ;m; n; ifm n and g m . We leave it as an exercise to show
that is an equivalence relation. Indeed ((1) (2) (3) give reflexivity, symmetry and transitivity
respectively.)
Denote equivalence classes by square brackets and define L to be the set of equivalence

classes. Define additionby  ;m; ;m; ;m; and scalar multiplication
by z Tm; Z .m; : The projection map is Tm; m. We leave it as an
exercise to show that these are all well-defined. Finally define s m 1:m; . Then
s m 1;m; g m ;m; g m s m as required.

Finally we need to show that L can be made into a di Cerkntiable manifold in such a way
that it is a line bundle and the s are smooth. Denote by W the preimage of U under the
projection map. There is a bijection W T C U defined by X2 z;X . This
is a local trivialisation. If V; is a co-ordinate chart on U C then we can define a chart on
L by vy . We leave it as an exercise to check that these charts define an atlas.
This depends on the factthatg :U \U ! C issmooth. O

The construction we have used here is called the clutching construction. It follows from this
proposition that the transition functions capture all the information contained in L. However
they are by no means unique. Even if we leave the cover fixed we could replace each s by
hs whereh :U ¥ C andtheng becomesh g h ! If we continued to try and
understand this ambiguity and the dependence on the cover we would be forced to invent
Céch cohomology and show that that the isomorphism classes of complex line bundles on
M are in bijective correspondence with the Céch cohomology group H* M;C . We refer the
interested reader to [11, 8].

Example 10.8. The tangent bundle to the two-sphere. Cover the two sphere by open sets Ug
and U; corresponding to the upper and lower hemispheres but slightly overlapping on the
equator. The intersection of Ug and U; looks like an annulus. We can find non-vanishing
vector fields sp and s; as in Figure 2.

If we undo the equator to a straightline and restrict s and s; to that we obtain Figure 3.

If we solve the equation sy go1S1 then we are finding out how much we have to rotate
s1 to get sp and hence defining the map go1: Uo \ U1 ¥ C with values in the unit circle.
Inspection of Figure 3 shows that as we go around the equator once sg rotates forwards once
and s; rotates backwards once so that thought of as a point on the unit circle in C go; rotates
around twice. In other words go1 : Up \U; ¥ C has winding number 2. This two will be
important latter.
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Figure 10.2: Vector fields on the two sphere.
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Figure 10.3: The sections sp and s; restricted to the equator.
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Example 10.9 (Hopf bundle.). We can define sectionss;j: U T H by

z
So Z 1;? 4 (10.2)
20
S1 Z ;;1 T Z (10.2)
The transition functions are L
z
do1 Z ;1

11 Connections, holonomy and curvature

The physical motivation for connections is that you can’t do physics if you can’t di Cerentiate
the fields! So a connection is a rule for di Lerentiating sections of a line bundle. The important
thing to remember is that there is no a priori way of doing this - a connection is a choice of how
to di Cerkntiate. Making that choice is something extra, additional structure above and beyond
the line bundle itself. The reason for thisisthatif L ¥ M is aline bundleand : 7 ITM
a path through 0 m say and s a section of L then the conventional definition of the rate
of change of s in the direction tangent to , that is:

s t s O
t

lim
t10

makes no senseass t isinthe vectorspaceL ¢ ands O s in the di[erknt vector
space L o so that we cannot perform the required subtraction.
So being pure mathematicians we make a definition by abstracting the notion of derivative:

Definition 11.1. A connection r is a linear map
r.:- ML *-M;T M L
such that for all s in- M;L and f 2 C* M;L we have the Liebniz rule:
r fs df s frs

If X 2 TxM we often use the notation rxs rs X:

Example 11.1 (The trivial bundle.). L C M: Then identifying sections with functions we see
that (ordinary) di Cerentiation d of functions defines a connection. If ¥ is a general connection
then we will see in a moment that rs ds is a 1-form. So all the connections on L are of the
formr d Afor Aal-formon M (any 1-form).

Example 11.2 (The tangent bundle to the sphere.). TS?: If s is a section then s : S 1 R3 such
thats u 2T S2thatishs u ;ui 0. Ass u 2 R® we can di Cerentiate it in R® but then ds
may not take values in T,S? necessarily. We remedy this by defining

rs ds

where is orthogonal projection from R® onto the tangent space to x. Thatis v

Vv hx;VvixX.

Example 11.3 (The tangent bundle to a surface.). A surface in R3. We can do the same
orthogonal projection trick as with the previous example.

Example 11.4 (The Hopf bundle.). Because we have H C?2 CP; we can apply the same
technique as in the previous sections. A section s of H can be identified with a function
s:CPy ¥ C2suchthats z z for some 2 C. Hence we can di Lerkntiate it as a map into
C2. We can then project the result orthogonally using the Hermitian connection on C2.
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The name connection comes from the name infinitesimal connection which was meant to
convey the idea that the connection gives an identification of the fibre at a point and the fibre
at a nearby ‘infinitesimally close’ point. Infinitesimally close points are not something we like
very much but we shall see in the next section that we can make sense of the ‘integrated’
version of this idea in as much as a connection, by parallel transport, defines an identification
between fibres at endpoints of a path. However this identification is generally path dependent.
Before discussing parallel transport we need to consider two technical points.

The first is the question of existence of connections. We have

Proposition 11.2. Every line bundle has a connection.

Proof. Let L ® M be the line bundle. Choose an open covering of M by open sets U over
which there exist nowhere vanishing sections s . If is a section of L write it locally as

ju s . Choose a partition of unity for subordinate to the cover and note that s
extends to a smooth function on all of M. Then define
X
r d S
We leave it as an exercise to check that this defines a connection. O

The second point is that we need to be able to restrict a connection to a open set so that
we can work with local trivialisations. We have

Proposition 11.3. If r is a connection on a line bundleL ¥ M and U M is an open set then
there is a unique connection ry on Ljy ¥ U satisfying

S ju ru Sju :

Proof. We first need to show that if s is a section which is zero in a neighbourhood of a point

X thenr s x 0. To show this notice that if s is zero on a neighbourhood U of x then we

can find a function on M which is 1 outside U and zero in a neighbourhood of x such that
s s. Then we have

rs X r s X d X s Xx X rs X 0:

It follows from linearity that if s and t are equal in a neighbourhood of x then r s x
rt x . Ifsisasectionof L over U and x 2 U then we can multiply it by a bump function
which is 1 in a neighbourhood of x so that it extends to a section § of L over all of M. Then
definery s x r § x . Ifwe choose a di Cerknt bump function to extend s to a di Cerent
section §'then S and § agree in a neighbourhood of x so that the definition of ry s x does
not change. O

From now on | will drop the notation rjy and just denote it by r.
LetL ¥ M bealinebundleands :U ¥ L be local nowhere vanishing sections. Define a
one-form A onU by rs A s .If 2- M;L then jy s where :U ¥ Cand

r ju d s rs
d A S (11.2)

Recall that s g S sors dg s g rs andhenceA s gldg g s sA.
Hence
A A g ldg (11.2)

The converse is also true. If fA g is a collection of 1-forms satisfying the equation (11.2) on
U \ U then there is a connection r such that rs A s . The proof is an exercise using
equation (11.1) to define the connection.
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Figure 11.1: Parallel transport on the two sphere.

11.1 Parallel transport and holonomy

If : 0;1 ¥ M isapath and r a connection we can consider the notion of moving a vector
inL o toL 3 without changing it, that is parallel transporting a vector fromL o ;L 1.
Here change is measured relative to r soif t 2L ¢ is moving without changing it must
satisfy the di Cerkntial equation:

r- 0] (11.3)

where ~ is the tangent vector field to the curve . Assume for the moment that the image of
is inside an open set U over which L has a nowhere vanishing section s . Then using (11.3)

and letting t ts t we deduce that
d
— A
dt
t exp A T~ ds 0 (11.49)

(0]

This is an ordinary di Cerential equation so standard existence and uniqueness theorems tell
us that parallel transport defines an isomorphismL g L ¢ . Moreover if we choose a curve
not inside a special open set like U we can still cover it by such open sets and deduce that
the parallel transport

P :L o YL 3

is an isomorphism. In general P is dependent on and r. The most notable example is to
take aloop thatis O 1 . Then we define hol ;r , the holonomy of the connection
r along the curve by takinganys 2L (o and defining

P s hol ;r :s

Example 11.5. A little thought shows that r on the two sphere preserves lengths and angles, it
corresponds to moving a vector so that the rate of change is normal. If we consider the ‘loop’
in Figure 4 then we have drawn parallel transport of a vector and the holonomy is exp i

11.2 Curvature

If we have aloop whose image is in U then we can apply (11.4) to obtain
z
hol r; exp A
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If is the boundary of a disk D then by Stokes’ theorem we have

z
hol r; exp dA (11.5)
D
Consider the two-forms dA . From (11.2) we have
dA dA d g 'dg
dA g 'dg g '~dg g 'ddg
dA :

So the two-forms dA agree on the intersections of the open sets in the cover and hence
define a global two form that we denote by F and call the curvature of r. Then we have

Proposition 11.4. IfL ¥ M is a line bundle with connection r and is a compact submanifold
of M with boundary a loop then
z

hol r; exp F
D

Proof. Notice that (11.5) gives the required result if is a disk which is inside one of the U .
Now consider a general . By compactness we can triangulate in such a way that each of the
triangles is in some U . Now we can apply (11.5) to each triangle and note that the holonomy
up and down the interior edges cancels to give the required result. O

Example 11.6. We calculate the holonomy of the standard connection on the tangent bundle
of S2. Let us use polar co-ordinates: The co-ordinate tangent vectors are:

sin sin ; COS sin ;0

cos cos ;sin cos 7 sin

Taking the cross product of these and normalising gives the unit normal

=)

cos sin ;sin sin ; COS

sin @— @—
) 0

To calculate the connection we need a non-vanishing section s we take
S sin ;cos ;0

and then
ds cos ;sin ;0d
so that

rs ds
ds <ds;A>n

cos ; sin ;0d

sin cos sin ;sin sin ; COS d
cos cos?> ; sin cos® ;cos  sin d
cos n s
i cos S
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Hence A icos d and F isin d ~d . To understand what this two form is note

that the volume form on the two-sphere is vol sin d ~d and hence F ivol The
region bounded by the path in Figure 4 has area . If we call that region D we conclude that
z
exp F expi
D

Note that this agrees with the previous calculation for the holonomy around this path.

11.3 Curvature as infinitesimal holonomy

R
The equation hol r ;@D exp p F has an infinitesimal counterpart. If X and Y are two
tangent vectors and we let D¢ be a parallelogram with sides tX and tY then the holonomy
around D¢ can be expanded in powers of t as

hol r:Df 1 t?’F XY O0t3:

11.4 Exercises

Exercise 11.1. Let r® and r? be connections on a complex line bundle L and define

t

r trt 1 tr°

for any section  of L. Show that rt is a connection for any real number t. Calculate its
curvature.

Exercise 11.2. Show thatif L ¥ M is a trivial bundle then it has zero Chern class.

Exercise 11.3. Consider the Hopf bundle H over CP;. Define parameters on Ug CP; 1;0

by x;vy , X 1iy;1.Letsy X 1iy;1 X iy;1; x 1y;1 be the section defined
in class. Using (hermitian) orthogonal projection define a connection r on H and calculate
the connection one form Ag. Be careful to make the orthogonal projection complex linear.
Calculate the curvature over the open set Ug and integrate it over Ug to find the Chern class
of H. You may find it convenient to work with the complex di Cerential forms dz dx idy
and dz dx idy.

Exercise 11.4. Consider the tangent bundle to the two-sphere. Give it the connection defined
by orthogonal projection and calculate its curvature and hence the chern class of the tangent
bundle to the two-sphere.

Exercise 11.5. Repeat Exercise 11.4 for the torus using the co-ordinates defined in Exercise
9.6.

Exercise 11.6. This assumes you are familiar with the Gauss-Bonnet theorem. If is a closed
surface in R2 define a connection on its tangent bundle by using orthogonal projection. Relate
the curvature of this connection to the usual Gaussian curvature.

12 Chern classes

In this section we define the Chern class which is a (topological) invariant of a line bundle.
Before doing this we collect some facts about the curvature.

Proposition 12.1. The curvature F of a connection r satisfies:
(i) dF O
(i) If r; r’ are two connections then r r? for alformandF, Fr d .

R
(iii) If is a closed surface then % Fy is an integer independent of r.
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Figure 12.1: A surface of genus g.

Proof. (i) dFju d dA 0:

(ii) Locally A° A as A A . ButA A gldg andA’ A" g ldg
so that . Hence isaglobal 1-formandF,, dA soFl R Fr dg.
(iii) If  is a closed surface then @ s so by Stokes’ theorem F, F‘,Jr. Now choose

a family of disks Dy in  whose limitas t ¥ O is a point. For any t the holonomy of the
connection around the boundary of D¢ can be calculated by integrating the curvature over D¢
or over the complement of D¢ in  and using Proposition 2.1. Taking into account orientation

this gives us 7 b4
exp F exp F
Dy Dy
and taking the limitast ¥ O gives b4
exp F 1
which gives the required result. O

The Chq-\rn class, c L, of a line bundle L ¥ where is a surface is defined to be the
1

integer ;— F for any connection r.
Example 12.1. For the case of the two sphere previous results showed that F i vols2. Hence
. Z .
cTS2 -~ vol -4 2:
2 1 s2 i

Some further insight into the Chern class can be obtained by considering a covering of S2
by two open sets Ug; Uz asin Figure 2. LetL ¥ S? be given by a transition for go; : Ug\U; ! C .
Then a connection is a pair of 1-forms Ap, A1, on Ug; Uy respectively, such that

A1 Ao dglogl& on Ug\ Uj:

Take Ap 0 and A; to be any extension of dgloglol to U;. Such an extension can be made
by shrinking Upg and U; a little and using a cut-o Cfuinction. Then F  dAg 0 on Up and
F dA;onU;. Tofind c L we note that by Stokes theorem:

Z Z Z YA
F F A]_ dglog]_(}:
S2 Uz QU1 QU

But this is just 2 i the winding number of gi0. Hence the Chern class of L is the winding
number of gig. Note that we have already seen that for TS? the winding number and Chern
class are both 2. It is not di [culk to go further now and prove that isomorphism classes of
line bundles on S? are in one to one correspondence with the integers via the Chern class but
will not do this here.

Example 12.2. Another example is a surface ¢ of genus g as in Figure 5. We cover it with g

with a disk removed or a torus with two disks removed. A torus has a non-vanishing vector
field on it. If we imagine a rotating bicycle wheel then the inner tube of the tyre (ignoring the
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valve!) is a torus and the tangent vector field generated by the rotation defines a non-vanishing
vector field. Hence the same is true of the open sets in Figure 5. There are corresponding

to the two-sphere case and we find that
v
cT g winding number g 1 :
i1
All the transition functions have winding number 2 so that

cT g 2 2g:

This is a form of the Gauss-Bonnet theorem. It would be a good exercise for the reader familiar
with the classical Riemannian geometry of surfaces in R3 to relate this result to the Gauss-
Bonnet theorem. In the classical Gauss-Bonnet theorem we integrate the Gaussian curvature
which is the trace of the curvature of the Levi-Civita connection.

So far we have only defined the Chern class for a surface. To define it for manifolds
of higher dimension we need to recall the definition of de Rham cohomology [4]. If M is a
manifold we have the de Rham complex

oY °M ¥ M ¥y MM RO

where P M isthe space ofall p formson M, the horizontal maps are d the exterior derivative
andm dim M . Thend? 0 and it makes sense to define:

kerneld: P M 1 P 1 M

HP M
imaged: P1 M ¢ P M

This is the pth de Rham cohomology group of M - a finite dimensional vector space if M is
compact or otherwise well behaved.

The general definition of ¢ L is to take the cohomology class in H2 M containing %Fr
for some connection.

It is a standard result [4] that if M is oriented, compact, connected and two dimensional
integrating representatives of degree two cohomology classes defines an isomorphism

H>M I R
' '
M

where ¥ isacohomology class with representative form ¥ . Hence we recover the definition
for surfaces.

13 Vector bundles and gauge theories

Line bundles occur in physics in electromagnetism. The electro-magnetic tensor can be inter-
preted as the curvature form of a line bundle. A very nice account of this and related material
is given by Bott in [3]. More interesting however are so-called non-abelian gauge theories
which involve vector bundles.

To generalize the previous sections to a vector bundles E one needs to work through
replacing C by CN and C by GL n;C . Now non-vanishing sections and local trivialisations
are not the same thing. A local trivialisation corresponds to a local frame, that is n local
sections s;;::;; Sy such thats; m ;::;;sn, m are a basis for E, all m. The transition function
is then matrix valued

g :U\U TYGLnNn;C:

The clutching construction still works.
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A connection is defined the same way but locally corresponds to matrix valued one-forms
A . Thatis ) o
I"ju i 'Si i d i jA'j 1 Sj
and the relationship between A and A is
A g'Ag gt'dg
The correct definition of curvature is
F dA A ™A

where the wedge product involves matrix multiplication as well as wedging of one forms. We
find that
F glF g

and that F is properly thought of as a two-form with values in the linear operators on E. That
isif X and Y are vectors in the tangent space to M at m then F X;Y isa linear map from E,
to itself.

We have no time here to even begin to explore the rich geometrical theory that has been
built out of gauge theories and instead refer the reader to some references [1, 2, 6, 7].

We conclude with some remarks about the relationship of the theory we have developed
here and classical Riemannian di Lerential geometry. This is of course where all this theory
began not where it ends! There is no reason in the above discussion to work with complex
vector spaces, real vector spaces would do just as well. In that case we can consider the
classical example of tangent bundle TM of a Riemannian manifold. For that situation there is

a special connection, the Levi-Civita connection. If x*;:::;x" are local co-ordinates on the
manifold then the Levi-Civita connection is often written in terms of the Christo [ellsymbols
as
. @ X e
27 @xJ i @xk

k

The connection one-forms are supposed to be matrix valued and they are
x K i
- dx’
i
The curvature F is the Riemann curvature tensor R. As a two-form with values in matrices
itis ) )
R'i‘j dx! ™ dxd:
ij
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