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1. Give a True (T) or False (F) answer to each of the following statements. In each case give
a short reason for your answer.

(i) Every group of order 13 is cyclic.
(ii) Any two elements of S5 of the same order are conjugate.
(iii) Cis has two composition series.

(iv) If |G| = 36 and |H| = 7 then any homomorphisin f: G — H has ker(f) =G.

/-

\V) Cg X Cg = 027. — "
(vi) A finite-group-ean-have166-Sylow-5-subgroups.
- —{vii) Zg has zero-divisors—

[24 marks]

2. Let G be a group.

(a) Define the center of G and the conjugacy class [z] of an element z € G.
(b) Show that z € Z(G) if and only if |[z]| = 1.
. (c) Show that if G/Z(G) is a cyclic group then G is abelian.

(d) Let G have order pq, where p and q are distinct primes..
Use part (c) of this question to show that if G is not abelian then Z (G) is trivial.

. To what Sroup iy € lou.uu.u.phi\, if-GHs-abelian-2
[13 marks]
3. (a) Find the tor
(b) Deterani ime power decomposition and

orsion invariants for each group.
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1. State Whether each of the following claims is true or false. In each case give a short TeasoN
to justify your answer. ‘

(a) The alternating group Ag contains no element of order 6.
“(b) The groups (R, +) and (R*,-) are isdmorphic. (Here R* denotes the set of positive
real numbers.)

~(¢)-Fhe-group-C5x-C5contains 8 slonents ot order-8.

_(d). The groups Cy x Cy and Cis are isomorphic -

~~-(e)-f'—’APhe-"r'rng~M2<(~R~}—has~ﬁQ-~zere~divi50rST~*———\

ﬁ&@m@&i@g@%ﬁmﬁm
" (g) T'T1s an integral domain then the ring I{z] of polynomiatsts i he ring

A rd

P{f)of potynonialfunctions over 1-

v-éh}—lﬁ—aﬁ—mﬁegral—demaﬂn—lr%ra&—pnnwwdu@ble/

[24 marks]

2 ( H) Find the torsion mvariats and-the rankof-the abelian group

G = <a’ k,n ! aSh2 — ng})ﬁﬂlz = br‘G =e)

[12 marks]

3. (a) Let G be a finite group and z € G. Define the conjugacy class [a:] and the centralizer
Co(z) of 2. Show directly (i.e., without using the Orbit-Stabilizer Theorem,) that

|[z]] = (G : Ce(a)).

(b) Consider the groups Sy and A, and let z = (123), which is an element of both
groups. ' ’ ~

(i) Find the conjugacy class and the centralizer of z in S,.

(i) Find the centralizer of z in Ay. Hence find the number of elements in the conju-
gacy class of = in A,. : ‘

[13 marks]
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