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Week 11 Summary

Week 11 — Lecture 25 — Tuesday 26th May.

12.2.1. The integral domains Z pa . The Gaussian integers This is the integral domain
Zi fm nijm;n2Zg

2

with m ni m nZ and i 1 as usual. Then is a Euclidean valuation.

The general case If d 2 Z we define
P— P—
Z d fa b dja;b2Zg:
This is an integral domain, a subdomain of C. We normally take d 6 0O;1 and d squarefree.
The normin Z pa is the function N : Z pa ! N given by
p_
Na bd ja? db?:
Theorem 12.3. In Z pa ,
(i) N x Oifandoply ifx O
(i) forallx;y 2Z d ,N xy N XNy

(iii) x isaunitifand only if N x 1 p_
(iv) if N x is prime, then X is irreducibleinZz ~ d .

.. . . . P— . .
Note that N is in some cases, but not in all cases, a Euclidean valuation, so for some d, Z d is a Euclidean
domain.

Week 11 — Lecture 26 — Wednesday 27th May.

12.3. Principal ideal domains.
Definition 12.4. An integral domain D is a principal ideal domain (PID) if every ideal of D is principal.

Theorem 12.5. Every Euclidean domain is a PID.

Examples:
(1) Zis an ED and hence a PID.
(2) If Fisafield, F x isan ED, and hence a PID.
(3) The Gaussian integers Z i is a PID.
(4) The domain Z x is not a PID. (Consider the ideal h2; xi 2Z x XZ X))



Week 11 — Lecture 27 — Friday 29th May.

13. Unique Factorization Domains

13.1. Definitions.
Definition 13.1. An integral domain D is called a unique factorization domain (UFD) if for every a 2 D, not
Zero or a unit,

(i) a cic2:::cn forirreducibles c;
(i) ifa ciCo:iich  didz:::dm with ci;dj all irreducible then n ' m and the d; can be renumbered
such that each c;j is an associate of dj.

13.2. Irreducibility tests for polynomials.

Lemma 13.2. Let F be a field. If f x 2 F x has degree 2 or 3 then ¥ X is reducible over F if and only if
T X hasazeroinF.

Theorem 13.3 (Eisenstein’s criterion). Let ¥ X ag ai1x i1 apx"2zx.
Suppose that there is a prime p such that

() p Gan
(i) pjajfori 0;1;:::;n 1
(iii) p? Gao:

Then apart from a constant factor £ x is irreducible over Z.

13.3. Irreducibles and primes.

Definition 13.4. Let a; b elements of an integral domain D. If a 0 we say that a dividesb (ajb)ifb ac
for somec 2 D.

Definition 13.5. An element p of an integral domain D, not zero or a unit, is called prime if whenever pjab
for a;b 2 D, either pja or pjb.

Lemma 13.6. Every prime in an integral domain is irreducible.

Theorem 13.7. Let D be an integral domain. Then D is a UFD if and only if
(i) for every a 2 D, not zero or a unit, a c1C2:::cp for irreducibles c;
(ii) every irreducible in D is prime.

Theorem 13.8. Every PID is a UFD.



