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Week 9 Summary

8. Rings
8.1. Definitions.
Definition 8.1. A ring is a set R with two binary operations ; such that
(i) R; is an abelian group
(i) a bc ab c for all a;b;c 2 R (Associative law for multiplication)

(iiil ab c ab acand a b c ac bcforalla;b;c 2R (Distributive laws).

Notes:

(1) As usual, we often omit and write ab instead of a b.

(2) R; is not necessarily a group — why?

(3) The additive identity of R; isdenoted 0. Thusa 0 0 a aforalla2R.

(4) The additive inverse of R; is denoted a. Thus a a a a Oforalla2R.

(5) R is called a commutative ring ifab ba forall a;b 2 R.

(6) R is called a ring with identity if thereisan element16 Oin Rsuchthatl:a a:1 aforalla2R.

8.2. Examples of rings.

(1) Z;Q;R;C are rings (commutative rings with identity).

(2) For any integer n 1, Z, is a ring under addition and multiplication mod n .

(3) For any integer n 1, if R is a ring, then the set of N N matrices M, R is a ring under the usual
operations.

(4) The Gaussieﬂintegers ZFL fa bijab2Zg.

(5) ThesetQ "2 fa b 2ja;b2Qg.

(6) The ring of real quaternions

RH fa bi cj dkjayb;c;d2R;i? j? K2 1;ij kijk iki jg

The definitions and examples above were given in the Friday lecture of Week 8.
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8.3. Properties of rings.

(1) 0ca a0 Oforalla2R.
2 a b ab ab forall a;b 2 R.
3 a b ab forall a;b 2 R.

8.4. Homomorphisms.

Definition 8.2. Let R and R? be rings. A function :R I RCis a ring homomorphism if

0] a b a b
(i) ab a b

foralla;b 2 R.
The homomorphism is called an isomorphism ifitis1 1 and onto.

The kernel of is ker fa2Rj a Og.



Note: The homomorphism is1 1 if and only if ker f0g.

8.5. Subrings.
Definition 8.3. A subring S of a ring R is a subset of R that is itself a ring.

Thus Sisasubringof Rif S; < R; andifS isclosed under multiplication.

In particular, if :R ¥ R%isaringhomomorphismthen R andker aresubrings of R’ and R respectively.
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9. Integral Domains and Fields

9.1. Definitions.

Definition 9.1. Let R be a ring with identity 1. A unit of R is an element u that has a multiplicative inverse
ulsSouu?l! ulu 1

If every non-zero element of R is a unit then R is called a field when R is commutative, or a skewfield or division
ring when R is not commutative.

Thus when R isafield, R; and RnTf0g; are both abelian groups.

Definition 9.2. Let R be a ring. A non-zero element a 2 R is a called a zero-divisor if there exists a non-zero
b2Rsuchthatab Oorba 0.

The ring Z (n > 1) has no zero-divisors if and only if n is prime.

Definition 9.3. An integral domain is a commutative ring with identity which has no zero-divisors.

Examples:

(1) Zis an integral domain.

(2) If p is prime, Z, is an integral domain.

(3) If n is composite, Z, is not an integral domain.
(4) Every field is an integral domain.

Theorem 9.4. Every finite integral domain is a field.

Corollary 9.5. If p is a prime, then Z,, is a field.

9.2. The field of quotients of an integral domain. Let D be an integral domain. Then we can construct a field
F containing D as follows:

Let
S fab 2D Djb6 0g:

Define an equivalence relation on S by
a;b c;d ifad bc:
Let F be the set of equivalence classes under this relation:
F f ab jab2D;b6 0g:

Define operations of addition and multiplication on F by
ab c:d ad Dbc;bd



and
a;b c;d ac; bd

Then F is a field under these operations and F contains an integral domain
D f al1 ja22Dg
which is isomorphic to D. We usually say that D  F.

The field F is called the field of quotients of D. This field is the smallest field containing D, and is unique up
to isomorphism.
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10. Polynomials

10.1. Basic operations. Let R be aring. We denote by R x the set of all polynomials in x with coe [ciehts in
R. Here X is an ‘indeterminate’, not a variable or element of R.

Thus 8 9

i Qg aiXx azx2 20 aj 2 R; only a finite number of aj non-zero . :

L]

The degree of the polynomial ¥ x is the largest i such that a; 6 0. It is conventional to say that the zero
polynomial O has degree 1.

10.1.1. Addition and multiplication of polynomials. If

f x ap aix apx?
g X bo bix byx?
then
fx gx ap, bog a; b x ay by x?
and

fxgx dp dix dyx?
P.
where d; J' 0ajbi j. Note that with these definitions,
degf X g X degf X degg X

and
deg T X g X maxfdegf x ;degg X g:
Under these operations, R X is aring.

If R is commutative, so is R x . If R has an identity 1, so has R x .
R X1:X2;::7:Xn R X1:;X2;::7:Xn 1 Xn .

degf x g X degf x degg X :

If F is a field, then F x is an integral domain but not a field.



10.2.1. The division algorithm.

Lemma 10.1 (Division algorithm for Z). Let m and n be integers with m 6 0. Then there are unigue integers
g and r such that

n gm r
and0 r<m.

Lemma 10.2 (Division algorithm for F x ). LetF be afieldand f x ;g X be polynomialsinF x withg x 6
0. Then there are unique polynomials g X and r X inF x such that

f X gxXgx rx
and degr X <degg X .

Note thatg x jf x ifandonlyifr x 0.



