Geometry of Surfaces 2011

Assignment 3 — Solutions
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You have f x1;x2 :RZ T R? g’ x;x? :R2 1 R%and g f % x!;x%? :R? 1 RS
(c) You just need to calculate the product g° £ x1;x? % x1;x? and verify the result.
2 .
@)
g f x%;x?x3 x2x3; x! 2 x%exp x? x3
(b)
1
0 1.2 .3 2xtexp x2  x!2expx? 0
7 x5 x4, % 3 2
0 X X
L
0 1
0 1.2
g X7 X x2 x1
1
g F 0 xlx2x3 0 x3 x?
o 2xtx?xBexp x2  x' 2 x3 xZ%exp x? exp x? x! 2x2exp x?

You have f9 x1;x%;x3 :R® 1 R?2, g” x;x?2 :R2 ¥ R%?and g f % x%;x%x® :R3 1 R2

(c) You just need to calculate the product g° £ x*;x? % x1;x? and verify the result.

3.
(a) We have 1
1 0
0 1.2
x5 x %2 2 2yly?2
so that det 0 x1;x? 2x1x2. Hence F° x*;x? is invertible unless xX 0or x? 0.

(b) f0 1;1 2 0sof1;1 isinvertible. It follows from the Inverse Function Theorem that there is an open
setU R?containing 1;1 suchthatf U RZisopenand fiy: U ¥ £ U is adi (edmorphism.

(c) Fisnotonetooneasf 1;1 1;1 £ 1; 1. Ffisnotontoasyoucannotsolve 1; 1 X1;%1 X2 2

f x1;x? asitisequivalenttox! 1and x? 2 1.

4,
(@) We have o) 1
1 0 0
0 x1:x2; %3 5 x2 0 x!'K
1 x3 x2

so that det 0 x1;x?2;x3 x3x1 and hence F? x1;:x2;x3 isinvertible unless x! 0orx2 0.



(b) £0 1;1;1 2 1 0sof1;1;1 isinvertible. It follows from the Inverse Function Theorem that there is
anopensetU R2containing 1;1;1 suchthatf U R3isopenand fjy: U ¥ £ U isadiledmorphism.

(c) Fisnotonetooneas ¥ 0; 1; 1 0;0;1 Ff 0;1;1 . F is not onto as cannot solve x*;x1x3;x?*
x2x3 0:1;0 .

5. Let x 2 B then %x;0 2 U which is open so 9 > 0 such that Bgn m X;0 ; U. Lety 2 Bgrn X;
then k x;0 V;0 krn m kx Yykrgn < sothat y;0 2Brnm X;0; U. Hence y;0 2 8 so that
Brn X; @ and hence 8 is open.
6 .
(a) Notice first that ggch L_e‘_ isin the image of L. Thenlety 2 fL x jx 2 R"g. Theny L x for some
x 2 R". But x &1 x'el and hence
x x
y Lx L x'e x'L e'
i1 i1

because L is linear. Thus the L e! spanim L .
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(b)  Assume the kernel of L is zero. If we have ; ;x' €' OthenL ; ;x'e! Osothat ; ;x'e' O.

But the e' are a basis so x!  x2 x" 0. Hence the L e' are a linearly independent. We already
know from (a) that they span im L so they myst be a basis. ) . Assume th L e'_ are a basis so they are
linearly independent. LetL x 0. Then x Doxlel g that0 L x D ox'Lel . ButtheL el are
linearly independent so x! x? :::x" 0 hence x DYisxle! 0.SokerL O

7.

(a) Let t 1t; 2t andnoticethat 2t t 1t.Soif s tthent 't stt.If 1t O

then 1's Oandhences t O.If 1t Othent s.So isonetoone.

(b) °t :R ¥ R?isonetoone unless it is zero when it is not one to one. But
1
4t t3 6t
1 t22' 1 t22

0 ¢

which is zero only if t 0. Hence the only pointist O.

()

8 .
(@ As 3t tclearly isonetoonebecauseif t s then 3t 8s sothatt s.

(b) %t :R ¥ R®isonetoone unless it is zero when it is not one to one. But
0t cost; sint;l

is never zero so there are no points at which ° t is not one to one.
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