Lie Algebras IV 2009

Assignment 1. Solutions.

1. (a) The simplest way of doing this is probably to draw two general matrices E;jj and Eyx and argue what
happens. But in IATEX it is easier to just use symbols so note that if the p;q th entry of E;jj is denoted
Eij P9 then we have Ej; P9 ip jq- SO we have

X
EijEw P9 ip jr kr Iq jk ip Iq jk Eir P9
r1
The result for the bracket now follows easily. [2]

(b) First the derived algebra. We know that as the E;j; are a basis of gl, C the derived algebra is
spanned by all the brackets E;j;Ex . Moreover the trace of any bracket is zero so the derived algebra is
inside the subalgebra of traceless matrices, that issly, C . Ifi | then Ej;;E) Ej; is in the derived
algebra. This means that all the matrices with zeroes on the diagonal are in the derived algebra. Now
consider a diagonal matrix X with trace zero. As X131  :::Xnn Owehave Xnn X1z :::Xp 1n 1 and
thus

X X1 Ein Ez X11 Xz2 Ezx  Ezs X11 X2 Xan Xn 1in 1 Xnn
Xi11 E12;E2 X11  Xo2 Eo3;Eaz2 X11 Xo2 Xnn Xn 10 Xnn 1

It follows that every traceless matrix is in the derived algebra so that the derived algebra is sl C [3].
Second the centre. First note that if X is a multiple of the identity matrix then X;Y 0 for all
Y 2 gln C . We want to show that the converse is also true. Let X be in the centre then X;E;;j 0 for

alliand j. So
X
Xk jkEit Xk 1iEkj O
Kkl 1

and taking the p;q th element and applying the sums to the Kronecker deltas gives
Xjq pi Xpi jqg O

foralli;j;p;q. Lettingp 1 qgives

Xji Xii ji O
soifi JthenX;; Oandifi jthenX; Xjj. Hence X is a scalar multiple of the identity. There are
other ways to prove this in particular you have XA  AX for all A. So if A is an elementary matrix this
means any column operation applied to X has the same result as the corresponding row operation. This
forces X to be diagonal and then making all diagonal entries constant follows as above [2].

(c) Letb, C be the subset of all upper triangular matricesingl, C . Clearlybn C is gyector subspace.
Assume A and B are upper triangular. So if i > j then Aj; Bjj 0. Consider AB jj k 1 AikByj. This
canonly be non-zeroifi kandk j which forcesi j. Hence AB is upper triangular and so also is BA
thus A;B is upper triangular. We have thus shown that b, C is a Lie subalgebra of gl, C . This is not
an ideal. The best way to show this is to give example that works for every n. One such is En1;Ei11 En1
but En; is not upper triangular. [3]

2. It is enough to show that for all X;y 2 L we have X;y in the span of the set
fvijvi jl i<j ng

P, P,
Let x i 1Xiviandy j 1YiVj. Then

X
b % Xi¥Yj Vi, Vj
ij 1
X
XiYji Xj¥Yi ViiVj
i<j 1

Sofvi;vj j1 i<]j ngisaspanning set for L°. [3]



3. We have :L ¥ Janisomorphism of Lie algebras. Because is a bijection we can define 1:J ¥ L
which is well known to be a vector space isomorphism. We check it is a Lie algebra isomorphism. We have
Ix,; ty X,y so that Ix; 1y 1 x;y . [1]
Firstthecentre. Letx2Z L andy 2Jthen x; vy 0 and applying gives X
thisistrueforally sothat x 2Z J or Z L ZJ . NowswapLandJsothat ' Z
orzJ ZL .Hencez J ZL [3]
Secondly the derived algebra.

Y 0 but
J ZL

L° spanf X,y jX;y 2 Lg
spanf X ; Yy JjX;y 2Lg
spanf u;v ju;v 2Jg (as is onto)
JO
Notice that at the first step here we use the following fact: If f: V ¥ W is a linear map between vector
spaces and X V then ¥ span X span ¥ X . [3]

4, Let X X1;X2 andy Y1;¥2 beinlL L1 Lo then X;y X1;X2 ;3 Y1,¥Y2 2 Lg L%. As
LO1 L% is a subalgebra we must have the that the subalgebra generated by all such X;y isinside L‘i L%.
That is L° L‘i Lg. On the other hand let x31;y1 2 L. Then X;;y; ;0 X1;0 ; y1;0 2 L% Again

this means that the subalgebra generated by all such elements is in L°. But that means that L‘i o L
Similarly O L% L%. As LY is a vector subspace the direct sum of these two spaces must also be contained
inL’soLly LY L'andthusLl] L) L [4]

Now let Xi1;X2 2Z L3 Ly . This happensifandonlyifO X1;X2 5 Y1;¥Y2 X1;V1 5 X2;¥Y2
forall yi1;y2 2L1 Lzxwhichisifandonlyif X;;yi Oforally; 2L;and X2;y2 Oforally; 2L>
whichisisifandonlyifx; 2Z L; andx22Z L, . ThusZ L1 L» Z L, Z Lo . [4]

5. Lleta axx ayyandb bxx byy.Then a;b axX ayy,bxx byy axby aybx xand
we see the bracket is uniquely defined and anti-symmetric [2]. We check it satisfies the Jacobi identity.
Letc cxx cyc. We have

a; b;c b; c;a c, ab a; bxcy bycx X b; cxay cyax X C, axby aybx x
ay bxcy bycx by cxay cyax cy axby aybyx X
aybxcy cyaybx aybycx bycxay bycyax cyaxby
0: 3

Hence L is a Lie algebra.
6. C% is a complex vector space and the cross-product is a bilinear map C® C3 1 C2. It is well known
that x x O for all x 2 C2. From first year we have

Yy zZ yX zZ zXY
Z X zZYy X XYy Z
X z

N K X

XzZYy Yz X

and clearly adding up gives the Jacobi identity. | was happy to take the equivalent result for tensors:
ijk KIm il jm im ji or a calculation with determinants. [5]
Ifx22z C3 cross-product x with the three usual basis vectors, actually two will do, to show that the
three components of x are zero. [2]
Let e1 1;0;0, es 0;1;0 , e3 0;0;1. Thene; e» e3, €, e3 e andes e; e Thus
C3 % contains e1, e and e3 which span C3so C3 0 C3. [2]

Recall that sl 2;C has a basis e; T; h satisfying: e;Ff h, h;e 2e and h;f 2f. Let H
0:0:;2i , E 1:i;0 and F 1;i;0 . It can be checkedthatH E 2E,H F 2FandE F H.
It follows that the map sendingaH bE cFtoah be chisanisomorphism. This is the map:
" #
%Zg % Z1 i22

Z1,22,23 . 1 3
Z3

1
2 41 12 2i



