Groups and Rings Il 2010

Class Exercise 3.

Please hand up solutions in the lecture on Thursday 22nd April .

1. Find the commutator subgroup of the quaternion group H. Verify that it is normal.

2. Let H and K be groups and define a binary operation

H K H KIH K

hi; ki hzike 5, hihzikiks
(a) Show that this binary operation makes H K into a group.
(b) Show thatHy f h;e jh 2 HgisasubgroupofH K.

(c) Show that the map y:H ¥ H K defined by 4 h h;e is a one-to-one homomorphism with
image Hop.

(d) Show thatthe map k:H K ¥ Kdefinedby x h;k k is an onto homomorphism with kernel
Ho.

3. If m and n are integers denote the least common multiple of m and n by Icm m; n and the greatest
common divisor of m and n by gcd m;n . Note that lcm m;n gcd m;n mn.

@ If h;k 2H Kshowthatj h;k j Icm jhj;jkj .
(b) If m;n 1showthatCy, Cpn 6 Cmn.

() If m;n 1showthatCy, Cpx ?” Cmn.

4. LetU; fz2C jjzj 1g<C andRsp TxX 2R jx=>0g. Show that:

(@ C ~ Ui Rso. (Hint: polar decomposition,i.ez rexpi )

) R " Z Rso.



