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1 Co-ordinate independent calculus.

1.1 Introduction

In this section we review some elementary constructions from calculus. We will formulate them in a
way that makes their dependence on co-ordinates manifest. This will make the transition to calculus on
manifolds simpler.

1.2 Smooth functions
Recall that if f: U — R is a function defined on an open subset U of R then we say that f is differentiable
at x € U if the limit

L f )~ f(@)

h—0 h

exists. If the limit exists we call it the derivative of f at x and denote it by any of

df(x), d.f, or f/(il')

If f is differentiable at any x in U we just say that f is differentiable.

If U C R™ is open and f: U — R we can define partial derivatives by varying only one of the co-
ordinates. If e’ is the element of R™ with a 1 in the ith position and 0’s elsewhere we define a curve
by

vi(t) = x + te;.

The ith partial derivative of f at x is then defined by

0if (x) = (f o %)'(0).

We say that f is smooth if it has partial derivative of any order. Because a differentiable function is
continuous it follows that f has continuous partial derivative of any orders. I am quite deliberately
avoiding the notation

of

for the time being.
If f: U — R™ then we say that f is smooth if the functions f*: U — R are smooth where f(r) =

(fY(z), f2(x),..., f™(z)). Notice that in this case the limit definition of derivative makes sense and we
can define ,
/(@) = df(2) = dy f = lim TEELZSD),



1.3 Derivatives as linear operators.

Because partial derivatives are co-ordinate dependent they are not a particularly useful way of thinking
about derivatives if we want to move to a co-ordinate independent setting such as differentiable manifolds.
It is more useful to think of the derivative of a function f: U — R at = as a linear map

df(z): R" — R

defined by

d

df(z)(v) = —(t— f(x+tv
f)(e) = (e St )|

We think of this as the rate of change of f at x in the direction of v. For smooth functions df (x) is linear.
Note that df(z) is akin to the notion of a directional derivative but we do not require that v is of unit
length. We can recover the partial derivatives from this definition by applying the linear operator df (x)
to the vector e?. The result, df (z)(e?), is just the ith partial derivative of f at z.

Similarly if f: U — R™ then we define a linear map

df (z): R" — R™
by

F@)w) = St S+ 1))

t=0

As a linear map we can expand df (x) in a basis and we recover the Jacobian matrix
df(z)(e') = 0;f7e.
j=1

1.4 The chain rule.

Fundamental to many of the constructions we want to consider in the following sections is the chain rule:

Theorem 1.1 (Chain Rule.). Let U C R™ be open , f: U — R™ a smooth function, V.C R™ open
and g: V — RF a smooth function with f(U) C V. Let x € U. Then f o g is a smooth function and

d(f o g)(x) = dg(f(x)) o df (z).

The composition on the right hand side is the composition of linear operators. In particular if we
expand both sides in terms of the standard basis of R™ then we have

m
0;(g" o f)(w) =) _ g’ 0 ;"
1=1
An important part of the chain rule is the fact that the composition of smooth functions is also
smooth. A partial converse of this result will be important in the sequel.

Lemma 1.1. Let U be an open subset of R™ and V' an open subset of R™. A function ¢: U — V is
smooth if and only if for every smooth function f: V — R the composite f o ¢: U — R is smooth.

Proof. If ¢ is smooth then the result follows via the chain rule. If the result is true then take f to be
the restriction to V' of each of the co-ordinate functions z* in turn. Then z* is smooth so x* o ¢ = ¢* is
smooth. O



1.5 Diffeomorphisms and the inverse function theorem.

A function f: U — V where U and V are open subsets of R" is called a diffeomorphism if it is smooth,
invertible and has smooth inverse. If f is a diffeomorphism f o f=! = 1g» so it follows from the chain
rule that at any point x € U

lgn = d(1gn)(z) = df 7} (f()) o df (x)
so that (df (z))~! = df~'(f(z)). That is, the inverse of the linear map df (x) is the linear map df ~'(f(z)).
Notice that this means that a diffeomorphism necessarily goes from an open subset of R™ to an open
subset of R™ where n = m so we have lost nothing by putting that in the definition.

It is also useful to have the notion of a local diffeomorphism. We say that f: U — R” is a local
diffeomorphism at x € U if there is an open subset V' of R" containing x such that f(V') is open and
f:V — f(V)is a diffeomorphism.

With this notion we have the important inverse function theorem:

Theorem 1.2 (Inverse Function Theorem). Let U be an open subset of R™ and f: U — R™ be a
smooth function such that df (x) is invertible. Then f is a local diffeomorphism at x and d(f=1)(f(z)) =

(df ()~
The Lemma proved in the previous section also gives us a characterisation of diffeomorphism:

Lemma 1.2. Let U and V be open subsets of R™. A bijection ¢: U — V is a diffeomorphism if and
only if for every function f: V — R we have that f is differentiable if and only if fo¢d: U — R s
differentiable.

Proof. We just apply Lemma ?? to ¢ and ¢~ 1. O

2 Differentiable manifolds

2.1 Co-ordinate charts

Manifolds are sets on which we can define co-ordinates in such a way that we can do calculus. In general
we don’t expect to be able to define co-ordinates on all of a manifold. First we define:

Definition 2.1 (Co-ordinate charts.). A co-ordinate chart on a set M is a pair (U, ) where U C M,
: U — R™ is a bijection and ¢(U) C R™ is open.

If (U, ) is a co-ordinate chart we call U the domain of the co-ordinate chart and 1 the co-ordinates.
Notice that we do not say that U is open in M because M is not a topological space yet; it is just a set.

Ezample 2.1. Let 1gn: R™ — R" be the identity map. That is 1z« (z) = (z',...,2™). Then (R, 1g») is
a co-ordinate chart on R™. We usually call these the standard, usual or natural co-ordinates.

Ezxample 2.2. Let U be any open subset of R” and
t: U —R"

the inclusion map defined by ¢(z) = z. Then clearly «(U) = U which is open so that (U, ¢) is a co-ordinate
chart on R™.
Example 2.3. Let V be a finite dimensional vector space. Choose a basis v',... ,v™ for V and define
¥: V — R" by
u= Z Dt (u)v'.
i=1

Then v is a bijection, in fact a linear isomorphism. Indeed every linear isomorphism arises in this way
as if ¢: V — R™ is a linear isomorphism we can take w® = ¢~1(e?) where e’ is the vector with a 1 in the
ith place and zeros everywhere else. We leave it as an exercise to show that for every u € V

u= Z &' (u)w'.
i=1



Ezxample 2.4. Let
U=R*—{(z,9) |y <0}

and define polar co-ordinates
(r,0): U — (0,00) x (—m,m) C R?

as follows. We define r(x,y) = y/22 + y? we define 0 by the requirement that = = r(x, y) cos(f(x,y)) and
y =r(z,y)sin(0(x,y)) and 6(z,0) = 0. Clearly (r,0 is a bijection on the given domain and range.

Example 2.5. Let S? be the set of all points in R3 of length one. Let
Uy = S%—{(0,0,1)} Cc R?.

We can define co-ordinates on U by stereographic projection from the point (0,0, 1) onto the X-Y plane.
That is if p = (x,y, z) € Uy it has co-ordinates 1 (p) = (¥4 (p), ¥3(p)) defined uniquely by the requirement
that the line through (0,0, 1) and p intersects the X-Y plane at (¢4 (p),¥2(p),0). So we must have

(I - Ovy - O7Z - 1) = t(d’é(l’)vﬁ’%(l’)a _1)

and hence

1 —
w0($7yaz) - 1— 2

and y
vo(@,y,2) = T

In general a manifold will have lots of co-ordinates. We don’t expect a manifold to come with a given
set of co-ordinates anymore that we expect an abstract vector space to come with a given basis. However
not all co-ordinate charts will do. We want them to be able to fit together in some compatible way.
The motivation for our definition comes from the desire to define differentiable functions on a manifold.
Indeed we can regard co-ordinates as a device to decide which, of the many functions on M, are going to
be differentiable. Let (U, 1) be a co-ordinate chart and let f: U — R be a function. Then as U is just a
set it makes no sense to ask that f be differentiable. However we can ask that f be differentiable with
respect to the co-ordinates. That is we consider

fov i y(U) =R

Now fo¢~!is a function defined on an open subset of R™, namely 1(U) and we know what it means for
such a function to be differentiable. Consider now what happens when we change co-ordinates to some
other co-ordinate chart say (V, x) for convenience assuming that V = U. Then it is possible that fo~!
is differentiable but f o x~! is not. To compare them we write

foyy ™ =foxto(xoy™)

where
xoyp hyp(U) — x(V)

is a bijection between open subsets of R”. Then a sufficient condition for f o ~! to be differentiable if
fox~tisis that Yo ~! is differentiable. As we want this to work both ways we also require that ¢ oy !
be differentiable. In other words we require that y o ¢p~! is a diffeomorphism. If we want this to be true
for any f then we have already seen in Lemma ?? that this becomes a necessary condition.

In practice we may not be able to find charts (U, ) and (V,x) with U = V so in the definition we
need to allow for this.

Definition 2.2 (Compatibility of charts). A pair of charts (U,%) and (V, x) are called compatible if
the sets (U NV) and x(U NV) are open and the map

XUy HUNV) = (U NV)

is a diffeomorphism.



Note that we need to restrict the map =1 to the set ¢)(U N'V) so that it can be composed with y.

Ezample 2.6. If U C R? is the set in example ?? on which polar co-ordinates are defined then it has two
co-ordinate charts defined on it (U, (r,0)), and (U,¢). The polar co-ordinates and the inclusion. Notice
that UNU = U so that «(UNU) and (r,0)(U NU) are open.

If we calculate the composition

o(r,0)71: (0,00) x (—m,m) = U

we obtain
o (r,0)7" (s, ¢) = (rsin(¢), s cos(¢))
which is a diffeomorphism. Hence (U, (r,0)) and (U,t) are compatible.

Ezample 2.7. Let V be a vector space and v!,...,v"™ and w',...,w" bases defining co-ordinates 1) and

¢ by . .
v = Z P (o' = Z o' (v)w
i=1 i=1

Notice that both ¢ and 1 are onto so that ¢)(V NV) = R" is certainly open in R™ and likewise for ¢. If
we define a matrix X JZ by

vl = Z X J’wj
j=1
for all ¢ then
> Y)Xju = E:W
so that .
=2 Xu'()
i=1
Another way of calculating this result is to observe that
¢: V—->R"

and
v: V—-R"
are linear isomorphisms so that
oy~ ': R* - R"
is the linear isomorphism with matrix X; Being linear ¢ o ¢)~! is certainly smooth so that (V, ¢) and
(V,4) are compatible.

Ezample 2.8. If we consider again the example of S? we had defined a co-ordinate chart (Up,1y) where
Uo = 5% —{(0,0,1)}

and

Yo(,9.2) = (77 77

If we stereographically project from the point (0,0, —1) then we get co-ordinates

Uiley?) = (7o)
defined on
=52 - {(0,0,-1)}



We want to check that these are compatible. Note first that both o (Uy N Uy ) and ¢4 (Up NU;) are equal
to R? — {(0,0,0)} which is open in R2. Then an easy calculation shows that

z! 22

(@D)2+ (22)2" (V)2 + ($2)2)
which is a smooth map on R? — {(0,0,0)}. Similarly for 11 o g "

To make M into a manifold we need to be able to cover it with compatible co-ordinate charts.

’ll)O o wl_l(xlvxz) = (

Definition 2.3 (Atlas). An atlas for a set M is a collection {(Uy,%s) | @ € I} of co-ordinate charts
such that:

(i) for any o and g in I, (Uy, %) and (Ug,1)g) are compatible and,;

(ii) M = UqerU,.

Then we have

Definition 2.4 (Manifold). A manifold is a set M with an atlas \A. We call the choice of an atlas A
for a set M a choice of differentiable structure for M.

Ezxample 2.9. If there is a co-ordinate chart with domain all of M then this, by itself defines an atlas
and makes M a manifold. For example (R™,id) makes R™ a manifold and if U is open in R™ then (U, ¢)
makes U a manifold.

Ezxample 2.10. If V is a vector space then any linear isomorphism from V to R™ makes V a manifold.
The vector space V' has other atlases such as the atlas of all linear isomorphisms

{(V,¢) | ¢: V — R™ a linear isomorphism}.

Ezample 2.11. The charts (Up, o) and (Uy, 1) are compatible and have domains that cover S? so they
make it into a manifold. It is not difficult to show that we cannot make S? into a manifold with only one
chart (52, ) if we require that y is continuous. Indeed if y is continuous then because S? is compact
we must have x(S?) C R™ compact and hence closed but x(S?) is open so this is not possible unless
x(S?) = R™ but then it is not compact.

Example 2.12. Consider the set RP, of all lines through the origin in R®*!. We shall show that this is
a manifold. This manifold is called real projective space of dimension n. If z = (2°,...,2") is non-zero
vector in R"™! we denote by [x] = [2°,...,2"] the line through it. The numbers z = (2°,...,2") are often
called the homogeneous co-ordinates of the line [z]. It is important to note that they are not uniquely
determined by knowing the line. Indeed we have that [z] = [y] if and only if there is a non-zero real
number A such that 2 = Ay. The numbers z = (2°,...,2") are often called the homogeneous co-ordinates

of the line [z]. Define a subset U; C RP, by
Ui = {[a] | «* # 0}

for each ¢ = 0,...,n and notice that these subsets cover all of RP,,. Define maps
W U; — R™
0 i—1 i+1 n
[IO,...,x"] — (%,,%,%,,%)

Notice that we need to check that these maps are well defined but that follows from the fact that [x] = [y]
only if = is a scalar multiple of y. It also straightforward to check that the w; are bijections onto R"
and hence define co-ordinates. Lastly it is straightforward to check that these co-ordinate charts are all
compatible and hence make RP,, into a manifold.

We need to now deal with a technical problem raised by the definition of atlas. We often want to work
with co-ordinate charts that are not in the atlas A used to define the differentiable structure. For example
if M = R? we might take A = {(R?1g2}. Then in a particular problem we might want to work with polar
co-ordinates. But are they somehow compatible with the differentiable structure already imposed by A ?
The definition of what compatibility is in this sense is easy. We could say that another co-ordinate chart
is compatible with the given atlas if when we add it to the atlas we still have an atlas. In other words it
is compatible with all the charts already in the atlas. We will take a different, but equivalent, approach
via the notion of a maximal atlas containing A4 to explain these notions. We define;



Definition 2.5 (Maximal atlas.). An atlas A for a set M is a maximal atlas for an atlas A if A C A
and for any other atlas B with A C B we have B C A.

We then have

Proposition 2.1. For any atlas A on a set M there is a unique mazimal atlas A containing A. The
maximal atlas consists of every chart compatible with all the charts in A.

Proof. Define the set A to the set of all charts which are compatible with every chart in A. Then clearly
if B is another atlas for M with A C B then we must have B C A. What is not immediate is that A is
an atlas. The problem is that we do not know that the charts in A are compatible with each other. So
let (U,) and (V, x) be charts in A. We need to show that (U, 1)) is compatible with (V,x). Recall from
the definition that this is true if the sets (U N V) and x(U NV are open and

X oY giwavy: YU NV) = x(UNV

is a diffeomorphism. Notice that to prove this it suffices to show that for every x in U N’V we can find a
W with z € W C UNV such that ¢ (W) and x(W) are open and such that

XUyt B(W) = X(W)

is a diffeomorphism.

To find W choose a co-ordinate chart (Z, ¢) in A with € Z. This is possible as the domains of the
charts in an atlas cover M. Then let W = U NV NZ. Now (U,v) is compatible with (Z, ¢) so that
¢(U N Z) is open. Similarly ¢(V N Z) is open so that

oW) =o(UNZ)Ne(VNZ)

is open. Using compatibility again we see that
o bt ung 9(UNZ) = (U NZ)
is a diffeomorphism and hence a homeomorphism so that
b(W) =10 d™ (W)

is open as required. A similar argument shows that x (W) is open. Then the chain rule shows that

-1 -1 -1

X Py = (X0 Do) © (90 Ujyw))

is a diffeomorphism. O

Finally we have

Definition 2.6. If M is a manifold with atlas A we define a co—o_rdinate chart on the manifold M to be
a co-ordinate chart on the set M which is in the maximal atlas A.

It should be noted that having defined an atlas we tend not to refer to it very much. We usually
say (U,v) is a co-ordinate chart on a manifold M rather than (U,) is a member of the atlas A for a
manifold (M, A). The situation is similar to that for a topological space X with topology 7. We rarely
refer to the topology 7 by name. We say U is an open subset of X rather than U € 7.

2.2 Linear manifolds.

There are many similarities between manifolds and vector spaces. Choosing co-ordinates is much like
choosing a basis. It is useful to develop this idea further.

Definition 2.7. Define a co-ordinate chart (U, %) on a set V' to be a linear co-ordinate chart if U =V,
P(U) =R™ and ¢ is a bijection. ¢: V — R™.



Ezample 2.13. If V is a vector space and ¢¥: V' — R™ is a linear isomorphism then (V,4) is a linear
co-ordinate chart

Definition 2.8. Define two sets of linear co-ordinates v and x to be linearly compatible if ¥ o x 71 is a
linear isomorphism.

It is straightforward to prove that linear compatibility is an equivalence relation. We define
Definition 2.9. A linear atlas on a set V' is an equivalence class of linear co-ordinates.
Definition 2.10. We define a linear manifold to be a set V' with a choice of linear atlas.

We can define an addition and scalar multiplication on V' by choosing some linear co-ordinates v from
the linear atlas and defining

av +bw = ¢~ (ap(v) + bip(w))
where a and b are real numbers and v and w are elements of V. We have to check that this is well-defined
that is it is independent of the choice of ¥ from the equivalence class. If x is another choice then we have

av + bw =1/f1( P(v )+b?/)(w))

“Hag(x ! o x(v) + b (x T o x(w)))
w Ha(wox™ 1)(X(U))+b(1/} X (x(w)))
(
(a

YT (W o xT ) (ax(v) + bx(w))

x(v) + bx(w))

where in moving from the third to the fourth lines we use the fact that o x~

X

!'is linear. We have proved.

Proposition 2.2. A linear manifold has a natural vector space structure which makes all of the linear
co-ordinates linear isomorphisms.

Because of Proposition 77 the theory of linear manifolds is really the theory of vector spaces. However
it is an amusing exercise to translate everything in the theory of vector spaces into the linear manifold
setting. For example we have

Definition 2.11. If V is a linear manifold and f: V — R is a function we call f linear if f o1 is linear
for some choice of linear co-ordinates 1.

We leave it as an exercise to prove that if f is linear then f o x~!: V — R is linear for any choice of
linear co-ordinates x and that, moreover, f is linear with respect to the addition and scalar multiplication
defined in ?77.

2.3 Topology of a manifold

Often a manifold is defined as a topological space and the domains of the charts are required to be open
sets and the co-ordinates homeomorphisms. This is really superfluous as the topology is forced once we
have chosen the atlas. Given a manifold M we define a subset W C M to be open if for every x € W
there is a chart with domain U such that z € U C W. We need to show that such a definition of open
sets defines a topology on M. The only problem is showing that the intersection of two open sets is open.
This follows from the following Lemma whose proof we leave as an exercise.

Lemma 2.1. Let (U,) be a co-ordinate chart on a manifold M and let W C U be such that (W) C
Y(U) is open. Then (W,4w) is a co-ordinate chart.

We also leave as an exercise showing that with this topology if (U,%) is a co-ordinate chart then
Y: U — ¢(U) is a homeomorphism.

We will in general require a manifold to be Hausdorff and paracompact in the topology.

Now that we have defined the topology of a manifold we can discuss its dimension. Each co-ordinate
function has as range some R?. From the definition of compatibility it is clear that d is constant on
the connected components of M. We shall go further and assume that our manifolds are such that this
number d is constant on all of M. We call it the dimension of the manifold.



3 Smooth functions on a manifold.

We motivated the definition of the compatibility of charts by the problem of defining smooth functions
on a manifold. Let us do that now.

Definition 3.1. A function f: M — R on a manifold M is smooth if we can cover the manifold with
co-ordinate charts (U, 1) such that f oy ~1: 4 (U) — R is smooth.

Notice that we do not know that fov~1: 4 (U) — R is smooth for any chart (U,) but only that we
can cover M with charts for which this is so. To get this stronger result we need the following Lemma.

Lemma 3.1. If f: M — R is a smooth function and (V, ) is a co-ordinate chart then fox~™': x(V) — R
is smooth.

Proof. Tt suffices to show that for every x € V there is a W C V containing x such that f o X\_Xl(W) is

smooth. Pick any such z. Then by definition there is a chart (U, ) with x € U and foy~1: (U) - R
smooth. Let W =U NV. Then

-1 -1 -1
Fo Xy = (Fo¥ipy) © (¥ o xjw))
which is smooth by the chain rule and compatibility of charts. O

We will also be interested in smooth functions into a manifold or paths. We have

Definition 3.2. If z is a point of a manifold and 7: (—¢, €) — M we say that v is a smooth path through
x if ¥(0) = x and there is a chart (U, 1) with v((—¢,€)) C U and such that v o v is smooth.

Ezample 3.1. If x is a point in R™ and v is a vector in R™ then the function
t—x+tv

is a path through z.
Ezample 3.2. If z € S? and v € R? with (z,v) = 0 then

PR T+ tv

|z + to||

is a path in S? through z.

We have a similar type of lemma as before.

Lemma 3.2. If v: (—¢,¢) — M is a smooth path in M and (V,x) is a chart with v((—¢,€)) C V then
X © 7y s smooth.

Proof. Chain rule and compatibility. O

4 The tangent space.

Most of the theory of calculus on manifolds needs the idea of tangent vectors and tangent spaces. The
name ‘tangent vector’ comes of course from examples like S? C R? where a tangent vector at = € S? is a
vector in R3 tangent to the sphere which in that particular case means orthogonal to z. However in the
case of a general manifold M it does not come to us sitting inside some RY and we have to work a little
harder to develop a notion of tangent vector.

Although we do not have a notion of tangent vector yet we do have the notion of a smooth path in a
manifold. Let us we what this does for us in R”. In that case if f: R — R and a path v: R — R™ with
~(0) = z then we can consider

(f o) (0)



the rate of change of f along v as we go through 0. By the chain rule we can write this as

(f 0)'(0) = df (x)(7'(0)) (41)
where 4/(0) is the tangent vector to v at t = 0. Notice that 4/(0) is a vector in R™ defined by

, . () —~(0)
/(0 = iy T2

and that df (x): R™ — R is a linear map.
Equation (??) tells us that (f o+)’(0) depends on v only through ~/(0), that is if we replace v by
another path p with p(0) = z and p’(0) = v/(0) then

(f2)'(0) = (f ©p)"(0).

On a manifold we do not have the vector space structure of R™ so we cannot, immediately, differentiate
a path. However we can compose a smooth path v and a smooth function f to obtain a function

fov:(—€¢€) —R.
Moreover if we choose co-ordinates (U, ) with y((—¢,€)) C U then we have that
foy=(fov o (on)
so that f o+, being the composition of two smooth functions, is smooth and it makes sense to consider

(f ©7)'(0).

If we insert the co-ordinates again and apply the chain rule this is

(f07)'(0) = d(f o ™) (¥(x))(s) ©7)'(0).

Now we would like (f o)’(0) to be the rate of change of f in the direction 4’(0) but because we are
on a manifold we do not know what +/(0) is. To avoid this problem we just define 7/(0) to be the set of
all paths which should have the same tangent vector +/(0). We do this as follows.

Definition 4.1 (Tangency). Let v: (—€,¢) — M and p: (—4,5) — M be paths though a point . We
say that v and p are tangent at t = 0 if there is a co-ordinate chart (U,) with v((—¢,€)) C U and
p((=4,6)) C U and

(¥ 09)'(0) = (¥ 0 p)(0).
Again we have the usual lemma.

Lemma 4.1. Let v: (—€,€) — M and p: (—6,0) — M be paths though a point x which are tangent at
t=0. Then if (V,x) is a chart with v((—¢,€)) CV and p((—9,6)) CV then

x°7'(0) =x 0 p'(0).
Proof. Chain rule and compatibility. O
It is easy to see that tangency is an equivalence relation on the set of all paths through the point
x. The equivalence classes are called tangent vectors (although we have not yet shown that they are
vectors). The equivalence class containing a path ~ is denoted by +/(0) or to(v). If X is a tangent vector
and v € X then we usually say that X is tangent to v rather than that v is an element of X. The set
of all tangent vectors at  we denote by T, M. We want to show now that T, M has the structure of a

vector space.
Let 7 be a path and (U, 1)) a choice of co-ordinates with U containing the image of 4. Then

Yo () — R

10



is a smooth path in R™. This has a tangent vector at zero which is the vector

(¥ 27)'(0)
in R™ at ¢ (z). Notice that from the lemma this depends only on 4/(0). We define a map
dy(z): T,M — R"
by
dijp(x) (7 (0)) = (¢ 0 7)'(0).

By definition of tangency this map is injective we want to prove
Proposition 4.1. The map dy(x) is a bijection.

Proof. As we have already noted it suffices to show that this map is onto. Let (U, %) be a chart about x.
If v is a vector in R™ then t — (x) + tv is a path in R™ with tangent vector v. Because 1(U) is open
we can find an € > 0 such that if |t| < € then ¢(z) + tv € ¥(U). Then we can define v: (—¢,€) — M by

Y(t) = ¢~ @ + to).
Then we have ¥ o y(t) = 1(x) + tv so that (¢ o) (0) = v. O

Lemma 4.2. If x and ¥ are co-ordinates on M and vy is a path through x then

(x07)(0) = d(x 0¥~ ")(¢(2))(v 7)'(0).

or

dx(z) = d(x o ¥™)(¥(x)) o di(z)

Proof. The lemma follows immediately from the chain rule applied to the composition of maps

xov=(xo o (pory).

Notice that all the maps here are defined on open subsets of R™ so that we can apply the standard chain
rule. O

From the discussion in the previous section the maps dx(z) define linear co-ordinates on T, M and
hence by Proposition ?? T,,M has a unique vector space structure which makes all the maps di(z) linear
isomorphisms.

Example 4.1. As always the first example is M = R"™. In that case we have a preferred set of co-ordinates.
These are just the identity. So two paths v and p are tangent if and only if 4/(0) = p’(0). In other words
two paths are tangent if they have the same tangent vector at x. Notice also that if v is any vector there
is a preferred path whose tangent vector is v. That is the straight line ¢ — x + tv. So in the case of R"”
there is no reason to introduce all the extra machinery of equivalence classes of paths.

Example 4.2. The second example is M =V a finite dimensional vector space. Notice that if v is a path
taking values in V then we can make sense of of the derivative of vy at 0 directly by

Of course 7/(0) defined in this way is a vector in V' whereas above we have defined 4/(0) as an equivalence
class of paths. The relationship is that the equivalence class of paths is the unique one containing the
path ¢t — © = = + t7/(0). Again in this case the extra machinery of equivalence classes of paths adds
nothing to what we already know.
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4.1 The derivative of a function.

Recall that a function f: M — R is smooth if we can cover M with co-ordinates (U,) such that
foy™t:(M) — R is smooth. If v is a smooth path through x € M then if follows from the chain rule
that

foy=(fo o (don)
is smooth. Hence we can differentiate the function f oy at ¢ = 0. By the chain rule we have that
(f o) (0) = d(f o™ ") (¥(2))((¢ 07)'(0)).

It follows that (f o) (0) = (f o p)’(0) if p and ~ are in the same tangency class. Hence if X = t(X) is
a tangent vector in T,,M we can define

df (z)(X) = (f ©7)'(0).

We call this the rate of change of f in the direction X. Notice that we can calculate df ()(X) without
explicit reference to the path + by the formula

df (2)(X) = d(f o ™) (¥ (@))dip(2)(X).
As we vary the tangent vector X we define a map
df (z): T,M — R
called the differential of f at x. This map satisfies the formula

df(z) = d(f o v™")(¥()) o di(x)

and hence, being a composition of linear maps, is linear.
We call the set of linear maps from T, M to R the cotangent space to M at x and denote it by 1 M.
So we have
df (x) € Th M.

Elements of T M are also called one-forms.

4.2 Co-ordinate tangent vectors and one-forms.

Let (U, 1) be a set of co-ordinates on M where 1) = (¢01,...,4™). Then each of the component functions
" is a real function so we can define n one-forms dy’(x) € T M called the co-ordinate one-forms.
Recall that
dy(z): T,M — R"

is a linear isomorphism. We denote by

0
oyt

the pre-image under this map of the standard basis vector e’ in R”. We call the set of these the basis of
co-ordinate tangent vectors. Consider what happens when we apply di®(x) to 9/’ (z). We have

(z) = (dy(¥(x))) ()

dwl(x)(%(w)) = dy'(z)(dy ™ (2)(e7)) = d(y" o ™) (¥(2))(e”)).
Notice that if y = (y!,...,9y") is a point in R™ then v’ 0o 1)=1(y) = 9/* is a linear map so equal to its own
derivative. Hence d(¢)* o ¢~ 1)()(x))(e’) is the ith component of the vector e/ or just d;;.
Recall from linear algebra that if v1,vs,...,v, is a basis of a vector space V and w!,w?,...w"is a
collection of vectors in V* satisfying w'(v;) = 6;» for all 4, j then the w; are a basis of V* called the basis
dual to vy, ...,v,. Hence dyp'(z),...,dy™(z) is a basis of T, M and, in fact, the dual basis to the basis

/.

2
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4.3 How to calculate.

It is useful for calculations to know how to expand various quantities in these co-ordinate basis. First let
f be a smooth function on M then we must have

#m=Zme

for some real numbers a’. This is just linear algebra as is the fact that if we apply both sides of this
equation to 9/917 (x) and use the dual basis relation we deduce that

o = df(o) (5:0)

ot
we define 5 9
8jxx>:dﬂx>(ang@

and hence have the formula:

(x) = Y 5 (@) (o).

If ~y is a path through z then its tangent at 0, 7/(0) can be expanded as

Y(0) =30

Applying di?(z) to both sides and using the chain rule we deduce that

0
o0 (z).

V(0 = 30 0 0V

i=1

().

4.4 Submanifolds

Historically the theory of differential geometry arose from the study of surfaces in R®. We want to consider
the more general case of submanifolds in R™. The definition which follows looks a little complicated. The
basic idea is that we regard a linear subspace like

{(z',...,2%,0,...,0) | (z},...,2%) e R¥}

as a ‘nice’ subset of R™ (for £ < n) and a submanifold is a subset which is ‘locally’ of this form. We begin
with

Definition 4.2. Let Z be a subset of R™. We call a co-ordinate chart (U, ) on R™ d-compatible with
Z if there an integer d such that

UNZ={zcU|y*(z)=---=¢"(x) =0}

Definition 4.3. Let Z be a subset of R™. If we can cover Z with domains of co-ordinate charts which
are all d-compatible with Z for a fixed d then we call Z a submanifold of dimension d.

Notice that we do not know yet that a submanifold is a manifold ! To rectify this let Z be a submanifold
of dimension d and let (U, 1) be a set of compatible co-ordinates. That is

UNZ=A{zcU|ypTHz)=-- - =y"(x) =0}

Then consider (U N Z,1)) where ¢ = (w‘lUmZ, e ,wflUmZ). We would like this to be a co-ordinate chart.
The only thing to check is that that because ¥(U) is open then

YUNZ)={zeR?|(z,...,2%0,...,0) € p(U)}

13



is open. This is an elementary fact about the topology of R™. Consider two such compatible co-ordinate
charts (U,v) and (V,x). We will prove that (U N Z,v) and (V N Z, x) are compatible. This follows
essentially from the fact that (U,v) and (V, x) are compatible. First we note that

XUNVNZ)={zecR|(z',...,2%0,...,0) € x(UNV)}
and, again, this is open. For the smoothness of the co-ordinate change map we note that
Y'o X\_Xl(UmeZ)(x) =4’o X|_x1(UﬁV) (,0)
where (z,0) = (z!,...,2%,0,...,0). Hence the result follows.
We have now proved
Theorem 4.1. If Z is a submanifold the set of charts above is an atlas.
Lots of examples of submanifolds are provided by the following theorem.

Theorem 4.2. Let f: R® — R"~¢ be a smooth map and let Z = f~1(0). Then if df(z) is onto for all
z € Z then Z is a submanifold of dimension d.

Proof. Fix z € Z and let K, be the kernel of df(z). Denote by m: R™ — K, the orthogonal projection
onto K,. Choose a basis v',...,v% of K, and write 7, with respect to this basis as

Define a map 3: R™ — R"” by
1/1(95) = (Wl(x - Z), R ’/Td(x - Z)a fl(x)a SERE) fnid(w))a
and note that' ¥(z) = 0. Because 7 is a linear map it is its own derivative, that is for any v we have
dr*(z)(v) = 7" (v) for all i. So we have
dy(2)(v) = 7' (v), ..., 7 (), df (2)(v), ..., df" (=) (V).

Consider v in the kernel of di(z). Then dn(z)(v) = m'(v) = 0 and df(z)(v) = 0. Hence v is both
orthogonal to K, and in K, so it must be zero. So di¥(z) is injective and hence by a dimension count
surjective so a bijection. Now we can apply the inverse function theorem so there is an open set U in R™
such that ¢ (U) is open and

Y U —Y(U)
is a diffeomorphism. But this just means that (U,y) is a co-ordinate chart on R™. Notice that
Yiti(z) = - = ¢"(x) = 0 if and only if f(x) = 0 if and only if z is in U N Z. O

Ezample 4.3. Consider the circle in R2. Tt is the zero set of the map f: R? — R given by f(z,y) =
22 +y? — 1. So df (z,y)(v,w) = 2zv + 2yw. If we take z = (0,1) then the K, = {(v,0) | v € R}. The
projection 7 is then 7(v,w) = (v,0) and the map v is

w(%y) = (267372 + y2 - 1)

Example 4.4 (Spheres). Consider the sphere S™ C R™*! defined as the set of points 2 whose length ||z||

is equal to one. Here
n

=] = (")
i=1

We can prove it is a submanifold of R™ and hence a manifold by considering the map f: R"*! — 1
defined by

fla) = |lz[* - 1.
Clearly this is smooth and has zero set Z equal to the sphere S™. To check that the derivative is smooth
note that

df (z)(v) = 2(z,v)
and is a linear map onto a one-dimensional space so to show it is onto we just need to show that it is not
equal to the zero linear maps.
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Ezample 4.5 (The orthogonal group). The orthogonal group is the group of all linear transformations of
R™ that preserve the usual inner product on R™. We shall think of it as a group of n by n matrices:

O(n) = {X | XXt =1}.

We can identify the set of all n by n matrices with R™. There are various ways of doing this. So
as to be concrete let us assume we have done it by writing down the rows one after the other. With
this identification in mind define a smooth map f: R — RY by f(X) = X? — 1. It is clear we have
f71(0) = O(n). Define the linear subspace S C R™ to be the set of all symmetric matrices. This can be
identified with R? where d = n(n + 1)/2. It is easy to check that f takes its values in S so we will think
of f as a smooth map f: R"" — R,

We want to calculate df (X) the derivative of f at a matrix X. By differentiating the path ¢ — X +tY
we obtain

df(X)(Y) =Y X'+ XY,

If B is any symmetric matrix then it is easy to check that df(X)((1/2)BX) = B if we use that fact that
XX!'=1and B = B'. We have therefore shown that df (X) is onto for any X € O(n) so that O(n) is a
submanifold of dimension n? —d = n(n — 1)/2.

4.5 Tangent space to a submanifold

If Z is a submanifold of R™ then there is a natural notion of the plane tangent to Z at any point x
independent of abstract notions such as equivalence classes of paths and co-ordinates. It is just the
subspace of R™ tangential to Z at . More precisely if Z = f~1(0) it is the kernel of df(x) which we
denoted by K. To relate this to the abstract notion of tangent vector consider a smooth path

v: (—€,€) = Z.

Because Z C R”™ this is naturally a path in R™. We check first that this is smooth. To do this choose
co-ordinates (U, 1) for R™ about x satisfying

UNnZ=A{zecz: |y (z)=-- - =y"(x) = 0}.

and denote by 1 the corresponding co-ordinates on U N Z. Smoothness of v means that the functions
W o7y = 1o~ are smooth for each i = 1, ..., d. Because y has image inside Z we also have that ¢ oy = 0
for each : = d 4+ 1,...,n and hence these are also smooth. So v is a smooth path in R™. Consider the
vector 7/(0) in R™. We have that f o~(¢t) = 0 for all ¢ so by the chain rule df(x)(7(0)) = 0 so that
~'(0) € K.

We can now define amap 7,7 — K,. If X € T,,Z then we choose a path 7 in Z whose tangent vector
at 0 is X and map X to 7/(0) € K,. We have to check first that this is well-defined. Let p be another
such path and consider the co-ordinates 1. By definition we have

(¥ 07)'(0) = (¥ 2 p)'(0)
for every i = 1,...,d. Hence we also have

(%' 07)'(0) = (¥' 0 p)'(0)
for every i =1,...,d. But _ ‘

(" 07)'(0) = (¥ 0p)'(0) =0

fori=d+1,...,n so we have _ _

(¥"07)'(0) = (¥" 0 p)'(0)
for i =1,...,n. Hence X maps to the same element of K, whether we use v or p. To show that this
map is injective we use a similar argument. It is easy to see that this map is linear. Hence, counting,
dimensions we see that this is a linear isomorphism.

We conclude that if Z C R” is a submanifold and we consider the tangents to all the paths through
x € Z, thought of as maps into R™ then they span the space K.
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4.6 Smooth functions between manifolds

The definition of a smooth function on a manifold and a smooth path can all be subsumed in the following
definition.

Definition 4.4. Let f: M — N be a map between manifolds. Then f is called smooth if for every point
x € M there are co-ordinate chart (U,+) on M and (V, x) such that z € U and f(U) C V and

xofoyp i p(U) — x(V)
is smooth.
Again we have the same sort of lemma:

Lemma 4.3. Let f: M — N be a smooth map between manifolds. Assume that there are co-ordinate
charts (U,) on M and (V,x) such that f(U) CV. Then

xofo™ i y(U) — x(V)

18 smooth.

4.7 The tangent to a smooth map.

If f: M — N is a smooth map and v: (—¢,¢) — M is a smooth path through x then f o+ is a smooth
path in N through f(z). Moreover if we consider another path p which is tangent to v then f o~ and
f op are tangent. To see this choose co-ordinates (U, 1) and (V, x) with f(U) C V. Assume without loss
of generality that y(—¢, €) and p(—¢,€) are in U. Then we have

xo (fo)(0)=d(xo foy™")(w(x))(¥ o) (0)

and
xo (fop)(0)=d(xofoy™")(¥(x))(ep)(0)

so that (¢ 0 p)’(0) = (¢ ©)’(0) implies that x o (f o p)’(0) = x o (f 07)'(0) and hence f oy and fop
are tangent. So associated with f there is a well-defined map from T, M to Ty, N that sends +'(0) to
(f o7)’(0). This map is denoted T, f and called the tangent to f at x. So we have that

To(f)('(0)) = (f 2 )'(0).
Notice that the tangent map satisfies
To(f) = dx ' (x(f(2))) o d(x 0 f o™ 1) ((2)) o di(x).

so that, being a composition of three linear maps it is, itself linear. Moreover this formula also shows
that with respect to the bases of T, M and T, N given by the co-ordinate vector fields we have

L) G o) = 30 25 @ (1o
j=1

In other words it is given by the action of a matrix whose entries are the partial derivatives of the

co-ordinate expression for f.

Ezample 4.6. The tangent space to R™ at ¢(x) is just R again. The map dy(z): T, M — R™ is just the
map Tpy: ToM — Ty R™.

Example 4.7. If F: R" — R™ is a smooth map then, after identifying T, R" with R" and Tp,)R™ with
R™ we see that the tangent map T, (F) is just the matrix of partial derivatives dF(z).

The chain rule for smooth functions in R™ generalises to manifolds as follows.

Proposition 4.2 (Chain Rule). Let f: M — N and g: N — P be smooth functions. Then the map
go f: M — P is smooth and T, (g o f) = Tf)(g) o T(f)-
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4.8 Submanifolds again.

If M is a manifold then we can define a submanifold of M by using the principal property of submanifolds
in R™,

Definition 4.5 (Submanifolds). We say that a subset Z C M is a submanifold of dimension d of a
manifold M of dimension m if for every € Z we can find a co-ordinate chart (U, ) for M with z € Z
and such that

UnzZ={yeZz: |[¢™'(z) =---=¢"(2) = 0}.

Just as before we can define co-ordinates (U N Z,) on Z by letting
D y) =¥ (y)
for each ¢ =1,...,d. Similarly we have

Proposition 4.3. The set consisting of all the charts (U N Z,1)) constructed in this manner is an atlas.
Moreover it makes N a manifold in such a way that the inclusion map vz: Z — M defined by 1z (y) =y
is smooth.

Because the condition for being a submanifold is local we can use the inverse function theorem as in
Proposition 7?7 to prove

Proposition 4.4. Let f: M — N be a smooth map between manifolds of dimension m and n respectively.
Letn € N and Z = f~(n). Then if T.f is onto for all z € M the set Z is submanifold of M. Moreover
the image of T,(tz) in T, M is precisely the kernel of T, F.

4.9 Vector fields.

We have seen how to define tangent vectors at a point of a manifold. In many problems we are interested
in vector fields X, that is a choice of vector X (x) € T, M at every point of a manifold. We need to make
sense of the notion of such a vector X (z) depending smoothly on . We do this as follows. Choose a
chart (U,v). Then at every point € U we have a basis

0 0

of T, M and we can expand X (x) as a linear combination of these tangent vectors:

0
oyt

X(@) = Y Xi(a) 5 (o).

We call the functions X?: U — R the components of the vector field with respect to the co-ordinate chart.
We have

Definition 4.6. A vector field X on a manifold M is smooth if its components with respect to a collection
of co-ordinate charts whose domains cover M are all smooth.

We have the usual lemma.

Lemma 4.4. If X is a smooth vector field then its components with respect to any co-ordinate chart are
smooth.

Proof. Let (U, ) be a co-ordinate chart and let « € U. Choose a co-ordinate chart (V,x) with z € V
and such that the components of X are smooth with respect to (V, x). Then write

X_;X(x)awl(x)_;)(( )8Xa( )
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From the results of section 7?7 we have

Z 8’(/}1

so using the property of dual bases we have.

31/11 8@/11 axe’

Hence

31/)’
Z (y)
for all y € U NV so that the X* are smooth on U NV and hence smooth on all of U. O

Classical texts on differential geometry, in particular those on tensor calculus, downplay the co-
ordinates and charts and concentrate on the components of vector fields and similar tensors. Assume
that M is covered by the domains of co-ordinate charts (Uy, %, ). For each chart (U,, 1) we write

X 4.2
Y 42)
and then as in the proof above we have that for  in the intersection of U, and Ug we have

X =Y gf;; )X (1), (4.3)

j=1

The converse is also true. If we have a collection of maps X! : U, — R satisfying ?? then we can define a
vector field using ?? and check that it is well-defined. Classical and physics texts generally suppress the
« index and also the sum by applying the Einstein summation convention. This convention is that any
index that occurs in an expression in both a raised and lowered position is summed over. So a typical
writing of 77 would be to say that we have co-ordinates z* and co-ordinates x* and that the vector field
transforms as )

o' 5!

oxd'~

Notice that even if we do not exploit the Einstein summation convention it is a useful guide to memo-
rising expressions like. To apply it correctly we need to remember that the index on a co-ordinate is a
superscript.

%

4.10 The Lie bracket.

One use of this discussion is the definition of the Lie bracket of two vector fields. Let X and Y be two
vector fields and write them locally as

X = X'—
& o

and
v=y v
- i=1 P
so that
Then define

SN ) Y. D G
[X,Y] = Z(Xjawj _Yjawj>8wi'

We leave it as an exercise to show that this transforms as a vector field. We call [X,Y] the Lie bracket
of the vector fields X and Y. Lie is named after Sophus Lie and pronounced ‘lee’.

1,j=1
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5 Differential forms.

In vector calculus in R? extensive use is made of the idea of vector fields and the differential operators
grad, div and curl. Differential forms and their associated exterior derivative are the generalisations to
higher dimensions, and manifolds of these ideas.

5.1 The exterior algebra of a vector space.

If V is a vector space we define a k-linear map to be a map
w:Vx--xV =R,
where there are k copies of V', which is linear in each factor. That is

W, ...y Vim1, av + Bw, vy, V) = aw(V1, ..., Vo1, U, Vig1, Vk)

+ﬂW(U17 <o Vi1, U),'Ui-t,—l,”Uk;)-

We define a k-linear map w to be totally antisymmetric if

W1y U Vi 1y ey V) = —w(V1, 0oy Vg1, Uy o v o, V)
for all vectors vy,...,v; and all ¢. Note that it follows that
w1y, 0,0,...,05) =0

and if 7 € Sy is a permutation of k letters then

W(Ul, V2, ... ,Uk) = Sgn(ﬁ)w(vw(l)v Ur(2)s -+ - ?vﬂ(k))

where sgn(r) is the sign of the permutation m. We denote the vector space of all k-linear, totally
antisymmetric maps by A¥(V*). and call them k forms. If k = 1 the A1(V*) is just V* the space of all
linear functions on V and if k = 0 we make the convention that A°(V*) = R. We need to collect some
results on the linear algebra of these spaces.

Assume that V has dimension n and that v{,...,v, is a basis of V. Let w be a k form. Then if
wy, ..., Wy are arbitrary vectors and we expand them in the basis as

n
w; = E ’LUij’l)j.
j=1

then we have .

w(wh...,w;g) = Z w1j1w2j2...wkjkw(vjl,...,vjk)
Tty Jk=1

so that it follows that w is completely determined by its values on basis vectors. In particular if £k > n
then A*(V*) = 0.

If o' and a? are two linear maps in V* then we define an element o' A o?, called the wedge product
of ot and o?, in A%2(V*) by

ol Aa®(vy,ve) = ol (v1)a(ve) — ot (v2)a? (vy).

More generally if w € AP(V*) and p € AY(V*) we define w A p € APTI(V*) by

(WA p)(wi,. .., Wptq)

1
=l 2 Sy e P W)
TESptq

Assume that dim(V') = n. Then we leave as an exercise the following proposition.
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Proposition 5.1. The direct sum
n
AV =P Arv)
k=1
with the wedge product is an associative algebra.

We call A(V*) the exterior algebra of V*. We call an element w € A*¥(V*) an element of degree k.
Because of associativity we can repeatedly wedge and disregard brackets. In particular we can define the
wedge product of m elements in V* and we leave it as an exercise to show that

' AN A A = Z sgn(ﬂ)al(vﬂ(l))az(vﬂ(z)) .. am(vﬂ(m)).

TESm
Notice that _ ' _ _
A A AATEA A =~ A AT A QA A Q™
and that
Al A AaANaA--Aa™ =0,
Still assuming that V' is n dimensional choose a basis v1,...,v, of V. Define the dual basis of V*,
1 n
a,...,a™ by

a'(v;) =0}
for all i and j. We want to define a basis of A¥(V*). Define elements of A¥(V') by choosing k numbers
i1,...,1 between 1 and n and considering

't A Ak,

As we are trying to form a basis we may as well keep the i; distinct and ordered 1 < i1 < -+ < i < n.
We show first that these elements span A¥(V*). Let w be an element of A*(V*). Notice that

QA At (v, v,)

equals zero unless there is a permutation 7 such that j; = i, for all [ and equals sgn(r) if there is such
a permutation. Consider vectors wi, ..., wy and expand them in the basis as

w; = E wijvj.
J

Then we have
wlwy,...,wg) = Z W15, Wjy - - Wi W(Vjys -+ o Vi)
J1seesJk
so that it follows that w is completely determined by its values on basis vectors. For any ordered k-tuple
1< <+ < <n define
Wigoiin = W01,y i)
and consider
w = Z wiln_ikail A At
1<ip < <ip<n
We show that w = @. It suffices to apply both sides to vectors (v, ,...,v;,) forany 1 <4y <--- <ip <n
and show that they are equal but that is clear from previous discussions. So AF(V*) is spanned by the
basis vectors v;; A -+ Awv;,. We have

Proposition 5.2. The vectors v;, A -+ Av;, where 1 <iy < -+ < i <n are a basis for AF(V*).

Proof. We have already seen that these vectors span. It suffices to show that they are linearly independent.
We do this by induction on n. If n = 1 then the result is clear as the only non-trivial case is £k = 1 when
the result is straightforward. More generally assume we have a linear relation amongst some of the basis
vectors. There has to be an index i such that the corresponding v; does not occur in all the vectors in that
linear relation. Otherwise there is only one vector in the linear relation and that is not possible. Then
wedge the whole relation with v;. The terms containing v; disappear and we obtain a relation between
the vectors constructed for the case of a dimension less so by induction that is not possible. O
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It is sometimes useful to sum over all k-tuples i1, ..., not just ordered ones. We can do this — and
keep the uniqueness of the coefficients w;,  ;, — if we demand that they be antisymmetric. That is

Wit didigr-de — Wi dig1die gk

Then we have

W - § Wi . ’il - ik
1<i1 < <ig<n e N N«

Z L Ws i i1 e ik

1<iy,..,ix<n k! i &Y A N k.

We will need one last piece of linear algebra called contraction. Let w € A¥(V) and v € V. Then we
define a k — 1 form ¢,w, the contraction of w and v by

ty(w) (1, vp—1) = w(v1,...,Vk—1,0)

where vy, ...,vp_1 are any k — 1 elements of V.

Example 5.1. Consider the vector space R3. Then we know that zero forms and one forms are just real
numbers and linear maps respectively. Notice that in the case of R? we can identify any linear map v

1,2
3

v(z) = Z vzt
i=1

with the vector v = (vt v2,v3) where

Let o' be the basis of linear functions defined by a’(z) = x*. We have seen that every two form w on
R? has the form

w= w1a2 Aa® + w2a3 Aalt + wgal Aa?.
Every three-form p takes the form
ﬂ:aal Ao Ao,

It follows that in R? we can identify three-forms with real numbers by identifying p with a and we
can identify two-forms with vectors by identifying w with (wy, ws, ws).

It is easy to check that with these identifications the wedge product of two vectors v and w is identified
with the vector v X w. In other words wedge product corresponds to cross product.

5.2 Differential forms and the exterior derivative.

We can now apply the constructions of the previous section to the tangent space to a manifold. We define
a k-form on the tangent space at x € M to be an element of

AFTI M.

We want to define k-form ‘fields’ in the same way we define vector fields except that we do not call them
k-form fields we call the differentiable k-forms or sometimes just k-forms. Choose co-ordinates (U, 1) on
M. Then w(x) in A¥(T} M) can be be written as

1 . )
w(z) = Z Ewil,...,ikdd)” Ao Adipte

ARTEREY 2
at each z € U. Hence we have defined a function
Wiy, U—R

for each set of k indices. We call these functions the components of w with respect to the co-ordinate
chart. The components satisfy the anti-symmetry conditions in the previous section. We can also define
the w;, ... i, as

0 0
FITRRRRR

).

Wiy,.in — UJ(

We define a smooth differential form by
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Definition 5.1 (Differential form.). A differential form w is smooth if its components with respect to
a collection of co-ordinate charts whose domains cover M are smooth.

We have the usual Lemma

Lemma 5.1. If a differential form is smooth then its components with respect to any co-ordinate chart
are smooth.

We denote by QF(M) the set of all smooth differentiable k forms on M. Notice that Q°(M) is just
C>°(M) the space of all smooth functions on M.

Using the equation
0 0]

8wil,...,awk).
for the components of the differential form we can calculate the way the components change if we use
another co-ordinate chart (V, x). We have

Wi,k :w(

0 =0y
i o Ot D@

and substituting this into the formula gives

n

Z 8Xa1 axanw
Din T Dgim ek

at,...,ap=1
From these calculations we deduce the following Proposition.

Proposition 5.3. Let {(Uq,%a)} be an atlas for a manifold M. Assume that for each U, we have a
collection of functions

o .
w’il ..... ik’UaﬁR

(antisymmetric in their indices) and such that for any pair of open sets U, and Ug we have

n a Qn
: > W N
, 87,/12} 31/)3” i1 erin

(Ll,.“,ak:l

Then there is a globally defined k form w on M given locally by
1 . .
wiv, (z) = Hwi,i..,ikdlﬁxl A Ndgy

D15yl

Note that the notation of subscripting co-ordinates is cumbersome and we usually try very hard to
avoid it! However Proposition 7?7 underpins the following result on the exterior derivative.
The usual derivative on functions defines a linear differential operator

d: Q°(M) — Q' (M).
As well as being linear d satisfies the Leibniz rule:

d(fg) = fdg + (df)g.
We want to prove

Proposition 5.4. If the dimension of M is n then there are unique linear maps
d: QP(M) — QPTH(M)
forallp=0,...,n— 1 satisfying:

1. If p=0d is the usual derivative,
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2. d*> =0, and

3. dwAp) = (dw) A p+ (—1)Pw A (dp) where w € QP (M) and p € QI(M

Proof. We define d recursively. We will be making use of Proposition 7?7 but will avoid making this
explicit because of the unwieldy notation. We have the ordinary definition of d if p = 0. We assume that
we have it defined for all p < k and that the conditions (i), (ii) and (iii) hold when ever they make sense.

Consider a k form w. Let (U, ) be a co-ordinate chart and let

1 ) .
w = Z ﬁwil-uikdd)ll A A d’l/}““,

1.9k

Then define

1 _ ‘
wi= Z ﬁwiig...ikd@/}” A A dt

12...1%

so that i
w = Z wi A dip'.
i=1
Notice that w; is uniquely defined by this equation because

Wi =Ly W.
vyt

Consider now another choice of co-ordinates (V,x). We have

k
w= Zwa Adx®
a=1

where

It is easy to check that on U NV we have
n
wa=)
a=1

Then if the proposition is to be true we must have

¢1’

awi.

0
x

dw=d(XF_, wi A dyp?)
= ¥ dw A dy

This defines a differential k£ + 1 form on the open set U. On the open set V it is defined by

k
Z dwg N dx®
a=1
and we need to check that these two agree. We have

dw, :d(i oy* w;)

i=1 Ox*
n n
821/JZ b
= IxPO\a dx” Awi + Z
byi=1 i=1
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Hence

idwa/\dxa— Z aabg adx Aw; Adx® + Z awadwz/\dx

i,a,b=1 i,a=1

The first term vanishes because the partial derivative is symmetric in ¢ and b and the wedge product is

anti-symmetric. Hence we have
n n
Z dwg N dx® = Z dw; A dx*
a=1 i=1

as required. Clearly condition (i) is still true. For (ii) note that ddw = d(>"1_, dB; Ady') = >0, ddB; A
dip* = 0. For the final condition let p = 3" | p; A dy*. Assume that p has degree ¢. Then

WA p= Z Z qwz/\PJ/\W /\1/)i

[ Jj=1
so that
dwnp) =Y [ D (=1)%d(w; Ap; Ade?) | Ady',
i j=1

Then applying the result for degrees lower than k& we have
d(w; A pj Adp?) = d(w;) A pj Adyp? + (=1)PLw; Adp; A dip?

Putting this altogether we have

dw A p) = Z [(=1)%d(w;) A pj Adp? + (—1)PH w; Adpy A d?] A dip?

Jj=1

3

F||1

d(wi) Adpt A pj A dip? + (—1)%w; A dp' Adpj A dep?

<.
—

|
&
e |

w) A p+(=1)w Adp.
as required. O

Note that this proposition implies that if
1 3 .
w= ‘ Z Ewil,...,ikdwll A Adipe.
U1tk

then we have 1
do= Y 0w, Adip™ A - A dipt®
il,...,ik :
or
do= > L Wiveii i s p - p dgp
B k! o )

It is a useful exercise to reprove this lemma using this definition of the exterior derivative.

10,81 50010k

Example 5.2. Recall from ?? the way in which we identified one-forms and two-forms on R? with vectors.
It follows that differentiable one and two forms on R? can be identified with vector-fields. Similarly zero
and three forms are functions. With these identifications it is straightforward to check that the exterior
derivative of zero, one and two forms corresponds to the classical differential operators grad, curl and
div.
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5.3 Pulling back differential forms

We have seen that if f: M — N is a smooth map then it has a derivative or tangent map T, (f) that
acts on tangent vectors in T, M by sending them to Ty /N. Moreover T, (f) is linear. Recall that if
X:V — W is a linear map between vector spaces then it has an adjoint or dual X*: W* — V* defined
by

X*(&)(v) = £(X(v))

where £ € W* and v € V. Notice that X* goes in the opposite direction to X. So we have a linear map
called the cotangent map

which is just the adjoint of the tangent map. It is defined by
T () (w)(X) = w(T:(f)(X).

This action defines a map on differential forms called the pull-back by f and denoted f*. if w € QF(N)
then we define f*(w) € Q¥(M) by

Fr@)(@)(Xy, .. Xi) = w(f (@) (T (f)(X0), - - Te(£)(Xk))

for any Xq,..., Xy in T, M.
Notice that if ¢ is a zero form or function on N then f~!(¢) = ¢ o f. The pull back map

[T QU(N) — QU(M).
satisfies the following proposition.
Proposition 5.5. If f: M — N is a smooth map and w and u is a differential form on N then:
1. df*(w) = f*(dw), and
2. frlwnp) = frw) A f(p).
Proof. Exercise. O

5.4 Integration of differential forms

Let U C R™ and ¢: R® — R” be a diffeomorphism. Then it is well known that if f: ¢»(U) — R is a

function then )
aW 1 n 1 n
fovldet | == | |dz" ... dz" = fdz ... dz".
U Oz w(U)

In this formula we regard dz!...dz™ as the symbol for Lebesgue measure. However it is very suggestive
of the notation for differential forms developed in the previous section.
If w is a differential n form on V' = ¢(U) then we can write it as

w(z) = f(x)dz" A--- Ada™.
If we pull it back with the diffeomorphism ¢ then, as we seen before,

o
oI

¢*(w) = f(z)det ( > dz' A A dam

So differential n forms transform by the determinant of the jacobian of the diffeomorphism and Lebesgue
measure transforms by the absolute value of the determinant of the jacobian of the diffeomorphism. We
define the integral of a differential n form on an open set V in R™ by

/Vw:/vf(x)dxl...dx"
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when w = f(z)dx! A --- Adz™. Alternatively we can write this as

0 o

Call a diffeomorphism : U — V' orientation preserving if

det (g:ﬁ;) () >0

for all x € U. Then we have

Proposition 5.6. If ¢: U — ¢(U) is an orientation preserving diffeomorphism and w is a differential

n form on ¥(U) then
Lo L@

We can use this proposition to define the integral of differential forms on a manifold. Let {(Uy, ¥a) tacr
be a covering of M by co-ordinate charts. Choose a partition of unity ¢, subordinate to U,. Then if w
is a differential n form we can write
w= Z Paw
(o7

where the support of ¢,w is in U,. First we define the integral of each of the forms ¢,w

/M ot = /w o, )

Then we define the integral of w to be
S whre.
Ya(Ua)

/w:
M acl

We have to show that this is independent of all the choices we have made. So let us take another open
cover {(V3, xg)}pes with partition of unity ps. Then we have

S Lo e =3 [ @ e

ael a€el BeJ
-> / o (%pbmw)
> “(pyat).
acl geg?baUa)

The differential forms py¢,w have support in U, NV so we have

/ ()" (pppat) = / (V)" (poba)
'll)a(Ua) "/’a(UaﬂVﬁ)

- / (WaV)* (poba)
Ya(UaNVs)

If the diffeomorphism
-1
X8 © g Ip(UanVs)

is orientation preserving then we have

—1y* _ 1k _ s .
/%(Uwﬁ)(wa )" (ppdaw) = /Xg(Uanvﬁ)(Xﬁ )* (ppdaw) /xB(UQ)(Xﬁ ) (pow)
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So we can complete the calculation above and have

—1\* _
3 /w o, ) =

acl

3 / i)

BeJ

All this calculation rests on the fact that

-1
X5 ° Vo jy(uannp)

is an orientation preserving diffeomorphism. In general this will not be the case. We have to introduce
the notion of an oriented manifold and and oriented co-ordinate chart. Before we can do that we need to
discuss orientations on a vector space.

5.5 Orientation.

Let V be a real vector space of dimension n. Then define det(V) = A™(V'). This is a real, one dimensional
vector space. So the set det(V) = {0} is disconnected. An orientation of the vector space V is a choice
of one of these connected components. If X is an invertible linear map from V to V then it induces a
linear map from det(V) — det(V') which is therefore multiplication by a complex number. This number
is just det(X) the determinant of X. If M is a manifold of dimension n then the same applies to M;
det(T, M) — {0} is a disconnected set. We define

Definition 5.2. A manifold is orientable if there is a non-vanishing n-form on M. Otherwise it is called
non-orientable.

If n and ¢ are two non-vanishing n forms then n = f({ for some function f which is either strictly
negative or strictly positive. Hence the set of non-vanishing n forms divides into two sets. We have

Definition 5.3 (Orientation). An orientation on M is a choice of one of these two sets.

An orientation defines an orientation on each tangent space T, M. We call an n form positive if it
coincides with the chosen orientation negative otherwise. We say a chart (U, ) is positive or oriented if
dipt A -+ Adyp™ is positive. Note that if a chart is not positive we can make it so by changing the sign of
one co-ordinate function so oriented charts exits. If we chose two oriented charts then we have that

o 1/)_1
X2 ¥ypwnv)
is an oriented diffeomorphism. The converse is also true.

Proposition 5.7. Assume we have a covering of M by co-ordinate charts {(Uy, Vo) }tacr such that for
any two (Uy,¥a) and (Ug,¢g) the diffeomorphism

-1
Vg othy Ipo (UaNUg)
is orientation preserving. Then there is an orientation of M which makes each all these charts oriented.

Proof. Notice that the fact that
—1
V8 Va1 (Uanp)

is an oriented diffeomorphism means that if € U, N Ug then

Al AL dyr ()

is a positive multiple of
dpg A .. dy ()

Hence if ¢, is a partition of unity then

p= Gadpl A...dYL(x)

is a non-vanishing n form. Clearly this defines the required orientation. O
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5.6 Integration again

We now have the required result that we can integrate differential forms of degree k over a k-dimensional
oriented manifold.

6 Stokes theorem.

Recall the Fundamental Theorem of Calculus: If f is a differentiable function then

10 - 1@ = [ La)a.

b

In the language we have developed in the previous section this can be written as

10~ f@) = [ ar

[a,b]

where we orient the 1-dimensional manifold [a,b] in the positive direction. We want to prove a more
general result that will include Stokes theorem, Green’s theorem, Gauss’ theorem and the Divergence
theorem. If M is an oriented manifold of dimension n with boundary OM and w is an n — 1 form then

Stoke’s theorem says that
/ dw = / w.
M oM

Before we prove this result we need to make sense of the idea of a manifold with boundary.

6.1 Manifolds with boundary.

We denote by R’} the half-space

R% = {(z',...,2") | z' > 0}.
We define the boundary of R to be

ORY = {(z',...,2") | z' = 0}.

and we identify it with R"~1. Recall that a set U C R? is open if it is of the form U = V NRY where V
is open in R™. If U is open in R’ we say that f: U — R is smooth if there is an open set V' C R" with
U =V NRY} and a smooth map F': V' — R such that F(z) = f(z) for all z € U. If V.C R™ we define
oV =V NoRY.

Let M be a set with a subset denoted by dM that we call the boundary of M. We say that (U, 1) is
a co-ordinate chart on M if it is a co-ordinate chart as defined before but in addition ¥(9U) C 0w (U),
¥ (0U) is open in 9Y(U),and Yjgy: OU — 0(U) is a bijection. We define compatibility of charts in the
usual way but with the extended notion of smoothness above. Once we have this we can define the idea
of an atlas and the notion of a manifold M with boundary 0M. Notice that if we discard the boundary
points OM we immediately see that M — M is a manifold. Similarly OM is a manifold. We can extend
everything we have done so far to the case of manifolds with boundary.

6.2 Stokes theorem.

Let M be a manifold of dimension n with boundary OM and let w be an n — 1 form on M with compact
support. To state Stoke’s theorem precisely we need to orient M and OM. Assume that M is oriented so
that (10,...,9") are positive co-ordinates near the boundary chosen so that they are defined for 1/ > 0.
Then we orient OM so that (Lblla Mo 7,/1‘”8;\/}) are negatively oriented co-ordinates on dM. We want to
prove

Theorem 6.1 (Stoke’s theorem). Let M be an oriented manifold with boundary of dimension n and
let w be a differential form of degree n — 1 with compact support then

/ dw:/ w.
M oM
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Proof. We cover M with a covering by co-ordinate charts (Uy,, 1) and choose a partition of unity ¢,
subordinate to this cover. Notice that because ) ¢o =1 we have >  d¢, = 0 and hence

-5 e
=£Aﬂmw
=£Lfmw
=£/ (671 d( )

o a(Ua)
—g/wﬁw>wm>

and

So it suffices prove that

d —1\* oW — —1\* W
L%ww>w» ;waw>w>

or equivalently to prove Stoke’s theorem for differential forms with compact support on R} .

Let us assume then that w is a differential form on U, where U is of the form U = R} NV for V open
in R™. Write x = (t,y) for y € R*~! and let

n—1

w=f(t,y)dy...dy""* +Zgi(t,y)dt/\dy1 /\--~/\c?y\i/\~--/\dy”71
i=1

where we follow the usual convention that the hat symbol ~ marks a term that is missing. Note that
because w is compactly supported there is an R > 0 that f(¢,y) and each g;(¢,y) are zero if ¢ > R and
each |y¢| > R. If we orient the boundary using the outward normal then —dy! A --- A dy™~ ! is negative
on the boundary so that we have

/ w=—/f(0,y)dy1/\---Ady”_1-
oU

(ofty) &= gilt,y) . et
dw—( 5 +Z dt Ndy  N--- Ndy" .

Now we have

i=1 9y’
Note that st
oy’
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by the compactness of support for any ¢. Hence we have

of
dw:/ —dt Ndy'...dy"
/U v Ot

- f(oayla"'7yn_1)dy1"'dyn
oU

:/ w
ou

as required. O

Note 6.1. To see that the orientations make sense consider a function f(x,y) defined on [0,00). Then
the fundamental theorem of calculus says that

/[0700) df = /OOO %dm = —£(0).
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A Partitions of unity.

If M is a manifold a partition of unity is a collection of smooth non-negative functions {p, }acr such that
every x € M has neighbourhood on which only a finite number of the p are non-vanishing and such that
Zae[ pa = 1.

Recall that if f: M — R is smooth function then we define supp(f) to be the closure of the set on
which f is non-zero. There are two basic existence results on a paracompact, Hausdorff manifold.

1. If {U,}aer is an open cover of M there is a partition of unity {pq tacr with supp(pa) € Us. Such
a partition of unity is called subordinate to the cover.

2. If {Uy}aer is an open cover of M there is a partition of unity {ps}ses, with a possibly different
indexing set J with each supp(pg) in some U,.

B Vector fields and the tangent bundle.

We have seen how to define tangent vectors at a point of a manifold. In many problems we are interested
in vector fields, that is a choice of vector at every point of a manifold. We can think of this in the
following manner. Take the union of all the tangent spaces, denote it by

T™ = | J .M
reM

and call it the tangent bundle to M. There is an important map w: TM — M called the projection
that sends a vector X € T, M to the point m(X) = x at which it is located. A vector field is a map
X: M — TM with the special property that X(z) € T,M. This property can be also written as
mo X = idys, that is 7(X(z)) = z. Such a map X: M — TM is called a section of the projection
map 7. We want to consider smooth vector fields and as we already have a notion of smooth function
between manifolds the simplest way to define smooth vector fields is to make T'M a manifold. To do this
involves a construction that we will use again later so we ill state it in more general form that immediately
necessary.

Let E be a set with a surjection 7: £ — M where M is a manifold. Denote by E, the fibre of E over
x, that is the set 7= !(z). Let V be a finite dimensional vector space. Assume that we can cover M by
co-ordinate charts {(Uy, %4 }acr such that for every « € I and for every « € U, there is a bijection

do(x): B, >V
such that the map
U.NUzg — GL(V)
x = da(@) 0 p(2) 7

is smooth where GL(V') is the group of all linear isomorphisms of V. Then it is possible to make E a
manifold as follows. We define bijections

Xa @ 7w HU) — UxV
z = (m(), ga(m(x))V)
To make these into charts we should really identify V with some R but we will not bother to do that.

To check compatibility we note that xo(Uy NUg) = U, NUg x V which is open in R™ x V. Likewise for
X3(Ua NUg). Then the map we want to check is smooth is the map

Ua MUz XV = Uy NUz x V

which sends (z,v) to (z,¢q(7) o ¢p(z)~1v) and this is smooth and invertible. By interchanging « and
B we deduce that this map is a diffeomorphism. Hence we have made E into a manifold. Notice that
with this manifold structure the map x,, is a diffeomorphism, as the co-ordinate charts of a manifold are
diffeomorphisms. Notice also that each F, is a vector space from Lemma 77. Moreover it easy to check
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that the addition and scalar multiplication are smooth. Define a section of 7: E — M to be a smooth
map s: M — E which satisfies s(z) € E, for all x € M. If s is such a section then on restriction to U,
we can define a map s,: U — V by sa(x) = @q (1‘)(8(1‘)) The s, are clearly smooth. The converse is
also true if s is any map and the s, defined in this way are smooth then s is smooth.

Consider now the case of the tangent bundle. Let (U,, %) be a co-ordinate chart on M. Then
V = R™ and ¢,(x) = dipe(z). The condition we require to hold is that the map

@ dog(p~ () 0 dibyt (2) = d(Whg 0 vy V) (x) = di(y] 0 ;) ()

is smooth. But this is just the Jacobian matrix of partial derivatives which depends smoothly on x.
We can now define

Definition B.1. A smooth vector field on a manifold M is a smooth section of the tangent bundle.

To understand what it means to be smooth in terms of co-ordinates recall the definition of di(x). We
have the co-ordinate vector fields (9/9¢%)(z) for i = 1,...,n. Then

0
oYt
where e is the standard basis vector of R™. So clearly this is a smooth map so that the co-ordinate vector

fields are smooth.
More generally if X is a vector field we can write it as

dip(z)(5)(x) = €'

)
i

X(@) = Y X'(@)55(@)

for any = € U, and functions X?: U — R. Then

This proves

Proposition B.1. LetX be a vector field on a manifold M. Then if X is smooth and (U,v) is a
co-ordinate chart then if we let
n
i, 20
X(@)=) X (a:)aw.

i=1
the functions X': U — R are smooth. Conversely if X is a vector field and we can cover M with
co-ordinate charts (U, ) such that the corresponding X*: U — R are smooth then X is smooth.

(z)

C Vector fields and derivations.

Let us now define derivations of C*°(M).

Definition C.1. A derivation of C*°(M) is a linear map
D: C*®(M) — C™®(M)

such that
D(fg) = D(f)g+ fD(g).

A vector field X gives rise to a derivation f +— X(f) and using the previous Lemma we have

Proposition C.1. Every derivation arises from a vector field.
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Proof. Let D be a derivation. Then note that for any = f — D(f)(z) is a derivation at z. Hence there
is a tangent vector X (z) such that D(f)(z) = X (z)(f) for all z. We have to check that X (x) depends
smoothly on x. But if we choose local co-ordinates ¥ as in the proof above and extend them to global
functions v then we have

X(2) = Y D) 55 )

but D(v) is a smooth function so by ?? X () is smooth. O

The advantage of thinking of a vector field as a derivation is that derivations have a natural bracket
operation. If D and D’ are two derivations then a simple calculation shows that [D, D’] defined by

[D, D'}(f) = D(D'(f)) — D"(D(f)).

is also a derivation. So we can define the bracket of two vector fields X and Y and called the Lie bracket
[X,Y]. To calculate [X,Y] we apply it to ¢¢ then we have

[X,Y](¥") = X(Y (") - Y (X(4")

so that if
n a
X = X'—
2 X o
and
Y—iyia
_i:1 9y
so that
, ) & 0X?
XY Y = X]%_Y]f.
X, Y)(") g 507~ ¥ 553
Hence
" QY o). NG
_ J _ Vi
[X,Y] Z(Xawj Yawj>8wi'

ij=1

D Tensor products

If V and W are finite dimensional vector spaces then the Cartesian product V' x W is naturally a vector
space called the direct sum of V and W and denoted V @ W. The tensor product is a more complicated
object. To define it we start by defining for any set X the free vector space over X, F(X). This is the
set of all maps from X to R which are zero except at a finite number of points. We define the vector
space structure by adding and scalar multiplying maps. Each x gives rise to a function é(x) which is one
at x and zero elsewhere. We therefore have a map 6: X — F(X). By construction the span of the image
of § is all of F(X).
The special property of the free vector space over X is the following.

Proposition D.1. Let f: X — U be any map from X into a vector space U then there is a unique linear
map fF(X)— U such that fod = f.

Proof. The general element of F(X) is
i=1
for a; € R. We define
FOais(xi) =" aif(a").
i=1 i=1
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Given two vector spaces V and W we can define F(V x W). This is an infinite dimensional vector
space. We shall denote §((v,w)) by 6(v,w). Consider the subspace Z defined as the span of all elements
of the form

S+ pv’ w) — A (v, w) — ud(v', w)

and
(v, dMw + pw') — Mo(v,w) — pd(v,w")

for any real numbers A and p and vectors v,v’ € V and w,w’ € W. Let us denote
VeW=FVxW)/Z
and define a map
RVXW -=VeW
by
v@w=0(v,w)+ Z.
We have
Proposition D.2. The map @: Vx W — V @ W is bilinear.

Proof. We check the first factor only

M+ ") @ w =6(A\v + ', w) + Z
=0\ + pv',w) — N (v,
— (v, w) + Ao (v,
=\5(v,w) + pud(v',w) +
=A6(v,w) + Z) + pu(d(v
=\ @ w+ v’ @ w

)
)+ ud(v,w) + Z

g g

'~

s w) + Z)

O

From Proposition ?7? we know that any map f: V x W — U, where U is a vector space extends to
a map f: F(V x W) — U. Standard linear algebra tells us that we can take the quotient to get a map
fVeW - Uif f(Z) = 0. The map is defined by v ® w — f(v,w). For example if v* € V* and
w* € W* then v ® w — v*(v)w*(w) defines a linear map from V@ W — R.

Let {v!,...,v"} be a basis of V and {w!,...,w™} be a basis of W. Consider the set of mn vectors
v ®@wl in V@ W. We wish to show that they form a basis. First we check that they span the space
V @ W. As the elements of V @ W are finite linear combinations of elements of the form v ® w it suffices
to show that these are all in the span of the vectors v* ® w’. But this follows from the bilinearity. If
v=731" a;v" and w = YT bjw’ then

n m
VR wWw = ZZaiiji@)wj.
i=1 j=1
To show that they are linearly independent assume that
n m
i=1 j=1

Let vj and w} be the dual bases of V*and W*. That is v} (v/) = (5{ and w}(w’) = §f Then apply the
map V ® W — R defined by v and wj to this equation to obtain a;; = 0. So we have proved.

Proposition D.3. IfV and W are finite dimensional vector spaces then

dim(V @ W) = dim(V) dim(W).
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We can iterate tensor products. If V and W and U are vector spaces we can form (V ® W) ® U and
V ® (W ®U). These different vector spaces are in fact isomorphic via the map

(W) R@ur v (weu).

We use this map to identify these two spaces and ignore the brackets. We write V ® U @ W for the triple
tensor product. More generally we can form finitely many tensor products.
We also need to know about tensor products of maps. If X: V — V' is linear and Y: W — W' is
linear then we can define a map
VW=V oW

by (v,w) — X(v) ® Y (v). This is a bilinear map so factors to a map VW — V' ® W’ which we denote
by X @Y. It is defined by (X @ Y)(v ®@ w) = X(v) @ Y (w).

We have seen that any bilinear map V' x W — R gives rise to a linear map V @ W — R. It is easy
to show that this is an isomorphism. More generally if for any collection of vector spaces Vi,...,V; we
denote by Mult(V; x --- x Vi, R) the space of all multilinear maps from V; x ...V}, — R we have

Proposition D.4. If V,..., Vi are vectors spaces then there is a natural isomorphism
Mult(Vl X oe0 X Vk,R) — (V1®V2®"‘®Vk)*

defined by
fr(1® - ®u— f(v1,...,08)).
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