Lie Algebras IV 2008

Non-degenerate bilinear forms

I want to show that if V is a finite dimensional vector space with a non-degenerate, symmmetric, bilinear
form ; andW V then
dimw dim wW? dimV
First we prove a result that doesn’t need the bilinear form. Recall thatV , the dual space of V is the vector
space of all linear maps :V ¢ F. If vl:::::v"is a basis of V then a linear map :V I Fisdetermined
by the nEhumbers \bl S v"™ and any collection of n numbers 1;:::;  determines a linear map
by D xivi D1 ix'. It follows that we can define the so-called dual basis *;:::; " of V by

requiring that 1 v! ij foralli;j  1;:::;n.

Exercise 0.1. Prove that 1;:::; "MisabasisofV .

IfW V we define W V by
w f 2Vj w 08w 2 Wg:

We have

Proposition 0.1.
dimw dim W dim V

Proof. Let vi;:::;v" be a basis for W and extend it to a basis v?';:::;v" of V. Consider the dual basis
1.:::; ™ We have that " 1;:::; " are linearly independent and in W because they are zero when
applied to the basis elements of W and pence when applied to any vectordn W. We show that they
span W . Let bein W and write Y1 i . Wehave that VI A RLAVZ j- Hence
1 + 0 so that Dy 1 i 'asrequired. O
Returning to a symmetric, bilinear form we defineamap :V 'V by v w VW .
Exercise 0.2. Show that is a linear map and ker V.
It follows that if the form is non-degenerate then ker Oandthat isanisomorphism ondimension
grounds.

Proposition 0.2. IfW Vthen W? W .SothatdimW dimW? dimV .

Proof. Exercise. O



