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4.2. Direct products of groups. Let H and K be groups. Then we can make the cartesian product
H K fhkjh2H;k2Kg
into a group, called the (external) direct product of H and K, by defining
h;k  h%K° hh?; kk®
forall h;h 2 H;k;k? 2 K. Then H K has subgroups

Ho fhe jh2Hg ” H;
Ko fek jk2Kg” K:

Proposition 4.2. Let H and K be groups as above. Then:

(1) Ho\ Ko feeg feg.

(2) Forallh 2 H;k 2 K we have h;e e;k h; k e;k h;e . Hence G HgKp.

(3) We write h;e as h and e;k as k, and identify Hp and Ko with H and K. Then every g 2 G can be
written uniquelyasg hkforh2 H;k 2 K.

4 H/Z/Gand K/ G.

(5) jGj JH Kj jHjiK].

(6) G=H * Kand G=K ~ H.
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4.3. The internal direct product.
Definition 4.3. A group G is decomposable if it is isomorphic to a direct product of two proper non-trivial

subgroups. Otherwise G is indecomposable.

If G is decomposable then G has subgroups H and K such that

() H\K feg
(i) G HK
(iii) hk khforallh 2 H:k 2 K.

Then we write G H K and say that G is the (internal) direct product of H and K.
Equivalently, if (iii)’ is the statement:
(i) H/Gand K/ G

then (i), (i) and (iii)’ imply that G H K.



5. Finitely generated abelian groups

5.1. The fundamental theorem.

Definition 5.1. A group G is finitely generated if there is some finite subset X of G such that G hXi.

Thus G hxs;::; Xni, the set of all finite products of the xjs and their inverses.

Definition 5.2. If every element of a group G has finite order then G is called a torsion group. If only the
identity e has finite order then G is called a torsion-free group. If G is an abelian group, then the subgroup of
G consisting of all elements of finite order is called the torsion subgroup of G and denoted Tor G .

Theorem 5.3. (Fundamental Theorem of Finitely Generated Abelian Groups) Every finitely generated abelian
group is isomorphic to a direct product of cyclic groups of the form

Ch; Ch, i Cp Ci1 i Ca;

where each nj p?‘ for some prime p;j and a; 2 N. (The p; need not be distinct.)
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Note:
(1) The torsion subgroup of G is Tor G Ch; Cn, i Cp,. ThusjTj ninziins.
(2) The group F Fl {z C]} is torsion free. (It is called a free abelian group of rank ¥.) The number
f factors

of factors T is the (free) rank or Betti number of G. G is finite if and only if f 0.
(3) SinceC, Cm ” Chm if m and n are coprime, we can also write
T >Cq, i Cq,
whered; jdz j::jdiyand jTj dids::de. The dj, known as the torsion invariants of G, are unique.
(4) Two finitely generated abelian groups are isomorphic if and only if they have the same free rank and
the same torsion invariants.

Corollary 5.4. The indecomposable finite abelian groups are precisely the cyclic groups of order p2, where p
is prime, a 2 N.

Corollary 5.5. If G is a finite abelian group and m divides jGj then G has a subgroup of order m.

5.2. Generators and relations for abelian groups. Suppose that an abelian group is defined by generators
X1;Xo2; 11 Xm and a number of relations of the form

Ni1, N21 Nma

X; X5 i Xm e
n n n

X; X5 i xXm™ e
Ny, Non ... N .

X1 "X XX m e:

We also know that Xj; X;j e for all i;j as G is abelian.



