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1 Co-ordinate independent calculus.

1.1 Introduction

In this section we review some elementary constructions from calculus. We will formulate them in a
way that makes their dependence on co-ordinates manifest. This will make the transition to calculus on
manifolds simpler.

1.2 Smooth functions

Recall that if f: U - R is a function defined on an open subset U of R then we say that F is di Cerkntiable
at x [CUIif the limit

f —
lim (x+h)—f(Xx)
h-0 h
exists. If the limit exists we call it the derivative of ¥ at x and denote it by any of

df (x), dyxf, or Fx).

If ¥ is di Cerkntiable at any x in U we just say that F is di Cerkntiable.
Ifu [RI"isopenand f: U - R we can define partial derivatives by varying only one of the co-ordinates.
If &' is the element of R™ with a 1 in the ith position and O’s elsewhere we define a curve by

vi(t) = X + te;j.
The ith partial derivative of ¥ at x is then defined by
0if (x) = (F = vi)(0).

We say that f is smooth if it has partial derivatives of any order. Because a di Lerkntiable function is
continuous it follows that ¥ has continuous partial derivative of any orders. | am quite deliberately
avoiding the notation

of

oxi

)

for the time being. )

If £: U - R™ then we say that f is smooth if the functions f': U - R are smooth where f(x) =
(FI(x), F2(x),...,F™(x)). Notice that in this case the limit definition of derivative makes sense and we
can define

h-0 h

1.3 Derivatives as linear operators.

Because partial derivatives are co-ordinate dependent they are not a particularly useful way of thinking
about derivatives if we want to move to a co-ordinate independent setting such as di Cerentiable manifolds.
It is more useful to think of the derivative of a function f: U - R at x as a linear map

df(x):R" - R

defined by
d

df (x)(v) = a(t CFlx +tv)) %o :

We think of this as the rate of change of T at x in the direction of v. For smooth functions df (x) is linear.
Note that df (x) is akin to the notion of a directional derivative but we do not require that v is of unit
length. We can recover the partial derivatives from this definition by applying the linear operator df (x)
to the vector e'. The result, df (x)(e"), is just the ith partial derivative of f at x.

Similarly if £: U - R™ then we define a linear map

df(x): R" - R™
by
d
df (x)(v) = ——(t CEQX +1tv)) % :
dt t=0
As a linear map we can expand df (x) in a basis and we recover the Jacobian matrix

df(x)(e")= o;flel.
j=1



1.4 The chain rule.

Fundamental to many of the constructions we want to consider in the following sections is the chain rule:

Theorem 1.1 (Chain Rule.). LetU CRI' beopen,f: U - R™ V [CRIMopenandg:V - RXwith f(U) V1
Let x Ul If £ and g are smooth so alsoisg - f: U - RK and

d(g = F)(x) = dg(f(x)) = df (x).

The composition on the right hand side is the composition of linear operators. In particular if we
expand both sides in terms of the standard basis of R™ then we have

. ™ 1
%i(@' - )Y = aig' - ;'
1=1

An important part of the chain rule is the fact that the composition of smooth functions is also smooth.
A partial converse of this result will be important in the sequel.

Lemma 1.2. Let U be an open subset of R™ and V an open subset of R™. A function ¢: U - V is smooth if
and only if for every smooth function f:V - R the composite f = ¢@: U - R is smooth.

Proof. If ¢ is smooth then the result follows via the chain rule. If the result is true then take f to be the
restriction to V of each of the co-ordinate functions x'. Then x' is smooth so x' = @ = @' is smooth. But
if each component of ¢' is smooth so also is @. O

1.5 Diledmorphisms and the inverse function theorem.

A function ¥: U - V where U and V are open subsets of R" is called a (smooth) di Cedmorphism if it is
smooth, invertible and has smooth inverse. If T is a di Cedmorphism f o £~1 = 1zn so it follows from the
chain rule that at any point x Ul

1gn = d(1rn)(X) = df “1(F (X)) = dF (X)

so that (df (x))~! = df "1(F(x)). Thatis, the inverse of the linear map df (x) is the linear map df 1 (f (x)).
Notice that this means that a di Ledmorphism necessarily goes from an open subset of R" to an open sub-
set of R™ where n = m so we have lost nothing by putting that in the definition.

It is also useful to have the notion of a local di Ledmorphism. We say that f: U - R" is a local
di Cedmorphism at x [l if there is an open subset V of R" containing x such that £(V) is open and
f:V - (V) is adiledmorphism.

With this notion we have the important inverse function theorem:

Theorem 1.3 (Inverse Function Theorem). Let U be an open subset of R™ and f: U - R" be a smooth func-
tion such that df (x) is invertible. Then ¥ is a local di [edmorphism at x and d(f~1)(f(x)) = (df(x))™*.

The Lemma proved in the previous section also gives us a characterisation of di Ledmorphisms:

Lemma 1.4. Let U and V be open subsets of R". A bijection ¢: U - V is a di Cedmorphism if and only if
for every function f:V - R we have that T is di Cerkntiable if and only if f - ¢@: U - R is di Lerkntiable.

Proof. We just apply Lemma 1.2 to ¢ and ¢ 2. O

2 DiLCerkentiable manifolds

2.1 Co-ordinate charts

Manifolds are sets on which we can define co-ordinates in such a way that we can do calculus. In general
we don’t expect to be able to define co-ordinates on all of a manifold any more than we can cover the
whole of the surface of the earth with a single map. First we define:

Definition 2.1 (Co-ordinate charts). A co-ordinate chart on a set M is a pair (U, {) where U [CM and
Y: U - R"is a function which is a bijection onto its image Y (U) which is open in R".

If (U, ) is a co-ordinate chart we call U the domain of the co-ordinate chart and ) the co-ordinates.
Notice that we do not say that U is open in M because M is not a topological space yet; it is just a set.



Example 2.1. Let 1gn: R™ - R" be the identity map. That is 1rn(X) = (X%,...,x™). Then (R",1grn) is a
co-ordinate chart on R". We usually call these the standard, usual or natural co-ordinates.

Example 2.2. Let U be any open subset of R™ and
U - R"

the inclusion map defined by 1(x) = x. Then clearly ((U) = U which is open and t is a bijection onto
1(U) = U so that (U, 1) is a co-ordinate chart on R".

Example 2.3. Let V be a finite dimensional vector space. Choose a basis v?,...,v" for V and define
Y:V - R by
1 -
u= Y'(uv.

i=1
Then W is a bijection, in fact a linear isomorphism. Indeed every linear isomorphism arises in this way as

if @: V - R"is a linear isomorphism we can take w! = ¢p~1(e?) where e' is the vector with a 1 in the ith
place and zeros everywhere else. We leave it as an exercise to show that for every u V]

u= @' (Ww'.
i=1
Example 2.4. Let
U=R>—{(x,y) |y <0}

(r,0):U - (O,oo?x(—r[,r[) [RB?

as follows. We definer: U - (0,0) by r(x,y) = x2+y2and0:U - (-, 1) by the requirement that
X =r(X,y)cos(0(x,y)) and y = r(x,y)sin(6(x,y)) and 6(x,0) = 0. Clearly (r,0) is a bijection on
the given domain and range.

and define polar co-ordinates

Example 2.5. Let S2 be the set of all points in R® of length one. Let
Uo =S2—{(0,0,1)} LRF.

We can define co-ordinates on U by stereographic projection from the point (0, 0, 1) onto the X-Y plane.
That is if p = (X,y,z) [0} it has co-ordinates Y(p) = (lIJ(l)(p), l.IJ(z)(p)) defined uniquely by the require-
ment that the line through (0,0,1) and p intersects the X-Y plane at (lué(p),qJS(p),O). So we must
have

(x—0,y—-0,z—1)=(x'-0,x>—-0,0—1)

and hence

Wo(x,y,2z) = and  Wi(x,y,2z) =

1-2z 1—-2z

In general a manifold will have lots of co-ordinates. We no more expect a manifold to come with a
given set of co-ordinates than we expect an abstract vector space to come with a given basis. However
not all co-ordinate charts will do. We want them to be able to fit together in some compatible way. The
motivation for our definition comes from the desire to define di Lerkntiable (in fact smooth) functions on
a manifold. Indeed we can regard co-ordinates as a device to decide which, of the many functions on M,
are going to be smooth. Let (U, ) be a co-ordinate chart and let f: U - R be a function. Then as U is
just a set it makes no sense to ask that ¥ be smooth. However we can ask that ¥ be smooth with respect
to the co-ordinates. That is we consider

foyutl:p) - R

Now F = @1 is a function defined on an open subset of R", namely y(U) and we know what it means for
such a function to be smooth. Consider now what happens when we change co-ordinates to some other
co-ordinate chart say (V,X) for convenience assuming that V = U. Then it is possible that ¥ - ¢~ is
smooth but f - X1 is not. To compare them we write

fopt=Foxto(xouw™)

where

Xew ) - x(V)
is a bijection between open subsets of R". Then a su [cieht condition for ¥ - p~* to be smooth if ¥ - x~ 1
is is that X = ™1 is smooth. As we want this to work both ways we also require that = X~ be smooth.



In other words we require that X = Y~ is a di Cedmorphism. If we want this to be true for any ¥ then we
have already seen in Lemma 1.2 that this becomes a necessary condition.

In practice we may not be able to find charts (U, @) and (V, X) with U =V so in the definition we need
to allow for this.

Definition 2.2 (Compatibility of charts). A pair of charts (U, ) and (V,x) are called compatible if the
sets Y(U nV) and x(U n V) are open and the map

X ° Wigwavy: WU V) - XU V)
is a di Ledmorphism.

Note that we need to restrict the map P~ to the set (U n V) so that it can be composed with x. In
general just writing X = Y~ will not make sense.

Example 2.6. If U [CRF is the set in example 2.4 on which polar co-ordinates are defined then it has two
co-ordinate charts defined on it (U, (r,0)), and (U, 1). The polar co-ordinates and the inclusion. Notice
that U n U = U so that (U n U) and (r,0)(U n U) are open by assumption.

If we calculate the composition

to(r,0)1: (0,00) x (-1, 11) - U

we obtain
e (r,0)7'(s, @) = (ssin(®), s cos())
which is a di Cedmorphism. Hence (U, (r, 0)) and (U, 1) are compatible.

Example 2.7. Let V be a vector space and v1,...,v™ and w?, ..., w" bases defining co-ordinates Y and ¢
by
v=  P'(Wv'=  o'(v)w'
i=1 i=1

Notice that both ¢ and @ are onto so that y(V n V) = R" is certainly open in R" and likewise for ¢. If
we define a matrix X; by

for all i then
wXw = @l (vw!
ij=1 j=1
so that
PV = X,
i=1
Another way of calculating this result is to observe that
@:V - R"
and
P:VvV - R"
are linear isomorphisms so that
@oyPp :R" LR
is the linear isomorphism with matrix XJ' Being linear ¢ - Y~ is certainly smooth so that (V, @) and
(V, ) are compatible.

Example 2.8. If we consider again the example of S? we had defined a co-ordinate chart (Ug, Yo) taking

Uo = S%2—{(0,0,1)}

and 1 1
_ y
LIJO(va,Z)_ l_zil_z
If we stereographically project from the point (0, 0, —1) then we get co-ordinates
L % 1
qu(X! Y, Z) =

1+z 1+z



defined on
U; =% —{(0,0,-1)}

We want to check that these are compatible. Note first that both Yo(Up n U1) and W1 (Up n Uq) are equal
to R2 — {(0, 0, 0)} which is open in R2. Then an easy calculation shows that
1 1

x1 x?

Yo ° ll—’Il|RZ—{(0,0,0)}(X1y x?) =

which is a smooth map on R? — {(0, 0,0)}. Similarly for Y, qJ51|R2_{(O’Q,O)}.
To make M into a manifold we need to be able to cover it with compatible co-ordinate charts.

Definition 2.3 (Atlas). An atlas for a set M is a collection {(Uq, Wo) | a I3} of co-ordinate charts such
that:

(i) for any aand B in I, (Uq, Yo) and (Ug, Yg) are compatible and,;

(i) M = LadYa.

Then we have

Definition 2.4 (Manifold). A manifold is a set M with an atlas A. We call the choice of an atlas A for a set
M a choice of di Lerkntiable structure for M.

Example 2.9. If there is a co-ordinate chart with domain all of M then this, by itself defines an atlas and
makes M a manifold. For example (R", id) makes R"™ a manifold and if U is open in R™ then (U, 1) makes
U a manifold.

Example 2.10. If V is a vector space then any linear isomorphism from V to R™ makes V a manifold. The
vector space V has other atlases such as the atlas of all linear isomorphisms

{(V,®) | ®:V - R" alinear isomorphism}.

Example 2.11. The charts (Ug, o) and (U1, 1) are compatible and have domains that cover S? so they
make it into a manifold. It is not di Cculk to show that we cannot make S2 into a manifold with only one
chart (S2,x%) if we require that X is continuous. Indeed if X is continuous then because S? is compact
we must have x(S?) [CR" compact and hence closed but x(S?) is open so this is not possible unless
X(5%) = R™ but then it is not compact.

Example 2.12. Consider the set RP, of all lines through the origin in R™*1. We shall show that this is a
manifold. This manifold is called real projective space of dimension n. If x = (x°,...,x") is a non-zero
vector in R™*! we denote by [x] = [x%,...,x"] the line through x. The numbers x = (x°,...,x") are
often called the homogeneous co-ordinates of the line [X]. Itis important to note that they are not uniquely
determined by knowing the line. Indeed we have that [x] = [y] if and only if there is a non-zero real
number A such that x = Ay. Define subsets U; [CRP, by

Ui ={[x] | x' =0}

for each i = 0,...,n and notice that these subsets cover all of RP,,. Define maps
Pi: Ui - R"
0 i-1 i+1 n
0 n X X X
[X yee, X ] %,,7,7,,;)

Notice that we need to check that these maps are well defined but that follows from the fact that [x] = [y]
only if x is a scalar multiple of y. It also straightforward to check that the ; are bijections onto R"
and hence define co-ordinates. Lastly it is straightforward to check that these co-ordinate charts are all
compatible and hence make RPp, into a manifold.

We need to now deal with a technical problem raised by the definition of atlas. We often want to work
with co-ordinate charts that are not in the atlas A used to define the di Cerkntiable structure. For example
if M = R? we might take A = {1rn}. Then in a particular problem we might want to work with polar
co-ordinates. But are they somehow compatible with the di Cerentiable structure already imposed by A ?
The definition of what compatibility is in this sense is easy. We could say that another co-ordinate chart
is compatible with the given atlas if when we add it to the atlas we still have an atlas. In other words it is
compatible with all the charts already in the atlas. We will take a di [erknt, but equivalent, approach via
the notion of a maximal atlas containing A to explain these notions. We define;



Definition 2.5 (Maximal atlas.). An atlas A for a set M is a maximal atlas for an atlas A if A A and for
any other atlas B with A [Blwe have B AL

We then have

Proposition 2.6. For any atlas A on a set M there is a unique maximal atlas A containing A. The maximal
atlas consists of every chart compatible with all the charts in A.

Proof. Define the set A to the set of all charts which are compatible with every chart in A. Then clearly
if B is another atlas for M with A [Blthen we must have B [_A. What is not immediate is that A is an
atlas. The problem is that we do not know that the charts we have added to A to form A are compatible
with each other. So let (U, ) and (V, X) be charts in A. We need to show that (U, @) is compatible with
(V,X). Recall from the definition that this is true if the sets (U n V) and x(U n V are open and

X ° Wigwayy: WU NV) - XUV

is a di Ledmorphism. To prove this it su [ced to show that for every x in U n V we can find a W with
X [ [COIn V such that (W) and x(W) are open and such that

X ° Wigwy: WW) - X(W)

is a di Ledmorphism.

To find W choose a co-ordinate chart (Z, ) in A with x [Z1 This is possible as the domains of the
charts in an atlas cover M. ThenletW =U nV nZ. Now (U, ) is compatible with (Z, @) so that (U nZ)
is open. Similarly @(V n Z) is open so that

PW)=@UnZ)neVn2Z)

is open. Using compatibility again we that
W e @punzy: ®UNZ) - WU n2Z)
is a di Ledmorphism and hence a homeomorphism so that
WW) =@ (P(W))
is open as required. A similar argument shows that x(W) is open. Then the chain rule shows that
X ° Wigwy = X ° Prom)) ° (@ ° Wigwy)
is a di Ledmorphism. O
Finally we have

Definition 2.7. If M is a manifold with atlas A we define a co-ordinate chart on the manifold (M, A) to
be a co-ordinate chart on the set M which is in the maximal atlas A.

It should be noted that having defined an atlas we tend not to refer to it very much. We usually say
(U, W) is a co-ordinate chart on a manifold M rather than (U, ) is a member of the atlas A for a manifold
(M, A). The situation is similar to that for a topological space X with topology T . We rarely refer to the
topology T by name. We say U is an open subset of X rather than U is in the topology defining the open
sets of X.

2.2 Linear manifolds.

There are many similarities between manifolds and vector spaces. Choosing co-ordinates is much like
choosing a basis. It is useful to develop this idea further.

Definition 2.8. Define linear co-ordinates Y on a set V to be a bijection ¢: V - R".

Definition 2.9. Define two sets of linear co-ordinates  and X to be linearly equivalent if o x ™1 is a linear
isomorphism.

It is straightforward to prove that linear equivalence is an equivalence relation. We define
Definition 2.10. A linear atlas on a set V is an equivalence class of linear co-ordinates.

Definition 2.11. We define a linear manifold to be a set V with a choice of linear atlas.



We can define an addition and scalar multiplication on V by choosing some linear co-ordinates  from
the linear atlas and defining
av +bw = g~ (ap(v) + by(w))

where a and b are real numbers and v and w are elements of V. We have to check that this is well-defined
that is it is independent of the choice of Y from the equivalence class. If X is another choice then we have

av +bw =g (ay(v) + by (w))
=g @WX ™ e X(V)) + bw(X ™ = X(W)))
=P @ o X HXW)) + bW - X H(X(W)))
=P~ WP - x H(@x (V) + bx(w))
=X""(ax(v) + bx(w))

where in moving from the third to the fourth lines we use the fact that Y - x 1 is linear. We have proved.

Proposition 2.12. A linear manifold has a natural vector space structure which makes all of the linear
co-ordinates linear isomorphisms.

Because of Proposition 2.12 the theory of linear manifolds is really the theory of vector spaces. However
it is an amusing exercise to translate everything in the theory of vector spaces into the linear manifold
setting. For example a function f:V - R is linear if ¥ < Y™ is linear some choice of linear co-ordinates
. Itis then easy to prove that F e x~1: V - R for any choice of linear co-ordinates X. Indeed we just note
that

foxt=Fey™He@ex.

2.3 Topology of a manifold

Often a manifold is defined as a topological space and the domains of the charts are required to be open
sets and the co-ordinates homeomorphisms. This is really superfluous as the topology is forced once we
have chosen the atlas. Given a manifold M we define a subset W to be open if for every x [ there
is a chart with domain U such that x [W. We need to show that such a definition of open sets
defines a topology on M. The only problem is showing that the intersection of two open sets is open. This
follows from the following Lemma whose proof we leave as an exercise.

Lemma 2.13. Let (U, ) be a co-ordinate chart on a manifold M and let W [Ulbe such that (W) [U)
is open. Then (W, yw) is a co-ordinate chart.

We also leave as an exercise showing that with this topology if (U, ) is a co-ordinate chart then
Y: U - Yy() is a homeomorphism.

Readers familiar with the notion of a basis for a topology will realise that we are claiming here that the
set of all domains of coordinate charts in a maximal atlas is a basis for a topology on M. It is this topology
we have described above.

We will in general require a manifold to be Hausdor [Caihd paracompact in the topology.

Now that we have defined the topology of a manifold we can discuss its dimension. Each co-ordinate
function has as range some R9. From the definition of compatibility it is clear that d is constant on the
connected components of M. We shall go further and assume that our manifolds are such that this number
d is constant on all of M. We call this number the dimension of the manifold.

3 Smooth functions on a manifold.

We motivated the definition of the compatibility of charts by the problem of defining smooth functions
on a manifold. Let us return to that problem now.

Definition 3.1. A function f: M - R on a manifold M is smooth if we can cover the manifold with co-
ordinate charts (U, ) such that £ - ¢~1: p(U) - R is smooth.

Notice that we do not know that £ - p~1: p(U) - R is smooth for any chart (U, ) but only that we
can cover M with charts for which this is so. To get this stronger result we need the following Lemma.

Lemma 3.2. If f: M - R is a smooth function and (V, X) is a co-ordinate chart then ¥ - x™* - R is smooth.



Proof. It su [cedto show that for every x [VlthereisaW [Vlcontaining X such that °X|_x1(W) is smooth.

Pick any such x. Then by definition there is a chart (U, ) with x Cdland ¥ - ¢~1: P(U) -~ R smooth.
LetW =U n V. Then

T o Xixowy = (F e w™HPW)) = (@ = X HX(W))
which is smooth by the chain rule and compatibility of charts. O

We will also be interested in smooth functions of a single real variable into a manifold or paths. We
have

Definition 3.3. If X is a point of a manifold and y: (—[)J1- M we say that y is a (smooth) path through
X if y(0) = x and there is a chart (U, ) with y((— 1)) [CUland such that Y = y is smooth.

Example 3.1. If x is a point in R™ and v is a vector in R™ then the function
t [ Xk tv

is a path through x.
Example 3.2. If x 5% and v CRF with X, v = 0 then

X + tv

I+ tv [
is a path in S? through x.

We have a similar type of lemma as before.

Lemma 3.4. If y: (—CIDJ- M is a path in M and (V, X) is a chart with y((— D)) [CVlthen x =y is a path
in M.
Proof. Chain rule and compatibility. O

4 The tangent space.

Most of the theory of calculus on manifolds needs the idea of tangent vectors and tangent spaces. The
name ‘tangent vector’ comes of course from examples like S2 [CRF where a tangent vector at x [S% is a
vector in R3 tangent to the sphere which in that particular case means orthogonal to x. However in the
case of a general manifold M it does not come to us sitting inside some RN and we have to work a little
harder to develop a notion of tangent vector.

Although we do not have a notion of tangent vector yet we do have the notion of a smooth path in a
manifold. Let us we what this does for us in R". In that case if f: R" - R and a path y: R - R" with
vy (0) = x then we can consider

(f o y)X0)
the rate of change of f along y as we go through 0. By the chain rule we can write this as
(f = y)(0) = dF () (y(0))

where y(0) is the tangent vector to y at t = 0. Notice that this equation tells us the (f - y)0) depends
on y only through y0), that is if we replace y by another path p with p(0) = x and p¢0) = y~0) then

(F = y)0) = (F = p)(0).

On a manifold we do not have the vector space structure of R" so we cannot, immediately, di Cerkntiate
a path. However we can compose a smooth path y and a smooth function f to obtain a function

fey: (—CID- R.
Moreover if we choose co-ordinates (U, W) with y((—L1D)J) [CUlthen we have that
foy=(F-y™HW-y)
so thatf =y, being the composition of two smooth functions, is smooth and it makes sense to consider
(F = y)'(0).
If we insert the co-ordinates again and apply the chain rule this is
(f = y)(0) = d(f = W™ (W))W = ¥)'(0).

We would like (f - y)X0) to be the rate of change of ¥ in the direction y50) but because we are on
a manifold we do not know what y0) is. To avoid this problem we just define y(0) to be the set of all
paths which should have the same tangent vector y¢0). We do this as follows.



Definition 4.1 (Tangency). Lety: (—CI)J1- M and p: (—9,d8) - M be paths though a point x. We say that
y and p are tangent at t = O if there is a co-ordinate chart (U, y) with y((— 1)) [CUland p((—95,d)) Ul
and

(W =v)0) = (W = p)(0).
Again we have the usual lemma.

Lemma 4.2. Lety: (—L1D)J- M and p: (—9,8) - M be paths though a point x which are tangent at t = 0.
Then if (V,X) is a chart with y((—CID)) [CVland p((—9,d)) [Vlthen

X °y0) = x = p'(0).
Proof. Chain rule and compatibility. O

It is easy to see that tangency is an equivalence relation on the set of all paths through the point x.
The equivalence classes are called tangent vectors (although we have not yet shown that they are vectors).
The equivalence class containing a path y is denoted by y0) or to(y). If X is a tangent vector and y X1
then we usually say that X is tangent to y rather than that y is an element of X. The set of all tangent
vectors at x we denote by TxM. We want to show now that TxM has the structure of a vector space.

Let y be a path and (U, ) a choice of co-ordinates with U containing the image of y. Then

Yey: (-LDI- R"
is a smooth path in R". This has a tangent vector at zero which is the vector
(W - y)0)
in R™ at Y(x). Notice that from the lemma this depends only on y¢0). We define a map
dy(x): TxM - R"

by

dw () (y€0)) = (W = y)0).
By definition of tangency this map is injective we want to prove
Proposition 4.3. The map dy(x) is a bijection.

Proof. As we have already noted it su [ced to show that this map is onto. Let (U, ) be a chart about x.
If v is a vector in R™ then t [i{x) + tv is a path in R™ with tangent vector v. Because Y (U) is open we
can find an = O such that if |t] < [Cthen Y(x) +tv [JU). Then we can definey: (—L1)J- M by

y(®) =g (x+tv).
Then we have P = y(t) = P(x) + tv so that (Y - y)0) = v. O

Lemma 4.4. If X and W are co-ordinates on M and vy is a path through x then

(X = ¥)(0) = d(X = W™ H W) (W = y)(0).

or
dX(x) = d(X = W)W E)) = dp(x)

Proof. The lemma follows immediately from the chain rule applied to the composition of maps
Xey=XeWw e (Wey).

Notice that all the maps here are defined on open subsets of R" so that we can apply the standard chain
rule. O

From the discussion in the previous section the maps dx(x) define linear co-ordinates on TxM and
hence by Proposition 2.12 TxM has a unique vector space structure which makes all the maps dy(x)
linear isomorphisms.

Example 4.1. As always the first example is M = R". In that case we have a preferred set of co-ordinates.
These are just the identity. So two paths y and p are tangent if and only if y50) = p€¢0). In other words
two paths are tangent if they have the same tangent vector at x. Notice also that if v is any vector there
is a preferred path whose tangent vector is v. That is the straight line t X} tv. So in the case of R"
there is no reason to introduce all the extra machinery of equivalence classes of paths.
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Example 4.2. The second example is M =V a finite dimensional vector space. Notice that if y is a path
through v in V then we can make sense of of the derivative of y at O directly by

o) = lim y(® :v(O)_

Of course y(0) defined in this way is a vector in V whereas above we have defined y {(0) as an equivalence
class of paths. This correspondence defines an isomorphism

Tv(V) -V

to(y) CY'X0)

Notice that the inverse to this map sends a vector w to the tangency class of the straight line w [ # tw
and that each tangency class to(y) contains a unique straight line t [q0) + ty{¢0). Again in this case
the extra machinery of equivalence classes of paths adds nothing to what we already know.

In the introduction to this section we remarked on the case of the two-sphere which is a submanifold
of R2. We will return to submanifolds shortly but first we need to consider the notion of the derivative of
a function.

4.1 The derivative of a function.

Recall that a function f: M - R is smooth if we can cover M with co-ordinates (U, y) such that f: ¢~1: p(M) -
R is smooth . If y is a smooth path through x [CMl then if follows from the chain rule that

foy=(F-p™Heo(Wey)
is smooth. Hence we can di Cerkntiate the function f -y at t = 0. By the chain rule we have that
(F > y)0) = d(F = 4™H(WOEN) (W' = v)0)).

It follows that (F = y)¢0) = (F - p)€0) if p and y are in the same tangency class. Hence if X = tg(X) is a
tangent vector in TxM we can define

df (x)(X) = (f = v)(0).

We call this the rate of change of T in the direction X. Notice that we can calculate df (x)(X) without
explicit reference to the path y by the formula

df ) (X) = d(f = Y™ H W) AP ) (X).
As we vary the tangent vector X we define a map
df(xX): TxM - R
called the di Cerkntial of ¥ at x. This map satisfies the formula
df (x) = d(f = Y™ (WE)) = dw(x)

and hence, being a composition of linear maps, is linear.
We call the set of linear maps from TxM to R the cotangent space to M at x and denote it by T,"M. So

we have
df (x) CTHM.

Elements of T,)M are also called one-forms.
If f: M - V is a smooth function into a vector space we can also define df (x) by

df (x) = f - y0)

which is a vector in V. The one-form df is then an example of a vector space valued one-form.
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4.2 Co-ordinate tangent vectors and one-forms.

Let (U, P) be a set of co-ordinates on M where ¢ = (%, ..., P"). Then each of the component functions
W' is a real function so we can define n one-forms dy'(x) CT}M called the co-ordinate one-forms.
We have seen that
dy™t: T4xM - R"

is a linear isomorphism. We denote by

0 _ 1 i

P (x) = dy (W) (eh)
the image under this map of the standard basis vector e' in R". We call the set of these the basis of
co-ordinate tangent vectors. Consider what happens when we apply dy'(x) to /0y (x). We have

T
dy' (x) aTJJ-(X) = dy' Ay (x)(eh) = d(W' = wH W) (E).

Notice that if y = (yl,_. ., yMisa point in RMthen iy I(y)=ylisa linear map so equal to its own
derivative. Hence d(@' » y~1)(W(x))(ed) is the ith component of the vector e} or just &;j. It follows from
linear algebra that d?(x),...,dp"(x) is a basis of TxM and, in fact, the dual basis to the basis 0/0y)'.

4.3 How to calculate.

It is useful for calculations to know how to expand various quantities in these co-ordinate bases. First let
T be a smooth function on M then we must have

1 .
df(x) = ajdy'(x)
i=1

for some real numbers al. This is just linear algebra as is the fact that if we apply both sides of this
equation to /0! (x) and use the dual basis relation we deduce that

%; 1
al = df (x) P (x)
we define — 1
5y (O =AFCO 500

and hence have the formula:

—r .
dFG) = = (AW (x).
i=1 OW

If y is a path through x then its tangent at 0, y0) can be expanded as

_
Vi) = B0,

Applying dyd (x) to both sides and using the chain rule we deduce that
1 F)

y't0) = W' V@500,

4.4 Submanifolds

Historically the theory of di [erkntial geometry arose from the study of surfaces in R3. We want to consider
the more general case of submanifolds in R™. Recall that we have

Definition 4.5. A set Z LRI is a submanifold of dimension d if there is a smooth map f: R" - R" for
some d such that Z = ¥71(0) and df (2) is onto for all z Z1

12



We will show that any submanifold of R" is a manifold by constructing co-ordinate charts. The idea is
simple. At any point z [Zlwe define the subspace tangent to Z. This is the kernel K, of the map df (z).
Then we consider orthogonal projection of K, onto Z. The inverse of this map defines co-ordinates on an
open neighbourhood of z. In fact these are a very special kind of co-ordinate. To prove this we first prove

Proposition 4.6. Let Z be a submanifold of R" of dimension d. Then at any z [Zlwe can find a co-ordinate
chart (U, ) on R" such that if ¢ = (W?,...,p") then

UnZz={x U p*(x)=---=yp"(x) =0}

Proof. Let K, be the kernel of df(z) and let t: R"™ - K; be the orthogonal projection onto K,. Choose a

basis v1,...,v and write 11, with respect to this basis as
1 .
nx)= m'(v)v'.

i=1
Define amap x: R"™ - R" by
W(x) = (%), ..., mI(x), F1(x),..., F74(x)).
Because 71 is a linear map it is its own derivative so we have
dy(2) = (1 (2),...,1%2),dfi(2),...,dF"9(2)).

Consider v in the kernel of dy(z). Then dmt(z)(v) = 0 and df (z)(v) = 0. Hence v is both orthogonal
to Kz and in K; so it must be zero. So dy(z) is injective and hence a dimension count surjective so a
bijection. Now we can apply the inverse function theorem so there is an open set U in R" such that y(U)
is open and

WU - W)
is a di Ledmorphism. But this just means that (U, Yu) is a co-ordinate chart on R". Notice that Pa*ti(x) =
o=y (x) =0ifandonly if f(x) =0 ifand only if X isinU n Z. O

Let (U, W) be a set of co-ordinates on R" such that
Unz={x U |pd*(x)="---=yP"(x) =0}

Then consider (U n Z, P) where p = (Lpllmz, . L|J|”U_r?z). This is a co-ordinate chart. The only thing to
check is that that because (U) is open then

YU NZ)={x CRF | (x},...,x90,...,0) CqKU)}

is open. This is an elementary fact about the topology of R™. Consider two such co-ordinate charts (U, g)
and (V, x). We will prove that (U n Z, ) and (V n Z,X) are compatible. This follows essentially from the
fact that (U, Y) and (V, x) are compatible. First we note that

XU nVnz)={x CRY| (x%,...,x90,...,0) (U nV)}
and, again, this is open. For the smoothness of the co-ordinate change map we note that
Lﬁi ° )_(B(l(Unvnz)(x) = LlJi ° XB(l(UnV)(Xa 0)

where (x,0) = (xl, ...,x9.0,..., 0). Hence the result follows.
We have now proved

Theorem 4.7. If Z is a submanifold the set of charts above is an atlas.

This results gives us a lot of examples of submanifolds:

Example 4.3 (Spheres). Consider the sphere S? [RI'*! defined as the set of points x whose length XICi3$
equal to one. Here

| U |
xXrZE  (xY)2

i=1
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We can prove it is a submanifold of R™ and hence a manifold by considering the map f: R"*! _ 1 defined
by
f(x) = X2+ 1.
Clearly this is smooth and has zero set Z equal to the sphere S". To check that the derivative is smooth
note that
df(xX)(v) =2X,v ]

and is a linear map onto a one-dimensional space so to show it is onto we just need to show that it is not
equal to the zero linear maps.

Example 4.4 (The orthogonal group). The orthogonal group is the group of all linear transformations of
R" that preserve the usual inner product on R"™. We shall think of it as a group of n by n matrices:

O(n) = {X | XXt =1}.

We can identify the set of all n by n matrices with R". There are various ways of doing this. So as
to be concrete let us assume we have done it by writing down the rows one after the other. With this
identification in mind define a smooth map f: R L RN by £(X) = X2 — 1. It is clear we have £~1(0) =
O(n). Define the linear subspace S R to be the set of all symmetric matrices. This can be identified
with RY where d = n(n + 1)/2. It is easy to check that f takes its values in S so we will think of f as a
smooth map f: R™ _ RY.

We want to calculate df (X) the derivative of ¥ at a matrix X. By di [erkntiating the path t [CXH tY
we obtain

df (X)(Y) = YX'+ XYt

If B is any symmetric matrix then it is easy to check that df (X)((1/2)BX) = B if we use that fact that

XXt =1 and B = Bt. We have therefore shown that df (X) is onto for any X [CQl(n) so that O(Nn) is a
submanifold of dimension n —d = n(n = 1)/2.

4.5 Tangent space to a submanifold of R"

If Z is a submanifold of R™ then there is a natural notion of the plane tangent to Z at any point x
independent of abstract notions such as equivalence classes of paths and co-ordinates. It is just the
subspace of R™ tangential to Z at x. More precisely if Z = £71(0) it is the kernel of df(x) which we
denoted by K. To relate this to the abstract notion of tangent vector consider a smooth path

y: (=CD1- Z.

Because Z [CR" this is naturally a path in R". We check first that this is smooth. To do this choose
co-ordinates (U, y) for R™ about x satisfying

UnZ={x 1 |p¥*(x)="-- - =" (x) =0}

and denote by ) the corresponding co-ordinates on U n Z. Smoothness of y means that the functions
(p'oy = ' oy are smooth foreach i = 1,...,d. Because y has image inside Z we also have that p' =y =0
foreachi =d+1,...,nand hence these are also smooth. So y is a smooth path in R". Consider the vector
y0) in R". We have that f - y(t) = 0 for all t so by the chain rule df (x)(-%0)) = 0 so that y0) K.

We can now define a map TxZ - Kx. If X [T}Z then we choose a path y whose tangent vector at O is
X and map X to y*0) [CKL. We have to check first that this is well-defined. Let p be another such path
and consider the co-ordinates . By definition we have

(§' = y)(0) = (' = p)'(0)
foreveryi=1,...,d. Hence we also have

W' > y)0) = (W' - p)'(0)
foreveryi=1,...,d. But ] )

W'-y){0)=('-p)(0)=0

fori=d+1,...,n sowe have ) )

W' > y)0) = (W' - p)(0)
fori=1,...,n. Hence X maps to the same element of Ky whether we use y or p. To show that this map is
injective we use a similar argument. It is easy to see that this map is linear. Hence, counting, dimensions
we see that this is a linear isomorphism.

We conclude that if Z [CRI" is a submanifold and we consider the tangents to all the paths through
x [Z] thought of as maps into R" then they span the space K.
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4.6 Smooth functions between manifolds
The definition of a smooth function on a manifold and a smooth path can all be subsumed in the following
definition.

Definition 4.8. Let f: M - N be a map between manifolds. Then F is called smooth if for every point
X [CMl there are co-ordinate chart (U, ) on M and (V, X) such that x [Jland f(U) [Vland

Xefew ™) - x(V)
is smooth.
Again we have the same sort of lemma:

Lemma 4.9. Let f: M - N be a smooth map between manifolds. Assume that there are co-ordinate chart
(U,p) on M and (V,Xx) such that £(U) V1 Then

XeFeow™: P) - x(V)
is smooth.

4.7 The tangent to a smooth map.

Iff: M - N isasmooth map and y: (—LID)1- M is a smooth path through x then f -y is a smooth path
in N through f(x). Moreover if we consider another path p which is tangent to y then f ey and f - p
are tangent. To see this choose co-ordinates (U, ) and (V,x) with f(U) V1 Assume without loss of
generality that y(— L[ D) and p(— L ID)are in U. Then we have

X o (Fey)€0) =d(x > F W) (W) (W - y)0)
and
X (Fep)0) =d(x=F -y ™ )W) (W - p)(0)

so that (Y = p)0) = (Y = y)(0) implies that X = (F = p)*0) = x = (F = y)(0) and hence F ey and ¥ - p
are tangent. So associated with f there is a well-defined map from TxM to Tgy)N that sends vy 0) to
(F = y)0). This map is denoted TxF and called the tangent to f at x. So we have that

Tx(F)(y(0)) = (F = y)"(0).
Notice that the tangent map satisfies
Tx(F) = dX(F)) ™ o Tx(F) = d(x).

so that, being a composition of three linear maps it is, itself linear. Moreover this formula also shows that
with respect to the bases of TxM and T¢)N given by the co-ordinate vector fields we have

L odof
- OV
In other words it is given by the action of a matrix whose entries are the partial derivatives of the co-
ordinate expression for f.
Example 4.5. The tangent space to R™ at Y(x) is just R™ again. The map dy(x): TxM - R" is just the
map TxllJ. TxM - Tw(x)Rn.
Example 4.6. If F: R" - R™ is a smooth map then, after identifying TxR" with R™ and TgR™ with R™
we see that the tangent map Tx (F) is just the matrix of partial derivatives dF (x).

The chain rule for smooth functions in R" generalises to manifolds as follows.

TX(ng—w(x)) = (x)g;(f ).

Proposition 4.10 (Chain Rule). Let¥: M - N andg: N - P be smooth functions. Thenthemapge-f: M -
P is smooth and Tx (g = T) = T¢(x)(9) ° Tx(TF).

If f: M - V is asmooth map from a manifold to a vector space then we can define, as for a real valued
function, a derivative by

df (x)(to(y)) = f = y'(0)
which is a vector on V. On the other hand we have just defined
Tx(F): Tx(M) > Tee (V).

To understand the relation between these two notions of derivative recall from Example 4.2 that we have
seen that the tangent spaces to a vector space are naturally identified with the vector space itself by
di Lerkntiating each path. If we compose Tx(f) with this identification T¢)(V) [M then we obtain
df (%).
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4.8 Submanifolds again.
If M is a manifold then we can define a submanifold of M by using the principal property of submanifolds
in R™.

Definition 4.11 (Submanifolds.). We say that asubset N [Mlis a submanifold of dimension d of a manifold
M of dimension m if for every x [CNIwe can find a co-ordinate chart (U, ) for M with x [CNland such
that

UnN={y [Nt |y (y)=---=¢"(y) =0}
Just as before we can define co-ordinates (U n N, () on N by letting
W'(y) =wi(y)
foreachi=1,...,d. Similarly we have

Proposition 4.12. The set consisting of all the charts (U n N, (o) constructed in this manner is an atlas.
Moreover it makes N a manifold in such a way that the inclusion map 1n: N - M defined by i(y(n) = nis
smooth.

Because the condition for being a submanifold is local we can use the inverse function theorem as in
Proposition 4.6 to prove

Proposition 4.13. Let f: M - N be a smooth map between manifolds of dimension m and n respectively.
Let n CNland Z = £~1(n). Then if T, F is onto for all z [CM the set Z is submanifold of M. Moreover the
image of 1z in T;M is precisely the kernel of T,F.

4.9 Vector fields.

We have seen how to define tangent vectors at a point of a manifold. In many problems we are interested
in vector fields X, that is a choice of vector X(x) [CTkM at every point of a manifold. We need to make
sense of the notion of such a vector X(x) depending smoothly on x. We do this as follows. Choose a
chart (U, y). Then at every point x [Ulwe have a basis

) )
oyt 0 gy

of TxM and we can expand X(x) as a linear combination of these tangent vectors:

<)

X)) = X))
X) = X —(X).
o 0w

We call the functions X': U - R the components of the vector field with respect to the co-ordinate chart.
We have

Definition 4.14. A vector field X on a manifold M is smooth if its components with respect to a collection
of co-ordinate charts whose domains cover M are all smooth.

We have the usual lemma.

Lemma 4.15. If X is a smooth vector field then its components with respect to any co-ordinate chart are
smooth.

Proof. Let (U, ) be a co-ordinate chart and let x [CUl Choose a co-ordinate chart (V, x) with x [CVland
such that the components of X are smooth with respect to (V, X). Then write

X=Xl = X602 00,
i=1 oy a=1 ox®
From the results of section .. we have
axd = X Gy

i W
so using the property of dual bases we have.

o  Toxko

opi T 0wl ox3’
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Hence
5

a=1 9X*

Xi(y) = Y)X2(Y)

for all y [Uln V so that the X! are smooth on U n V and hence smooth on all of U. O

Classical texts on dilerkntial geometry, in particular those on tensor calculus, downplay the co-
ordinates and charts and concentrate on the components of vector fields and similar tensors. Assume
that M is covered by the domains of co-ordinate charts (Uq, Wq). For each chart (Uy, Yo) We write

T (4.1)
._ oy!
i=1
and then as in the proof above we have that for X in the intersection of Ug and Ug we have
) oy -
X4 (x) = £ OX0%). (4.2)
=1 %%p

The converse is also true. If we have a collection of maps X/,: Uy - R satisfying 4.2 then we can define a
vector field using 4.1 and check that it is well-defined. Classical and physics texts generally suppress the
a index and also the sum by applying the Einstein summation convention. This convention is that any
index that occurs in an expression in both a raised and lowered position is summed over. So a typical
writing of 4.2 would be to say that we have co-ordinates x' and co-ordinates xi~and that the vector field
transforms as .

i _ ox! =

B 6xJ'Ex '

Notice that even if we do not exploit the Einstein summation convention it is a useful guide to memo-
rising expressions like. To apply it correctly we need to remember that the index on a co-ordinate us a
superscript.

410 The Lie bracket.

One use of this discussion is the definition of the Lie bracket of two vector fields. Let X and Y be two
vector fields and write them locally as

X = xig i
- oW
and
Y = Y! -,
o O
so that
Then define

r_15yi SoXt 9
= J=_  _ vl
[X,Y] (X Ui Y 5 J)a -

ij=1

We leave it as an exercise to show that this transforms as a vector field. We call [X, Y] the Lie bracket of
the vector fields X and Y. Lie is named after Sophus Lie and pronounced "lee".

5 DiLerkential forms.

In vector calculus in R® extensive use is made of the idea of vector fields and the di [erkntial operators
grad, div and curl. DiCerential forms and their associated exterior derivative are the generalisations to
higher dimensions, and manifolds of these ideas.
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5.1 The exterior algebra of a vector space.

If V is a vector space we define a k-linear map to be a map
w:Vx---xV 5 R,
where there are k copies of V, which is linear in each factor. That is

w(Vy,...,Vi-1,aV + BW, Vj+1, Vk) = Aw(Vy,...,Vi-1,V, Vi+1, Vk)
+Bw(V1,...,Vi-1, W, Vi+1, VK).

We define a k-linear map w to be totally antisymmetric if

WV, ..., Vi, Vit1, ..., VK) = —W(V1,...,Vi+1, Vi, ..., Vk)
for all vectors vq,...,Vvk and all i. Note that it follows that
w(Vi,...,V,V,...,VvK) =0

and if T [SY is a permutation of k letters then
w(V1,V2,...,VK) =sgn(M)w(Vr (1), Vi) - - - » Vr(k))

where sgn(1t) is the sign of the permutation 1. We denote the vector space of all k-linear, totally anti-
symmetric maps by AK(V D7 and call them k forms. If k = 1 the AT(V Ds just V “the space of all linear
functions on V and if k = 0 we make the convention that A°(V D= R. We need to collect some results on
the linear algebra of these spaces.

Assume that V has dimension nand thatv,,...,vnisabasisofV. Letwbeak form. Thenifwg,...,wy
are arbitrary vectors and we expand them in the basis as

1
Wi = WijVj.
i=1
then we have
L LN |
w(Wg,...,Wg) = W1j, W2j, . . . W O (Vi - .., V)

so that it follows that w is completely determined by its values on basis vectors. In particular if kK > n
then AK(V B 0.

If ot and a? are two linear maps in V "then we define an element o [af, called the wedge product
of a and a?, in A2(V Hby

ol Caf(vi, v2) = al(vi)a?(vz) — al(vz)a?(vy).
More generally if «o CAP(V Dand p CAF(V De define wo Cp1CAPH(V Dby
((L) m(w:[, P ,Wp+q)
—1
= ﬁ sgN(M) (W (1), - - - » Wi (p) )P (Wr (p+1), - - - » Wit (p+q))-
T T ESplyg
Assume that dim(V) = n. Then we leave as an exercise the following proposition.

Proposition 5.1. The direct sum
1
AVHE Ak D!
k=1
with the wedge product is an associative algebra.
We call A(V H'the exterior algebra of V ="We call an element o [CZAK(V D'an element of degree k.

Because of associativity we can repeatedly wedge and disregard brackets. In particular we can define the
wedge product of m elements in V =&dnd we leave it as an exercise to show that

—
ol of Cd- Ca" = sgn(m)ot (Vi 1)) 0P (Vr2)) - - - 8™ (Ve (my)-
Tt [Sad
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Notice that ) ) _ )
ol 13- ad ™ 3 Ca" =—a' - ™ Cad 3 Ca”

and that
al 13- CalCall-d- Ca™ =0.
Still assuming that V is n dimensional choose a basis vi,...,v, of V. Define the dual basis of V 5
1 n
as,...,a"”, by

a'(vj) = 3]

for all i and j. We want to define a basis of AK(V 5 Define elements of AX(V) by choosing k numbers
i1,..., Ik between 1 and n and considering

a'l 1. Cal.

As we are trying to form a basis we may as well keep the ij distinct and ordered 1 <i; < --- <igx=n.
We show first that these elements span AX(V D7 Let w be an element of AK(V B Notice that

alt - Iﬁk(vjl,...,vjk)

equals zero unless there is a permutation 1t such that j; = iy for all I and equals sgn(t) if there is such

a permutation. Consider vectors wy, ..., Wi and expand them in the basis as
—1
Wi = WijVij.
J
Then we have —1
w(Wi,...,Wg) = W1j, Woj, - . . Wij, @W(Vjy, - .., Vi)
J1Jk

so that it follows that w is completely determined by its values on basis vectors. For any ordered k-tuple
1<i;<---<ik=<ndefine
Wi, ix = OWViy, ..., Vi)

and consider 1
= (Ju)il_“ikCXi1 - Iﬁk.
1<i)<---<ig=n
We show that w = &. It su Cced to apply both sides to vectors (Vi,,...,Vvj ) foranyl<ii <::--<ik=n
and show that they are equal but that is clear from previous discussions. So AK(V Bis spanned by the
basis vectors v;, [=1- [ . We have

Proposition 5.2. The vectors vj, [=1- [ where 1 <i; < - - - < ix < n are a basis for AK(V 5!

Proof. We have already seen that these vectors span. It su [cedto show that they are linearly independent.
We do this by induction on n. If n = 1 then the result is clear as the only non-trivial case is k = 1 when
the result is straightforward. More generally assume we have a linear relation amongst some of the basis
vectors. There has to be an index i such that the corresponding v; does not occur in all the vectors in
that linear relation. Otherwise there is only one vector in the linear relation and that is not possible. Then
wedge the whole relation with v;. The terms containing v; disappear and we obtain a relation between
the vectors constructed for the case of a dimension less so by induction that is not possible. O

It is sometimes useful to sum over all k-tuples i3, ..., ik not just ordered ones. We can do this — an
keep the uniqueness of the coe [ciehts wj,. i, — if we demand that they be antisymmetric. That is

Wjyjifivrdk — Dy fiesdio ke
Then we have
1 ; .
w = 1sir<---<iksn Wi, j o't - Cai«

_ 1 i i
= dsipik=n Wi A’ - Cadk.

We will need one last piece of linear algebra called contraction. Let w [AK(V) and v [Vl Then we
define a k — 1 form 1, w, the contraction of w and v by

tv(@)(V1,...,Vk-1) = ®0(V1,...,Vk-1,V)

where vi,...,Vk—1 are any k — 1 elements of V.

19



Example 5.1. Consider the vector space R%. Then we know that zero forms and one forms are just real
numbers and linear maps respectively. Notice that in the case of R® we can identify any linear map v with
the vector v = (v1,v?,v3) where

v(x)= v'x!
i=1

Let a' be the basis of linear functions defined by a’(x) = x'. We have seen that every two form w on

R23 has the form
w = w,0? Caf + w,a® Catl + wsar Caf.

Every three-form pu takes the form
pu=aa' Caf Caf.
It follows that in R® we can identify three-forms with real numbers by identifying p with a and we can
identify two-forms with vectors by identifying w with (w1, w2, w3).
It is easy to check that with these identifications the wedge product of two vectors v and w is identified
with the vector v x w. In other words wedge product corresponds to cross product.

5.2 DiLCerkntial forms and the exterior derivative.

We can now apply the constructions of the previous section to the tangent space to a manifold. We define
a k-form on the tangent space at x Ml to be an element of

AT,

We want to define k-form ‘fields’ in the same way we define vector fields except that we do not call them
k-form fields we call the di Cerkntiable k-forms or sometimes just k-forms. Choose co-ordinates (U, )
on M. Then w(x) in AX(T,SM) can be be written as

w(x) = = i, i, dw" 1. Cdip'

for each set of k indices. We call these functions the components of w with respect to the co-ordinate
chart. The components satisfy the anti-symmetry conditions in the previous section. We can also define
the wi,, i, as

0 0
PTIRRRRRE T

ik — (;0( )

We define a smooth di Cerkntial form by

Definition 5.3 (Di Lerkntial form.). A di Cerkntial form w is smooth if its components with respect to a
collection of co-ordinate charts whose domains cover M are smooth.

We have the usual Lemma

Lemma 5.4. If a di Lerkntial form is smooth then its components with respect to any co-ordinate chart are
smooth.

We denote by QX(M) the set of all smooth di Cerkntiable k forms on M. Notice that Q°(M) is just
C>(M) the space of all smooth functions on M.

Using the equation
0 0
api T g
for the components of the di [Cerential form we can calculate the way the components change if we use
another co-ordinate chart (V,x). We have

i = 0( ).

o _ T oaxko

opi T ogioxa
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and substituting this into the formula gives

L__lpyar  gxan
ai,...,ak=1 anil al_IJin

.....

The usual derivative on functions defines a linear di Lerential operator
d: Q°(M) - QY(m).
As well as being linear d satisfies the Leibniz rule:
d(fg) = fdg + (df)g.
We want to prove
Proposition 5.5. If the dimension of M is n then there are unique linear maps
d: QP(M) - QP (V)
forall p =0,...,n — 1 satisfying:
1. If p = 0d is the usual derivative,
2. d?> =0, and
3. d(w [p) = (dw) CpH (—1)Pw [C(dp) where w CQP(M) and p CQF(M).

Proof. We define d recursively. We have the ordinary definition of d if p = 0. We assume that we have it
defined for all p < k and that the conditions (i), (ii) and (iii) hold when ever they make sense. Consider a
k form w. Let (U, ) be a co-ordinate chart and let

41 _ .
w= Eooil,__ikdtp'l - Cdup'-.
ik
Then define
_ -4 iy i
wij = Eooiizmikdlp 13- Cdip
ik
so that
| S .
w= w; Cdyp"

Notice that wj is uniquely defined by this equation because

Wi =1, .
oyt

Consider now another choice of co-ordinates (V, X). We have

| S|
w= Wy Cdx?

a=1

where

It is easy to check that on U n V we have

T oyl

am1 OX°

(.k)a: wi

Then if the proposition is to be true we must have

dw = d( E‘wi Cdiph)
= IEld(.u)i Cdip’
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This defines a di [erkntial k + 1 form on the open set U. On the open set V it is defined by

| S—|
dw, Cdx?

a=1

and we need to check that these two agree. We have

T gy

dwa =d( wi)
=1 9X*
| 32 i L L éll"
= IxPaxa blép adxb Lol + 3 adooi.
b,i=1 X"0X i=1 X
Hence
dw, Cdx® = idxb Col Cax? + dw; Cdx®.
a=1 i,ab=1 axbaxa ia=1 axa

The first term vanishes because the partial derivative is symmetric in a and b and the wedge product is
anti-symmetric. Hence we have

U | | -
dw, Cd¥x?®= dw; Cdy'
a=1 i=1
as r_equired. Clearly condition (i) is still For (ii) note that ddw = d( i:; L dB; Cdp') = ;i:; L, ddp; 1
dy' = 0. For the final condition let p = ;_; pi Cdip'. Assume that p has degree . Then
1 —1
T 1 . .
wpE  (-1)%0; Cpj rod et
i j=1
so that 1 —1
d(w [p) = E(—1)‘*o|(wi py Cap!) Eeqip'.
i j=1
Then applying the result for degrees lower than k we have
d(w; Cpj Cdp') = d(wi) Cpj T + (—1)Pteo; Cdp; Cdipl.
Putting this altogether we have
d(w [p) = (—1)9d(wi) Cpj Cdipd + (—1)P*9 1 w; Cdp; Cdy! Cdi'
j=1
= d(w;) Cdip' Cpj Cdip! + (—1)%; Cdip' Cdp; Cdip!
j=1
=d(w) CphH (—1)% Cdp.
as required. O

Note that this proposition implies that if

- _ _
w= Eoo.1 _____ i dp't - Cdip's.
I1,..., ik :
then we have
—4 i i
dw = Edwil _____ i, Cdip't 3. Cdp
iLnik
or
C 4 . _ .
deo= o dwl Capt - rawh.
01,k

It is a useful exercise to reprove this lemma using this definition of the exterior derivative.

Example 5.2. Recall from 5.1 the way in which we identified one-forms and two-forms on R® with vectors.
It follows that di Lerkntiable one and two forms on R2 can be identified with vector-fields. Similarly zero
and three forms are functions. With these identifications it is straightforward to check that the exterior
derivative of zero, one and two forms corresponds to the classical di Cerkntial operators grad, curl and
div.
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5.3 Pulling back di Cerkntial forms

We have seen that if £: M - N is a smooth map then it has a derivative or tangent map Tx(f) that acts
on tangent vectors in TxM by sending them to T¢(x)N. Moreover Ty (F) is linear. Recall that if X:V - W
is a linear map between vector spaces then it has an adjoint or dual X =W =2 v Fdefined by

X @) (V) = E(X(V))
where & W &dnd v V1 Notice that X ~does in the opposite direction to X. So we have a linear map
called the cotangent map
To): TeeogN - TxM
which is just the adjoint of the tangent map. It is defined by
T (F) () (X) = (T (F)(X).

This action defines a map on di Lerential forms called the pull-back by ¥ and denoted £ “f w0 CQK(N)
then we define £ H(do) CQK(M) by

()X, -+, Xi) = W(F O (T (FI(X2), -+, Tx(F)(Xi))

for any Xi,..., Xk in TxM.
Notice that if ¢ is a zero form or function on N then £~1(¢) = ¢ = f. The pull back map

fE0IN) - QIM).
satisfies the following proposition.

Proposition 5.6. If f: M - N is a smooth map and w and p is a di Cerkntial form on N then:
1. df o) = £ H(dw), and
2. FHo O = T Ndo) CEHG).

Proof. Exercise. O

5.4 Integration of di Lerkntial forms

LetU LRI and Y: R™ -~ R" be a di Cedmorphism. Then it is well known that if f: ¢(U) - R is a function

then O I%l - [
f o Y| det W [dxt...dx" = fdxt...dx".
u oxJ W)

In this formula we regard dx*...dx" as the symbol for Lebesgue measure. However it is very suggestive
of the notation for di Cerkntial forms developed in the previous section.
If w is a di Cerkntial n form on V = Y(U) then we can write it as

w(x) = F(x)dx! 3. Cdx".

If we pull it back with the di Cedmorphism ¢ then, as we seen before,
1. 1

i
ai_ dx! 3. Cdx".
oxJ

@ (o) = F(x) det

So di Cerkential n forms transform by the determinant of the jacobian of the di Cedmorphism and Lebesgue
measure transforms by the absolute value of the determinant of the jacobian of the di Cedmorphism. We
define the integral of a di Cerkntial n form by

[ [

w= F)dx!...dx"
v v

when w = f(x)dx® [1- Cdk". Alternatively we can write this as

1 1 3 5
= — ... dx!...dx".
Voo vwaxl' ’ax”) X X
Call a di Ledmorphism : U - V orientation preserving if
Fi
P
det I x)=>0

for all x U1 Then we have
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Proposition 5.7. If y: U - Y(U) is an orientation preserving di Ledmorphism and w is a di Cerkntial n
form on Y(U) then | |

w= P).
W) u

We can use this proposition to define the integral of di Ceréntial forms on a manifold. Let {(Uq, Wa)}a m
be a covering of M by co-ordinate charts. Choose a partition of unity ¢4 subordinate to Uy. Then if w is
a di Cerential n form we can write 1

W= @EqWw
a

where the support of 5w is in Uy. First we define the integral of each of the forms @qw
1 1

Paw = (‘-IJ_l) I%)a(’o)-
M Wa(Ua)

Then we define the integral of w to be
1

——
w = W™ ).

M al:qu—'cx(uﬂ)

We have to show that this is independent of all the choices we have made. So let us take another open
cover {(Vg, Xg)}p rawith partition of unity pg. Then we have

—= —
W) Hhaw) = WHN prpaw)

arm1WaUa) a ) WaUa) BLI1
1 1
= WH  pPo)Paw)
[0 D:quCf(UG) B [N
= W™ "(PoPaw).
o |:|33 Dj lqu(Ua)
The di Cerential forms pp@aw have support in Ug N Vg so we have
1 1
W™ " PBopaw) = W™ "PBopaw)
Pa(Ua) Iﬁ(ua nVg)
= (W) "(PoPaw)
Wa(UanVp)
If the di Cedmorphism
Xp ° llJalqu(uanvb)
is orientation preserving then we have
1 1 1
(Wah) "PoPaww) = OGH “Bopaw) = OGH “Bow).
Wa(UanVp) Xp(UanVp) Xp(Ua)

So we can complete the calculation above and have

—=
W H Hbaw) = )(X_l) HXpw).

a Djwa(ua) BI:]:IXB(UB

All this calculation rests on the fact that

-1
XB ° Wo |yUanvy)

is an orientation preserving di Ledmorphism. In general this will not be the case. We have to introduce
the notion of an oriented manifold and and oriented co-ordinate chart. Before we can do that we need to
discuss orientations on a vector space.

5.5 Orientation.

Let V be a real vector space of dimension n. Then define det(V) = A"(V). This is a real, one dimensional
vector space. So the set det(V) = {0} is disconnected. An orientation of the vector space V is a choice of
one of these connected components. If X is an invertible linear map from V to V then it induces a linear
map from det(V) - det(V) which is therefore multiplication by a complex number. This number is just
det(X) the determinant of X If M is a manifold of dimension n then the same applies to M; det(TxM)—{0}
is a disconnected set. We define

24



Definition 5.8. A manifold is orientable if there is a non-vanishing n-form on M. Otherwise it is called
non-orientable.

If n and ¢ are two non-vanishing n forms then n = £ for some function ¥ which is either strictly
negative or strictly positive. Hence the set of non-vanishing n forms divides into two sets. We have

Definition 5.9 (Orientation). An orientation on M is a choice of one of these two sets.

An orientation defines an orientation on each tangent space TxM. We call an n form positive if it
coincides with the chosen orientation negative otherwise. We say a chart (U, ) is positive or oriented if
dy?! 1. Cdp" is positive. Note that if a chart is not positive we can make it so by changing the sign of
one co-ordinate function so oriented charts exits. If we chose two oriented charts then we have that

-1
X2 Wiguav)
is an oriented di Cedmorphism. The converse is also true.

Proposition 5.10. Assume we have a covering of M by co-ordinate charts {(Uq, Wa)}o csuch that for any
two (Ug, Yo) and (Ug, Yp) the di Cedmorphism

-1
We ° Wa g UanUp)

is orientation preserving. Then there is an orientation of M which makes each all these charts oriented.

Proof. Notice that the fact that

We © Wo |ya UanUp)
is an oriented di Ledmorphism means that if x Uk n Up then

dyd C1dws(x)
is a positive multiple of

dyg C21dyg(x)

Hence if @q is a partition of unity then

—
p= @qdyg C1dyh(x)

is a non-vanishing n form. Clearly this defines the required orientation. O

5.6 Integration again

We now have the required result that we can integrate di Cerential forms of degree k over a k-dimensional
oriented manifold.

6 Stokes theorem.

Recall the Fundamental Theorem of Calculus: If T is a di Cerentiable function then

Lol g
fo)-f@= -0dx.

In the language we have developed in the previous section this can be written as
1
f(b)—f(a)= df
[a,b]
where we orient the 1-dimensional manifold [a, b] in the positive direction. We want to prove a more
general result that will include Stokes theorem, Green’s theorem, Gauss’ theorem and the Divergence
theorem. If M is an oriented manifold of dimension n with boundary 0M and w is an n — 1 form then
Stoke’s theorem says that | 1
dw = w.
M om
Before we prove this result we need to make sense of the idea of a manifold with boundary.
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6.1 Manifolds with boundary.

We denote by R? the half-space
RY = {(x',....x") | x* >0}

We define the boundary of R? to be
ORY = {(x',...,x") | x' =0}.

and we identify it with R"™1. Recall that a set U R is open if it is of the form U = V n R} where V
is open in R™. If U is open in R} we say that f: U - R is smooth if there is an open set V [RI" with
U =V n R} and a smooth map F:V - R such that F(x) = f(x) for all x [0 IfV [CR" we define
oV =V noR".

Let M be a set with a subset denoted by dM that we call the boundary of M. We say that (U, ) is
a co-ordinate chart on M if it is a co-ordinate chart as defined before but in addition g(0U) [aip(U),
Y(@U) is open in oY (U),and Yppu: 0U - oY(U) is a bijection. We define compatibility of charts in the
usual way but with the extended notion of smoothness above. Once we have this we can define the idea of
an atlas and the notion of a manifold M with boundary dM. Notice that if we discard the boundary points
dM we immediately see that M — dM is a manifold. Similarly dM is a manifold. We can extend everything
we have done so far to the case of manifolds with boundary.

6.2 Stokes theorem.

Let M be a manifold of dimension n with boundary M and let w be an n — 1 form on M with compact
support. We want to prove

Theorem 6.1 (Stoke’s theorem). Let M be an oriented manifold with boundary of dimension n and let w
be a di [erkntial form of degree n — 1 with compact support then
1 1
dw = w.
M oM
Proof. We cover M with a covering by co-ordir&lcharts (Uq, llJa}—ﬂF choose a partition of unity @q
subordinate to this cover. Notice that because ,®q =1 we have ,d@y =0 and hence

] =
dw = Padw
M a M
= d(paw)
a M
= d(paw)
U

)(llfl) Fd(paw)

a C

d((W™) "(Paw))

a WaUa)
and
- =
w= Pow
oM o OM
= Paw0
o 0Uq
= W™ (Ppaw).
o 0Ya(Ua)

So it su [ced prove that
(.

-1 -1
d((W™) "(Paw)) = W™ (Paw)
Wa(Ua) a Wa(Ua)
or equivalently Stoke’s theorem for di Lerkntial forms with compact support on R?. Let us assume then
that w is a di Cerkntial form on U, where U is of the form U = R} nV for V open in R™. As as w is has
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compact support it has bounded support so there is an R > 0 such that if [ x| > R forall i = 1,
w(x) = 0. Write x = (t,y) fory [CRI'! and w = fdt Cdy?!...dy" ! so we have

1 1 I:ln@
dw = afdt Cdy!...dy"+ -dy' [dt Cay?...dy".

U u ot u,_, oxt!

3 Daf Ly

—dt @ldyn+ ! [f(t,yl,...,yi_l,R,yi+l ,yn—l)

i=1

T:.]..f(t,yl,...,yi_l,—R,yi+1,...,y”_l)]dt Cay?t...dy".

_uat

of
Eolt Cdy!...dy"
™
= fO,y:...,.y" Ddy!...dy"
= W
au
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A Partitions of unity.

If M is a manifold a partition of unity is a collection of smooth non-negative functions {ps}o rsuch that
qvery X [M has neighbourhood on which only a finite number of the p are non-vanishing and such that
aofa = 1.
Recall that if f: M - R is smooth function then we define supp(f) to be the closure of the set on
which f is non-zero. There are two basic existence results on a paracompact, Hausdor [Cmdanifold.

1. If {Ug}a s an open cover of M there is a partition of unity {pq}o rrwith supp(pg) [CUL. Such a
partition of unity is called subordinate to the cover.

2. If {Ug}arris an open cover of M there is a partition of unity {pq}g 1 With a possibly di Cerent
indexing set J with each supp(pg) in some Ug.

B Vector fields and the tangent bundle.

We have seen how to define tangent vectors at a point of a manifold. In many problems we are interested
in vector fields, that is a choice of vector at every point of a manifold. We can think of this in the following
manner. Take the union of all the tangent spaces, denote it by

—1

™ = TxM
x (M1

and call it the tangent bundle to M. There is an important map 1t: TM - M called the projection that
sends a vector X [TIM to the point T (X) = x at which it is located. A vector fieldisamap X: M - TM
with the special property that X(x) [CIkM. This property can be also written as 1 = X = idy, that is
TT(X(X)) = x. Suchamap X: M - TM is called a section of the projection map 1. We want to consider
smooth vector fields and as we already have a notion of smooth function between manifolds the simplest
way to define smooth vector fields is to make TM a manifold. To do this involves a construction that we
will use again later so we ill state it in more general form that immediately necessary.

Let E be a set with a surjection 1t: E - M where M is a manifold. Denote by Eyx the fibre of E over
X, that is the set T~1(x). Let V be a finite dimensional vector space. Assume that we can cover M by
co-ordinate charts {(Uq, Wo}o rsuch that for every a [CI°hnd for every x [} there is a bijection

Pa(X): Ex - V

such that the map
UanUpg - GL(V)
x C—®a(x) ° @ ()"
is smooth where GL(V) is the group of all linear isomorphisms of V. Then it is possible to make E a
manifold as follows. We define bijections

Xa @ TIU) - UxV
X Lt (X), @a(Tt(x))Vv)

To make these into charts we should really identify V with some R¥ but we will not bother to do that.
To check compatibility we note that Xq(Ua n Ug) = Ug N Ug %< V which is open in R™ x V. Likewise for
Xpg(Ua n Ug). Then the map we want to check is smooth is the map

Ug nUp %V = Ug nUpg <V

which sends (x, V) to (X, @a(X) = @p(x)~1v) and this is smooth and invertible. By interchanging a and
3 we deduce that this map is a di Cedmorphism. Hence we have made E into a manifold. Notice that
with this manifold structure the map Xq is a di Ledmorphism, as the co-ordinate charts of a manifold are
di Cedmorphisms. Notice also that each Ex is a vector space from Lemma ??. Moreover it easy to check
that the addition and scalar multiplication are smooth. Define a section of 1t: E - M to be a smooth map
s: M - E which satisfies s(x) [CEX for all x [CM. If s is such a section then on restriction to Uy we can
defineamap sg: U - V by sq(X) = @a(X)(s(X)). The s are clearly smooth. The converse is also true if
s is any map and the s, defined in this way are smooth then s is smooth.

Consider now the case of the tangent bundle. Let (Ug, W) be a co-ordinate chart on M. Then V = R"
and @a(x) = dys(x). The condition we require to hold is that the map

x CdPp(W(x)) » dwg(x) = d(Wp = WaH(x) = di (W} > W ()

is smooth. But this is just the Jacobian matrix of partial derivatives which depends smoothly on x.
We can now define
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Definition B.1. A smooth vector field on a manifold M is a smooth section of the tangent bundle.

To understand what it means to be smooth in terms of co-ordinates recall the definition of d(x). We
have the co-ordinate vector fields (0/0p')(x) fori=1,...,n. Then

0
ot
where el is the standard basis vector of R". So clearly this is a smooth map so that the co-ordinate vector

fields are smooth.
More generally if X is a vector field we can write it as

dp )G )(x) =é

X = X2 (%)
X) = X — (X
e T

for any x [Ul and functions Xi:U o R. Then
dp(x)(X(x)) = (X1 (%), ..., X" (x)).
This proves

Proposition B.2. LetX be a vector field on a manifold M. Then if X is smooth and (U, ) is a co-ordinate
chart then if we let

X = X(x)°
X) = X -
o ow

the functions X': U - R are smooth. Conversely if X is a vector field and we can cover M with co-ordinate
charts (U, ) such that the corresponding X': U - R are smooth then X is smooth.

<)

C Vector fields and derivations.

Let us now define derivations of C*(M).
Definition C.1. A derivation of C*(M) is a linear map
D:C*(M) - C*(M)
such that
D(fg) = D(f)g + TD(9).
A vector field X gives rise to a derivation ¥ [X{f) and using the previous Lemma we have
Proposition C.2. Every derivation arises from a vector field.

Proof. Let D be a derivation. Then note that for any x ¥ [CDIf)(X) is a derivation at xX. Hence there
is a tangent vector X(x) such that D(f)(x) = X(x)(F) for all x. We have to check that X(x) depends
smoothly on x. But if we choose local co-ordinates Y as in the proof above and extend them to global
functions Y then we have

| | : d
X(x) = i:1D(llJ )(X)aqﬂ ()
but D(y) is a smooth function so by ?? X(X) is smooth. O

The advantage of thinking of a vector field as a derivation is that derivations have a natural bracket
operation. If D and D are two derivations then a simple calculation shows that [D, D defined by

[D, D'I(f) = D(D'(F)) - D(D(F)).

is also a derivation. So we can define the bracket of two vector fields X and Y and called the Lie bracket
[X,Y]. To calculate [X, Y] we apply it to ' then we have

[X, YT = XY (W) = Y (X (W)

so that if




and

Y = YiaE i
i-g oW
so that ] )
. ‘ _I 1 . 1
YWY = X _yi 92X
o oW oyl
Hence ) ]
L 1 i ) i
[X,Y]= (xlai.— Jax_)a |
ij=1 oyl oWt oy!

D Tensor products and tensor fields.

If V and W are finite dimensional vector spaces then the Cartesian product V x W is naturally a vector
space called the direct sum of V and W and denoted V [Wl. The tensor product is a more complicated
object. To define it we start by defining for any set X the free vector space over X, F(X). This is the set
of all maps from X to R which are zero except at a finite number of points. We define the vector space
structure by adding and scalar multiplying maps. Each X gives rise to a function d(x) which is one at x
and zero elsewhere. We therefore have a map 6: X - F(X). By construction the span of the image of d is
all of F(X).
The special property of the free vector space over X is the following.

Proposition D.1. Let f: X - U be any map from X into a vector space U then there is a unique linear map
fF(X) - Usuchthat f -3 ="TF.

Proof. The general element of F(X) is

1
aid(Xi)
i=1
for a;j Rl We define
PR N 1
f( ad(xi)= af(x").
i=1 i=1

O

Given two vector spaces V and W we can define F(V xW). This is an infinite dimensional vector space.
We shall denote d((v,w)) by d(v,w). Consider the subspace Z defined as the span of all elements of the
form

S(AV + pvEw) — AS(v, w) — ud(vhw)

and
SV, AW + pw Y — AS(v, w) — pud(v, wh

for any real numbers A and p and vectors v, vH I ¥land w, w™~[Wl. Let us denote
V W =F(V xW)/Z
and define a map
N x<xW -V W

by
v [Dwl=d(v,w) + Z.
We have
Proposition D.2. Themap M xW - V is bilinear.
Proof. We check the first factor only
AV +pvh DM =3(Av + pvhw) +Z
=3(AV + pviw) — A3(v,w)
—pud(vEwW) + A (v, w) + pud(vhiw) +Z
=AS(V, W) + pud(viw) + Z
=AB(V, W) +Z) + ud(vhw) + 2)
=Av Wi+ pv -
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From Proposition D.1 we know that any map f:V xW - U, where U is a vector space extends to
a map f: F(V xW) - U. Standard linear algebra tells us that we can take the quotient to get a map
f:V Wl - U if £(Z) = 0. The map is defined by v [l - (v, w). For example if v = Vi-and w = wm—!
then v O - v "(¥)w “(v) defines a linear map fromV [Wl - R.

Let {vi,...,v"} be a basis of V and {w!,...,w™} be a basis of W. Consider the set of mn vectors
vi O in V W1 We wish to show that they form a basis. First we check that they span the space V [\l
As the elements of V [Wl are finite linear combinations of elements of the form v [Dalit su how
that thesella;%lall in the span of the vectors v [ . But this follows from the bilinearity. If v = L, a;v!
andw = j-; bjw! then
§ LI LI N -
v = ajbjv' Dl
i=1j=1

To show that they are linearly independent assume that

—TT 1 . .
0= aijv' (VY

i=1j=1
Let v;"and w; e the dual bases of V "ahd W "That is v;"(¥J) = &] and w;"(WJ) = &]. Then apply the
map V - R defined by vf%nd wj'jtb this equation to obtain ajj = 0. So we have proved.

Proposition D.3. If V and W are finite dimensional vector spaces then
dim(Vv =dim(V)dim(W).

We can iterate tensor products. If V and W and U are vector spaces we can form (V [WW) [CUland
V (W [UJ). These di Cerknt vector spaces are in fact isomorphic via the map

(v OM) Col CACW Co).

We use this map to identify these two spaces and ignore the brackets. We write V Ul for the triple
tensor product. More generally we can form finitely many tensor products.
We also need to know about tensor products of maps. If X:V - VHs linear and Y : W - WHs linear
then we can define a map
vV xw - vHOom-

by (v,w) [X{v) [Y{V). This is a bilinear map so factors to a map V Wl - V5[CW™which we denote
by X [Y1 It is defined by (X [LY)(v [l = X(v) CYw).

We have seen that any bilinear map V xW - R givesrise to a linear map V [WI - R. It is easy to show
that this is an isomorphism. More generally if for any collection of vector spaces V1, ..., Vk we denote by
Mult(V1 x - - - X Vi, R) the space of all multilinear maps from V1 x ...V - R we have

Proposition D.4. If V1,..., Vi are vectors spaces then there is a natural isomorphism
Mult(Vy < - - - x Vi, R) - (V, V3 =3 ) !

defined by
f oA - v CEQve, ..., vi)).

D.1 Tensor fields
Consider now a manifold M. For any r,s = 0 we can define

TS M) = Ti(M) C3- CTHh(M) CTHMM) T3- CTHM)

where there are r copies of T (M) and s copies of T,5(M) so that TSP (M) = Tin(M) and TP M = T Lew).

TS ) (M) has a basis given by the tensor products

0
oYL

and we can use these to make the (r,s) tensor bundle

==t % Cafwi (3 Capuh

TEOMy= TP ()

m M1
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into a manifold following the approach for vectors. An (r,s) tensor field X is a section of this tensor
bundle and locally looks like
1 9
X(m) = XJl ..... jr’il"'is(m)awjl -1 l.IJ

lSjl ..... jr,il...issn

o Cdhy® - Cdhy®

The functions Xj,,  j..i...i; recover the classical idea of a tensor field as a collection of functions trans-
forming in a certain way.
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