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Abstract. We introduce a new type of pluricomplex Green function which has a logarith-
mic pole along a complex subspace A of a complex manifold X. It is the largest negative

plurisubharmonic function on X whose Lelong number is at least the Lelong number of

log max{|f1|, . . . , |fm|}, where f1, . . . , fm are local generators for the ideal sheaf of A. The
pluricomplex Green function with a single logarithmic pole or a finite number of weighted

poles is a very special case of our construction. We give several equivalent definitions of this
function and study its properties, including boundary behaviour, continuity, and uniqueness.

This is based on and extends our previous work on disc functionals and their envelopes.

1. Introduction

Let X be a complex manifold. For each function α : X → [0, +∞) we let

Fα = {u ∈ PSH(X) ; u ≤ 0, νu ≥ α}

and
Gα = supFα,

where PSH(X) is the class of plurisubharmonic functions on X (including the constant
function −∞) and νu denotes the Lelong number of u. Then Gα is plurisubharmonic and
Gα ∈ Fα [6, Prop. 5.1]. Recall that the Lelong number is a biholomorphic invariant, and
if u is plurisubharmonic in a neighbourhood of 0 in Cn, then

νu(0) = lim
r→0

sup
|z|=r

u(z)

log r
.
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If α is the characteristic function of a one-point set {a}, then Gα is the pluricomplex
Green function Ga of X with a logarithmic pole at a, first defined by Klimek [4]. Such
functions have also been studied e.g. by Demailly [1], Edigarian [2, 3], Lempert [9, 10],
and Zeriahi [17]. If α has finite support, then Gα is the pluricomplex Green function of
X with a logarithmic pole of weight α(a) at each point a of the support. Such functions
were first defined by Lelong [8].

This paper is a study of the much larger class of functions GA = Gα, where A is
a (closed) complex subspace of X, and α = νA is the Lelong number of the plurisub-
harmonic function log max{|f1|, . . . , |fm|}, where f1, . . . , fm are local generators for the
ideal sheaf of A. This number is independent of the choice of generators. We call GA

the pluricomplex Green function with a logarithmic pole along A, or simply the Green
function with a pole along A.

Our results here are based on our previous work [6] in the theory of disc functionals and
their envelopes, which in turn builds on the pioneering work of Poletsky [11, 12]. Indeed,
on domains in Stein manifolds (and in fact under certain much weaker conditions), GA

is the envelope of the Lelong functional associated to the function νA. In Section 2
we review the theory of disc functionals with emphasis on the three known classes of
examples. We add a few new results to the theory of the Lelong functional, including a
product property, generalizing a result of Edigarian [3].

In Section 3 we study the pluricomplex Green function with a logarithmic pole along
a complex subspace. Our main results may be summarized as follows.

Main Theorem. Let X be a relatively compact domain in a Stein manifold Y , and let
A be the intersection with X of a complex subspace B of Y . Then GA is locally bounded
and maximal on X \ A, and νGA

= νA.
If X has a strong plurisubharmonic barrier at p ∈ ∂X \B, then GA(x) → 0 as x → p.
If A is a divisor, then the Levi form of GA is at least π times the current of integration

over A.
If X has a strong plurisubharmonic barrier at every boundary point and B is a principal

divisor, then the set of points in X at which GA is discontinuous is pluripolar.

We relate GA to the Poisson and Riesz functionals. This yields several alternative
definitions of GA. We show that GA is uniquely determined by some of its key properties
when A is a principal divisor. We also present a few instructive examples. Among other
things, through an investigation of Green functions, we obtain a bounded pseudoconvex
domain in C2 such that log tanh of the Carathéodory distance to the boundary is not
plurisubharmonic.

Acknowledgements. We would like to thank Zbigniew B locki, Evgeny Poletsky, Azim
Sadullaev, and Ahmed Zeriahi for valuable discussions.
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2. Disc functionals and their envelopes

Let X be a complex manifold. A holomorphic map from the unit disc D to X is called an
analytic disc in X, and if it can be extended holomorphically to some neighbourhood of D

then it is called a closed analytic disc in X. We let O(D, X) denote the set of all analytic
discs in X and AX denote the set of all closed analytic discs in X. A disc functional on
X is a map H from a subset of O(D, X) containing AX to R ∪ {±∞}. The envelope of
H is the function EH : X → R ∪ {±∞} defined by the formula

EH(x) = inf{H(f) ; f ∈ AX , f(0) = x}.

Envelopes of disc functionals were first defined and studied by Poletsky [11, 12].
In our paper [6], we studied three classes of examples of disc functionals and proved

that their envelopes are plurisubharmonic for a large collection of manifolds X. These
functionals are called the Poisson, Riesz, and Lelong functionals.

If ϕ : X → R ∪ {−∞} is upper semicontinuous, then the Poisson functional Hϕ
P is

defined on AX by

Hϕ
P (f) =

1

2π

∫

T

ϕ ◦ f dλ,

where λ is the arc length measure on the unit circle T.
We define

Fϕ
P = {u ∈ PSH(X) ; u ≤ ϕ}.

Then supFϕ
P is plurisubharmonic, supFϕ

P ≤ EHϕ
P , and equality holds if and only if EHϕ

P

is plurisubharmonic [6, Prop. 2.1].
If v is a plurisubharmonic function on X, then the Riesz functional Hv

R is defined on
O(D, X) by

Hv
R(f) =

1

2π

∫

D

log | · |∆(v ◦ f)

if f ∈ O(D, X) and v ◦ f is not identically −∞, where ∆(v ◦ f) is considered as a positive
Borel measure on D. If f ∈ O(D, X) and v ◦ f = −∞, then we set Hv

R(f) = 0.
We define

Fv
R = {u ∈ PSH(X) ; u ≤ 0, L(u) ≥ L(v)}.

Here, L(u) denotes the Levi form i∂∂̄u of u. We set L(−∞) = 0. If v : X → R is
continuous, then supFv

R is plurisubharmonic, supFv
R ≤ EHv

R, and equality holds if and
only if EHv

R is plurisubharmonic [6, Thm. 4.4].
If α is a nonnegative function on X, then the Lelong functional Hα

L is defined on
O(D, X) by the formula

Hα
L(f) =

∑

z∈D

α(f(z)) mz(f) log |z|.
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The sum, which may be uncountable, is defined as the infimum of its finite partial sums.
Here, mz(f) denotes the multiplicity of f at z, defined in the following way. If f is
constant, let mz(f) = ∞. If f is nonconstant, let (U, ζ) be a coordinate neighbourhood
on X with ζ(f(z)) = 0. Then there exists an integer m such that ζ(f(w)) = (w−z)mg(w)
where g : V → Cn is a map defined in a neighbourhood V of z with g(z) 6= 0. The number
m, which is independent of the choice of local coordinates, is the multiplicity of f at z.

We define
Fα

L = {u ∈ PSH(X) ; u ≤ 0, νu ≥ α}.

Then Gα = supFα
L is plurisubharmonic. If u ∈ Fα

L and f ∈ O(D, X), then u(f(0)) ≤
Hα

L(f), so Gα ≤ EHα
L . The function EHα

L is plurisubharmonic if and only if EHα
L ∈ Fα

L ,
and then Gα = EHα

L [6, Prop. 5.1].
Clearly,

EHα
L = inf EHβ

L,

where the infimum is taken over all functions β with finite support such that 0 ≤ β ≤ α.

When EHβ
L is plurisubharmonic, it is a pluricomplex Green function with finitely many

weighted poles.
Let us now take a closer look at the Lelong functional. For f ∈ O(D, X) we define

f∗α : D → [0, +∞) by the formula

f∗α(z) = α(f(z))mz(f), z ∈ D.

Then
µα

f = 2π
∑

z∈D

f∗α(z)δz

is a well defined positive Borel measure on D, where δz is the Dirac measure at z. We
define

vα
f (z) =

∫

D

G(z, ·) dµα
f =

∑

w∈D

f∗α(w) log

∣

∣

∣

∣

z − w

1 − w̄z

∣

∣

∣

∣

, z ∈ D,

where G denotes the Green function of the unit disc,

G(z, w) =
1

2π
log

∣

∣

∣

∣

z − w

1 − w̄z

∣

∣

∣

∣

.

Then vα
f is subharmonic in D. We have vα

f 6= −∞ if and only if

∑

z∈D

f∗α(z)(1 − |z|) =
1

2π

∫

D

(1 − | · |) dµα
f < ∞.

If vα
f 6= −∞, then µα

f has finite mass on compact sets, the sum which defines µα
f is

convergent in the sense of distributions, and ∆vα
f = µα

f .
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The Lelong number νv(z) of a subharmonic function v on a domain in C at a point z
is ∆v({z})/2π, i.e., the Riesz mass of v at the point z divided by 2π. We therefore have
νvα

f
= f∗α, Hα

L(f) = vα
f (0), and from the Riesz representation formula we see that vα

f is

the largest negative subharmonic function on D satisfying νv ≥ f∗α.
Assume now that f ∈ O(D, X) is an extremal disc for the Lelong functional, i.e.,

Gα(f(0)) = Hα
L(f) = vα

f (0), and that Gα(f(0)) > −∞. Then the function v = Gα ◦ f is

subharmonic in D, v ≤ 0, and νv(z) ≥ νGα
(f(z))mz(f) ≥ f∗α(z) for all z ∈ D. Hence

v ≤ vα
f . The function vα

f is harmonic outside the countable set where it takes the value

−∞. Since v(0) = vα
f (0), the maximum principle implies that v = vα

f in D\ (vα
f )−1(−∞),

so v = vα
f on D. We have proved the following.

2.1. Proposition. Let α be a nonnegative function on a complex manifold X. If f ∈
O(D, X) is an extremal disc for the Lelong functional Hα

L in the sense that Gα(f(0)) =
Hα

L(f) = vα
f (0), and Gα(f(0)) > −∞, then

Gα(f(z)) =
∑

w∈D

α(f(w))mw(f) log

∣

∣

∣

∣

z − w

1 − w̄z

∣

∣

∣

∣

, z ∈ D,

which implies that the function Gα◦f is harmonic outside the countable set where it takes
the value −∞.

In [6] we proved that the envelopes of the three functionals are plurisubharmonic for a
large class of manifolds with mild conditions on ϕ, v, and α. We define P as the class of
complex manifolds X for which there exists a finite sequence of complex manifolds and
holomorphic maps

X0
h1−→ X1

h2−→ . . .
hm−−→ Xm = X, m ≥ 0, (2.1)

where X0 is a domain in a Stein manifold and each hi, i = 1, . . . , m, is either a covering
(unbranched and possibly infinite) or a finite branched covering (i.e., a proper holomor-
phic surjection with finite fibres).

Assume now that X ∈ P. Then EHϕ
P is plurisubharmonic for every upper semicontinu-

ous function ϕ on X [6, Thms. 2.2 and 3.4].
The function EHv

R is plurisubharmonic for every continuous plurisubharmonic function
v : X → R [6, Thm. 4.4].

The function EHα
L is plurisubharmonic for every nonnegative function α on X for

which the sequence (2.1) can be chosen such that α−1[c,∞) \ B is dense in α−1[c,∞) in
the analytic Zariski topology on X for every c > 0, where

B =
m
⋃

i=1

(hm ◦ · · · ◦ hi+1)(Bi),
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and Bi denotes the (possibly empty) branch locus of hi [6, Thm. 5.12]. Observe that this
condition holds in particular if α = 0 on B, or if X is a domain in a Stein manifold.

It turns out that EHα
L is related to the Kobayashi pseudodistance κX on X. By

definition κX is the largest pseudodistance on X smaller than or equal to δX , where

δX(x, a) = inf{%D(z, w) ; f(z) = x, f(w) = a for some f ∈ O(D, X)},

and %D denotes the Poincaré distance in D,

%D(z, w) = tanh−1

∣

∣

∣

∣

z − w

1 − w̄z

∣

∣

∣

∣

.

We define kX = log tanh δX . By composing the map f in the definition of δX with an
automorphism which sends 0 to w and z to the a point on the positive real axis, and then
replacing it by z 7→ f(z/r) with r > 1 and r close to 1, we see that

kX(x, a) = inf{log t ; t ∈ (0, 1), f(t) = a, f(0) = x, for some f ∈ AX}.

We now define
kα

X(x) = inf
a∈X

α(a)kX(x, a), x ∈ X.

If X is a domain in a Stein manifold, then Gα = EHα
L = EH

kα
X

P [6, Thm. 5.3].
Let Ga be the pluricomplex Green function with a logarithmic pole at a. Then Ga ≤

kX(·, a). If u ∈ Fα
L and a ∈ X, then νu(a) ≥ α(a), so u ≤ α(a)Ga, and

Gα ≤ inf
a∈X

α(a)Ga ≤ kα
X .

The above results may be summarized as follows.

2.2. Theorem. Let α be a nonnegative function on a domain X in a Stein manifold.
Then

Gα = EHα
L = EH

kα
X

P = sup{u ∈ PSH(X) ; u ≤ inf
a∈X

α(a)Ga}.

Our next result shows that Gα has no Monge-Ampère mass where it is locally bounded.

2.3. Proposition. Let α be a nonnegative function on a complex manifold X. Then
the function Gα is maximal in the open subset of X where it is locally bounded.

Proof. Let U be a relatively compact domain in the open subset of X where Gα is locally
bounded, and let v be plurisubharmonic on X such that v ≤ Gα on ∂U . Let

w =

{

max{v, Gα} on U,

Gα on X \ U.
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Then w is plurisubharmonic on X and w ∈ Fα
L , so w ≤ Gα. Hence, v ≤ Gα on U . �

Now we turn to the boundary behaviour of the supremum of the Lelong class. Let X
be a domain in a complex manifold Y , and p be a boundary point of X. Recall that a
plurisubharmonic function v on X is called a strong (plurisubharmonic) barrier at p if
lim
x→p

v(x) = 0, and sup
X\V

v < 0 for every neighbourhood V of p in Y .

A relatively compact domain X in a complex manifold is said to be B-regular if every
continuous function on the boundary of X extends to a continuous function on the closure
of X which is plurisubharmonic on X. This notion is due to Sibony [13]. It is easily seen
that a B-regular domain has a strong barrier at every boundary point, and for domains in
Cn, the converse holds. For a weaker result on an arbitrary Kähler manifold, see Lemma
3.7. In Cn, strongly pseudoconvex domains and smoothly bounded pseudoconvex domains
of finite type are B-regular, and B-regular domains are hyperconvex, but not vice versa.

2.4. Proposition. Let α be a nonnegative function on a domain X in a complex man-
ifold Y , and assume that there exists a strong plurisubharmonic barrier v at p ∈ ∂X. If
some u in Fα

L is bounded below on a neighbourhood of p, then Gα has limit zero at p.

Example 3.4 shows that this result may fail if existence of a strong barrier is replaced
by hyperconvexity.

Proof. Choose a neighbourhood V of p in Y such that u > β ∈ R in a neighbourhood of
X ∩ V , and choose c > 0 such that sup

X\V

v < β/c. Then u > cv in a neighbourhood of

∂V ∩ X, so the function w defined by

w =

{

max{u, cv} on X ∩ V,

u on X \ V,

is plurisubharmonic on X. Since u > β in a neighbourhood of X∩V , we have νu = 0 = α
there. Hence, w ∈ Fα

L , and we get

lim inf
x→p

Gα(x) ≥ lim inf
x→p

w(x) ≥ lim
x→p

cv(x) = 0. �

Edigarian [3] has proved that if X1 and X2 are domains in Cn1 and Cn2 respectively,
and a = (a1, a2) ∈ X = X1 × X2, then

Ga(x) = max{Ga1
(x1), Ga2

(x2)}, x = (x1, x2) ∈ X.

This is called the product property of the pluricomplex Green function. By a modification
of Edigarian’s proof we get the following result.
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2.5. Theorem. Let α1 and α2 be the characteristic functions of subsets A1 and A2 of
complex manifolds X1 and X2 respectively, and let α denote the characteristic function
of A = A1 × A2 on the product manifold X = X1 × X2, so

α(x) = min{α1(x1), α2(x2)}, x = (x1, x2) ∈ X.

Then
EHα

L(x) = max{EHα1

L (x1), EHα2

L (x2)}.

If EHα1

L and EHα2

L are plurisubharmonic, then

Gα(x) = max{Gα1
(x1), Gα2

(x2)}.

It is easy to see that the product property fails in general. Let α1 = χ{0} and α2 = 2α1

on D. Then α = χ{(0,0)} on D × D, and

EHα
L(z1, z2) = G(0,0)(z1, z2) = max{log |z1|, log |z2|},

but
max{EHα1

L (z1), EHα2

L (z2)} = max{log |z1|, 2 log |z2|}.

The latter function is not even a Lelong envelope (although it is presumably the envelope
of a disc functional involving directional Lelong numbers). Both functions have Lelong
number 1 at (0, 0) and 0 elsewhere.

2.6. Lemma. Let X be a complex manifold, α be a nonnegative function on X, and
β ∈ (−∞, 0). If EHα

L(x) < β, then there exists f ∈ AX with f(0) = x and finitely many
points a1, . . . , al in D \ {0} such that

−∞ <

l
∑

k=1

α(f(ak)) mak
(f) log |ak| < β. (2.2)

Proof. By the definition of the envelope, there exists f ∈ AX with f(0) = x such that
Hα

L(f) < β, and by the definition of Hα
L there are finitely many points a1, . . . , al in D

such that the right inequality in (2.2) holds.
If the sum equals −∞ and f is nonconstant, then ak = 0 for some k and α(f(0)) > 0.

Then we may assume that l = 1 and a1 = 0. We choose a ∈ D \ {0} so close to 0
that f is holomorphic in a neighbourhood of the image of D → C, z 7→ z(z − a), and
m0(f) log |a| < β. If we replace a1 = 0 by a and f by z 7→ f(z(z − a)), then (2.2) holds.

If f is constant, then ma(f) = +∞ for all a ∈ D and the sum in (2.2) equals −∞. We
choose a ∈ D \ {0} so close to zero that α(x) log |a| < β. Let U be a neighbourhood of x
in X with a biholomorphism Ψ : U → Dn, x 7→ 0. Let r > 1 and Φ = id × Ψ : Dr × U →
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Dr × D
n, where Dr = {z ∈ C ; |z| < r}. Now we set l = 1, a1 = a and replace f by the

disc
z 7→ pr

(

Φ−1(z, εz(z − a), 0, . . . , 0)
)

,

where pr : C×X → X is the projection, and ε > 0 is chosen so small that εz(z − a) ∈ D

if z ∈ D. Then f is nonconstant, f(0) = f(a) = x, and (2.2) holds. �

Proof of Theorem 2.5. We have mz(f) = min{mz(f1), mz(f2)} for all f = (f1, f2) ∈ AX .
Hence

H
αj

L (fj) =
∑

z∈D

αj(fj(z)) mz(fj) log |z| ≤ Hα
L(f), j = 1, 2,

and
EHα

L(x) ≥ max{EHα1

L (x1), EHα2

L (x2)}.

To establish the reverse inequality, we assume that EH
αj

L (xj) < β ∈ (−∞, 0) for
j = 1, 2, and show that EHα

L(x) < β. By Lemma 2.6, there are fj ∈ AXj
with fj(0) = xj

and ajk ∈ D, k = 1, . . . , lj, j = 1, 2, such that

−∞ <

lj
∑

k=1

αj(fj(ajk)) majk
(fj) log |ajk| < β, j = 1, 2. (2.3)

Choose fj such that lj is as small as possible. Then αj(fj(ajk)) = 1 and ajk 6= 0 for all
j and k.

Assume that |aj1| ≤ |aj2| ≤ . . . . Set

µjk = majk
(fj), µj =

lj
∑

k=1

µjk, bj =

lj
∏

k=1

a
µjk

jk 6= 0, and cj = ajlj .

Then
|cj|

µj eβ ≤ |bj| < eβ . (2.4)

The second inequality is equivalent to (2.3). To prove the first one, suppose |bj | < |cj |
µj eβ .

Then
mj
∏

k=1

∣

∣

∣

∣

ajk

cj

∣

∣

∣

∣

µjk

< eβ ,

where mj < lj is the smallest number with |ajk| = |cj | for k > mj . Hence, (2.3) holds
with fj replaced by z 7→ fj(cjz), ajk replaced by ajk/cj , and lj replaced by mj , which
contradicts the fact that lj is minimal.

We define the Blaschke products

Bj(z) =

lj
∏

k=1

(

ajk − z

1 − ājkz

)µjk

.
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Then Bj(0) = bj . We may assume that |b1| ≥ |b2|. By precomposing f1 by a suitable
embedding of D into D with 0 7→ 0, and thereby changing a1k slightly, we may assume
that B1(0) is not a critical value of B1. By Schwarz’ Lemma, we still have |b1| ≥ |b2|.

We may assume that b1 = b2. Indeed, if |b1| > |b2|, choose t ∈ (0, 1) with t−µ2 |b2| =
|b1|. Then |a2k/t| < 1, since by (2.4),

|a2k|
µ2 ≤ |c2|

µ2 ≤ |b2|e
−β < |b2/b1| = tµ2 .

Replacing f2 by z 7→ f2(tz) and a2k by a2k/t, we get |b1| = |b2|. Finally, replacing f2 by
z 7→ f2(eiθz), where eiθµ2 = b2/b1, and replacing a2k by e−iθa2k, we get b1 = b2.

Exactly as in [7], we obtain (possibly infinite) Blaschke products ϕj with 0 7→ 0 and

σ = B1 ◦ ϕ1 = B2 ◦ ϕ2.

Now |σ(0)| < eβ and |σ| = 1 almost everywhere on T. Choose r ∈ (0, 1) so close to 1 that

log |σ(0)| −
1

2π

∫ 2π

0

log |σ(reiθ)| dθ < β.

By the Riesz representation formula, the left hand side equals

n
∑

i=1

mzi
(σ(r·)) log |zi|,

where z1, . . . , zn are the zeros of z 7→ σ(rz) in D.
Now define f ∈ AX with f(0) = (x1, x2) by

f(z) = (f1 ◦ ϕ1(rz), f2 ◦ ϕ2(rz)), z ∈ D.

Since σ(rzi) = 0, we have ϕj(rzi) = ajkj
for some kj , and

mzi
(σ(r·)) = µjkj

mzi
(ϕj(r·)) = majkj

(fj)mzi
(ϕj(r·)) = mzi

(fj ◦ ϕj(r·)).

Since α(f(zi)) = min
j

αj(fj(ajkj
)) = 1, we get

Hα
L(f) =

∑

z∈D

α(f(z))mz(f) log |z| ≤

n
∑

i=1

mzi
(f) log |zi| =

n
∑

i=1

mzi
(σ(r·)) log |zi| < β,

so EHα
L(x) < β. �
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3. The Green function with a pole along a complex subspace

Let X be a complex manifold and A be a (closed) complex subspace of X, which is the
same thing as a coherent sheaf I = IA of ideals in the sheaf OX of holomorphic functions
on X. Suppose the stalk Ip of I at p ∈ X is generated by germs f1, . . . , fm. The

plurisubharmonic functions max
i=1,...,m

log |fi| and log
m
∑

i=1
|fi| have the same Lelong number

νA(p) at p. This number is independent of the choice of generators. Namely, say g1, . . . , gk

also generate Ip. Then fi =
∑

hijgj for some hij ∈ OX,p, so
∑

|fi| ≤ c
∑

|gj| on a
neighbourhood of p for some constant c > 0. Hence, the Lelong number of log

∑

|fi| at
p is no smaller than that of log

∑

|gj|. Interchanging {fi} and {gj}, we see that these
Lelong numbers are the same.

We might call νA(p) the multiplicity of A at p. If A is smooth at p, then νA(p) = 1, so
if A is a submanifold of X, then νA is the characteristic function χA of A. We set

FA = {u ∈ PSH(X) ; u ≤ 0, νu ≥ νA}, GA = supFA, kA = kνA

X .

We call GA the pluricomplex Green function with a logarithmic pole along A.

If I is principal, meaning that each stalk Ip is a principal ideal in OX,p, and I is
neither 0 nor OX , then A is a hypersurface, i.e., of pure codimension 1. If I is reduced,
i.e., A is a subvariety of X, then the converse holds. A principal coherent ideal sheaf
different from the zero sheaf is nothing but an effective divisor.

Suppose now that A is an effective divisor. Then the current [A] of integration over
A is a closed positive (1,1)-current on X, locally defined as 1

π
L(log |h|), where h is a

local generator for I. If f ∈ O(D, X), then there is a positive Borel measure f ∗[A] on D

defined locally as 1
2π

∆ log |h ◦ f |, unless h ◦ f = 0, in which case we set f ∗[A] = 0. There

is a generalized Riesz functional HA
R associated to A, defined by the formula

HA
R (f) =

∫

D

log | · | f∗[A], f ∈ O(D, X).

If A is principal, say A is the divisor of a holomorphic function h on X, then HA
R is the

Riesz functional H
log |h|
R .

3.1. Example. Let X be the unit ball in Cn. We have κX = δX = cX , where cX is the
Carathéodory distance on X, and Ga = kX(·, a) = log tanh δX(·, a), a ∈ X. This is in
fact true on any bounded convex domain in Cn by work of Lempert [9]. Hence, for every
submanifold A of X,

GA ≤ kA = inf
a∈A

Ga = log tanh cX(·, A) = log tanh κX(·, A).

11



Now let A be the hypersurface defined by the equation z1 = 0, and write z ∈ C
n as

z = (z1, z
′) with z1 ∈ C and z′ ∈ Cn−1. Then

GA(z) = log
|z1|

√

1 − |z′|2
, z ∈ X.

Namely, if u denotes the function on the right, then u ∈ FA, so u ≤ GA. Also, on each
disc Dc = {z ∈ X ; z′ = c} where c is a constant, u is subharmonic with ∆u = 2πδ(0,c)

and u|∂Dc = 0, and GA ≤ 0 is subharmonic with ∆GA ≥ 2πδ(0,c). Hence, by the Riesz
representation formula, GA ≤ u on Dc.

For a ∈ X, the pluricomplex Green function on X with a logarithmic pole at a is
Ga = log |Ta|, where Ta is any automorphism of X with a 7→ 0. For a 6= 0, one such
automorphism is given by the formula

Ta(z) =
a − Pa(z) − saQa(z)

1 − 〈z, a〉
,

where Pa is the orthogonal projection onto the linear space spanned by a, Qa is the
orthogonal projection onto its orthogonal complement, and sa =

√

1 − |a|2. If a = (0, a′)
and z′ = a′, then Pa(z) = (0, z′) = a and Qa(z) = (z1, 0), so

Ta(z) = (
−z1

√

1 − |z′|2
, 0),

and
GA(z) = G(0,z′)(z) = inf

a∈A
Ga(z).

This equality is in fact very exceptional, as Example 3.5 will indicate.

3.2. Proposition. Let A be an effective divisor in a complex manifold X. If f is a
holomorphic function generating the ideal sheaf of A on an open set U , then the plurisub-
harmonic function GA − log |f | on U \A is locally bounded above on A∩U , so it extends
to a plurisubharmonic function on U . Hence,

L(GA) ≥ π[A].

Proof. Let p ∈ A ∩ U . We will show that GA − log |f | is locally bounded above at p.
We may assume that p is a smooth point of the reduction of A, since plurisubharmonic
functions always extend across subvarieties of codimension at least 2. By applying a local
biholomorphism, we may assume that p = 0 ∈ Cn, that the unit polydisc P centred at p is
in U , and that the reduction of A is given by the equation z1 = 0 in P . If z = (z1, z

′) ∈ P ,
then the analytic disc ζ 7→ (ζ, z′) maps 0 to (0, z′) and z1 to z, so

kX(z, (0, z′)) = log tanh δX(z, (0, z′)) ≤ log tanh %D(0, z1) = log |z1|,
12



and
GA(z) ≤ kA(z) ≤ νA(0, z′)kX(z, (0, z′)) ≤ νA(0, z′) log |z1|.

At p, the germ of f is the product of zs
1 and a unit, where s = νA(p) = νlog |f |(p) is the

order of the zero of f at p, which equals the order of vanishing of f along the reduction
of A at p, and this is the same at every point of A ∩ P . Hence, for z = (z1, z

′) ∈ P , we
have νA(0, z′) = s, so

GA(z) − log |f(z)| ≤ s log |z1| − log |f(z)|,

and this is bounded above near p. �

If A is not a divisor and f1, . . . , fm, m ≥ 2, are local generators for the ideal sheaf

of A, then GA − log
m
∑

i=1

|fi| need not be locally bounded above. This is shown by the

coherent ideal sheaf on D × D generated by z1 and z2
2 .

3.3. Theorem. Let X be a relatively compact domain in a Stein manifold Y , and let
A be the intersection with X of a complex subspace B of Y . Then GA is locally bounded
and maximal on X \ A,

νGA
= νA,

and

GA = EHνA

L = EHkA

P = sup{u ∈ PSH(X) ; u ≤ kA}

= sup{u ∈ PSH(X) ; u ≤ inf
a∈A

νA(a)Ga}.

If X has a strong plurisubharmonic barrier at p ∈ ∂X \ B, then

lim
x→p

GA(x) = 0.

If A is a divisor, then

GA = EHA
R = sup{u ∈ PSH(X) ; u ≤ 0,L(u) ≥ π[A]}.

The hypotheses of the theorem are satisfied when X is a smoothly bounded B-regular
domain in Cn and A is the intersection with X of a complex subspace of a neighbourhood
of X, because X has a Stein neighbourhood basis [13].

Proof. Since Y is Stein, each stalk of the ideal sheaf IB is generated by global sections of
IB by Cartan’s Theorem A. Since X is relatively compact in Y , there are finitely many
holomorphic functions f1, . . . , fm ∈ IB(Y ) which generate all the stalks IB,p, p ∈ X. We

13



may assume that |fi| < 1 on X. Let u = max
i=1,...,m

log |fi| on X. Then u ∈ PSH(X), u ≤ 0,

and νu = νA. In particular, u ∈ FA, so u ≤ GA. This shows that GA is locally bounded
in X \ A, and hence maximal there by Proposition 2.3, and νGA

= νA.
The next four equations follow from Theorem 2.2. The statement about boundary

limits follows from Proposition 2.4.
Let f ∈ AX , and suppose f(0) /∈ A, so f−1(A) is finite. Let b ∈ D, let h be a local

generator for IA on a neighbourhood U of f(b), and let V ⊂ D be a neighbourhood of b
such that f(V ) ⊂ U . If z ∈ V and h(f(z)) = 0, then mz(h ◦ f) is no smaller than mz(f)
times the order of the zero of h at f(z), which is the Lelong number νA(f(z)) of log |h|
at f(z). Hence, we have

f∗[A] =
1

2π
∆ log |h ◦ f | =

∑

z∈V ∩f−1(A)

mz(h ◦ f)δz ≥
∑

z∈V

νA(f(z))mz(f)δz

on V . Integrating the function log | · | over any measurable subset S of V with respect to
these measures gives

∫

S

log | · | f∗[A] ≤
∑

z∈S

νA(f(z))mz(f) log |z|.

This shows that HA
R (f) ≤ HνA

L (f), so GA = EHνA

L ≥ EHA
R on X \ A. On A, both

envelopes equal −∞.
Let

FA
R = {u ∈ PSH(X) ; u ≤ 0,L(u) ≥ π[A]}.

By Proposition 3.2, GA ∈ FA
R , so GA ≤ supFA

R .
Now take u ∈ FA

R and f ∈ AX . If h is a local generator for IA, then L(log |h|) =
π[A] ≤ L(u), so 2πf∗[A] = ∆ log |h ◦ f | ≤ ∆(u ◦ f). Hence, by the Riesz representation
formula,

u(f(0)) =
1

2π

∫

T

u ◦ f dλ +
1

2π

∫

D

log | · |∆(u ◦ f) ≤

∫

D

log | · | f∗[A] = HA
R (f).

This shows that supFA
R ≤ EHA

R , so

GA ≤ supFA
R ≤ EHA

R ≤ EHνA

L = GA. �

3.4. Example. Let X = D × D be the unit bidisc in C2. Then X is hyperconvex but
not B-regular. Let A = {z1 = 0}. Let α1 = χ{0} and α2 = χD on D. Then

α(z) = min{α1(z1), α2(z2)} = χA(z)
14



for z = (z1, z2) ∈ X. By Theorem 2.5, or as in Example 3.1,

GA(z) = Gα(z) = max{Gα1
(z1), Gα2

(z2)} = max{log |z1|,−∞} = log |z1|.

Clearly, GA does not go to zero at all points of ∂X \ A.

3.5. Example. Let X be the unit ball in Cn. It is well known that for a ∈ X,
the Lelong functional H

χ{a}

L , whose envelope is the pluricomplex Green function Ga

with a logarithmic pole at a, has essentially unique extremal discs, whose images are
complex geodesics in X. More precisely, for x ∈ X, x 6= a, there is f ∈ AX with
f(0) = x, unique modulo precomposition by a rotation, such that Ga(x) = H

χ{a}

L (f),
namely f(z) = T (z, 0, . . . , 0), where T is an automorphism of X with T (0) = x and
T−1(a) ∈ D × {0}n−1.

Now let A be a submanifold of X and x 6∈ A. Then inf
a∈A

Ga(x) is actually a minimum,

and GA(x) = inf
a∈A

Ga(x) if and only if there is b ∈ A and an extremal disc f ∈ AX with

f(0) = x such that

log |f−1(b)| = Gb(x) = GA(x) ≤ HχA

L (f) =
∑

f(z)∈A

log |z|.

This implies that

f(D) ∩ A = {b}.

In other words, if GA(x) = inf
a∈A

Ga(x), then the complex geodesic realizing the hyperbolic

distance from x to A intersects A in only one point.
There is no shortage of counterexamples to this. When n = 2, take for instance the

smooth curve

A = X ∩ {(z, w) ∈ C
2 ; z2 + w2 = c}, 0 < |c| < 1,

which is connected and intersects each complex geodesic through the origin in either zero
or two points.

This proves the following. There is a smooth curve in C2 whose intersection A with
the unit ball X is nonempty and connected such that:

(1) GA 6= inf
a∈A

Ga,

(2) the functions inf
a∈A

Ga, kA, log tanh cX(·, A), and log tanh κX(·, A) (which are in

fact all equal) are not plurisubharmonic on X, and
(3) log tanh cX(·, A) is not dominated by GA, even though log tanh cX(·, a) ≤ Ga for

every a ∈ X.
15



Furthermore, the domain Y = X \ A has the same Carathéodory distance as X because
A is removable for bounded holomorphic functions. The strongly convex part of ∂Y is
infinitely distant from any point of Y , so cX(y, A) is in fact the Carathéodory distance
from y ∈ Y to ∂Y . Hence, Y is an example of a bounded pseudoconvex domain in Cn

such that log tanh of the Carathéodory distance to the boundary is not plurisubharmonic.

Finally, we shall establish a uniqueness property and a continuity property of the pluri-
complex Green function with a logarithmic pole along a complex subspace A. Although
we expect these results to hold in general, at present we can only prove them when A is
a principal divisor.

Recall that if X is a Stein space with H2(X, Z) = 0, then the second Cousin problem
can be solved on X, so every divisor on X is principal.

3.6. Uniqueness Theorem. Let X be a relatively compact domain in a complex man-
ifold. Let A be the divisor of a holomorphic function f on X. If u is a negative plurisub-
harmonic function on X such that

(1) u is locally bounded and maximal in X \ A,
(2) for every ε > 0 there is a compact subset K of X such that GA ≤ u+ ε on X \K,

and
(3) every point in A has a neighbourhood U with a constant C > 0 such that

log |f | − C ≤ u ≤ log |f | + C on U,

then u = GA.

Proof. By Proposition 3.2, GA − log |f | extends to a plurisubharmonic function G̃A on
X. The function ũ = u− log |f | is plurisubharmonic on X \A and locally bounded on X,
so it extends to a locally bounded plurisubharmonic function on X. Since u is maximal
on X \ A, so is ũ. Since A is pluripolar, ũ is maximal on X [5, Prop. 4.6.4], so by (2),

G̃A ≤ ũ and GA ≤ u. Finally, by (3), u ∈ FA, so u = GA. �

The following lemma solves the Dirichlet problem for the Monge-Ampère operator on
a Kähler manifold, without continuity of the solution. On a Stein manifold, the solution
is continuous by Lemma 3.8.

3.7. Lemma. Let X be a relatively compact domain in a Kähler manifold (e.g. a Stein
manifold) with a strong plurisubharmonic barrier at every boundary point. Let ϕ : ∂X →
R be a continuous function. Then there is a unique maximal plurisubharmonic function
u on X such that

lim
x→p

u(x) = ϕ(p) for every p ∈ ∂X,

namely u = supF , where

F = {v ∈ PSH(X) ; v∗|∂X ≤ ϕ}.
16



Here, v∗ denotes the upper semicontinuous function p 7→ lim sup
x→p

v(x) on X.

The Kähler condition provides a link between pluripotential theory and real potential
theory. It implies that the Laplacian is the trace of the Levi form [16, p. 90], so plurisub-
harmonic functions are subharmonic with respect to the associated Riemannian metric.
Here, this has the important consequence that the class {v ∈ F ; v ≥ min ϕ} is compact.
We do not know if this is true without the Kähler condition.

Proof. By hypothesis, X is regular with respect to the Laplacian, so there is a continuous
function h on X, harmonic on X, with h|∂X = ϕ. Then F coincides with the class
{v ∈ PSH(X) ; v ≤ h}. Hence, u = supF ≤ h, so u∗ ≤ h by continuity of h. Since u∗ is
plurisubharmonic, u∗ ∈ F , so u∗ = u. This shows that u ∈ F .

Let U be a relatively compact domain in X, and let v be plurisubharmonic on X such
that v ≤ u on ∂U . Let

w =

{

max{u, v} on U,

u on X \ U.

Then w is plurisubharmonic on X and w∗|∂X = u∗|∂X ≤ ϕ, so w ≤ u. Hence, v ≤ u on
U . This shows that u is maximal, and uniqueness follows.

Now let p ∈ ∂X and β < ϕ(p). Let w be a strong barrier at p. Choose a neighbourhood
V of p such that ϕ > β in ∂X ∩ V , and choose c > 0 such that β + c sup

X\V

w < min ϕ.

Then v = β + cw ∈ F , so v ≤ u, and

β = lim
x→p

v(x) ≤ lim inf
x→p

u(x) ≤ ϕ(p).

Since β is arbitrary, this shows that lim
x→p

u(x) = ϕ(p). �

The next lemma was proved by Walsh [15] for domains in Cn, and generalized to
Banach spaces by Lelong [8]. Our proof is based on Lelong’s argument.

In a metric space (Y, d), we let B(x, %) denote the open ball with centre x and radius
%, and for any A ⊂ Y we let A% = {x ∈ A ; d(x, ∂A) > %}.

3.8. Lemma. Let X be a relatively compact domain in a manifold Y . Assume that there
exists a metric defining the topology on Y such that for every v ∈ PSH(X) and r > 0,
there exists a continuous plurisubharmonic function vr : Xr → R with

v(x) ≤ vr(x) ≤ sup
B(x,r)

v, x ∈ Xr.

This holds in particular if Y is Stein. Let h : X → R be continuous, and

u = sup{v ∈ PSH(X) ; v ≤ h}.
17



If u∗ is continuous on ∂X, then u is continuous on X.

Proof. Since h is continuous on the compact set X, the function u is plurisubharmonic
and real-valued. It suffices to prove that for every a ∈ X and ε > 0, there exists a
neighbourhood U of a such that u(a) − ε < u on U .

Since h is uniformly continuous on the compact set X, and u∗ is continuous on the
compact set ∂X, there is δ > 0 such that a ∈ Xδ,

|h(x) − h(y)| < 1
2
ε for all (x, y) ∈ X × X with d(x, y) < δ, and (3.1)

|u∗(x) − u∗(y)| < 1
4
ε for all (x, y) ∈ ∂X × X with d(x, y) < 3δ. (3.2)

By assumption, there exists a continuous plurisubharmonic v : Xδ → R such that u(x) ≤
v(x) ≤ sup

B(x,δ)

u for x ∈ Xδ. We define w on X by

w =

{

max{v − 1
2
ε, u} on Xδ,

u on X \ Xδ.

If x ∈ Xδ \ X2δ, then δ < d(x, ∂X) ≤ 2δ. There exists b ∈ ∂X such that d(b, x) ≤ 2δ, so
for every y ∈ B(x, δ) we have d(b, y) < 3δ, and (3.2) implies that

|u(x) − u(y)| < |u∗(b) − u(x)| + |u∗(b) − u(y)| < 1
2ε,

so
v(x) − 1

2
ε ≤ sup

B(x,δ)

u − 1
2
ε < u(x).

Hence, w = u on X \ X2δ, so w ∈ PSH(X). By (3.1),

v(x) − 1
2ε ≤ sup

B(x,δ)

u − 1
2ε ≤ sup

B(x,δ)

h − 1
2ε < h(x), x ∈ Xδ,

so w ≤ h. Hence, v − 1
2
ε ≤ w ≤ u on Xδ. There exists a neighbourhood U of a in Xδ

such that v(a) < v(x) + 1
2ε for all x ∈ U , and then

u(a) − ε ≤ v(a) − ε < v(x) − 1
2ε ≤ u(x), x ∈ U.

Assume now that Y is Stein. We may assume that Y is a closed submanifold of CN .
Let CN have the euclidean metric and Y have the induced metric. By Siu [14, Main
Thm. and Cor. 1], there is a Stein neighbourhood V of Y in CN and a holomorphic
retraction σ : V → Y . Let v ∈ PSH(X) and r > 0. Then ṽ = v ◦ σ is plurisubharmonic
on W = σ−1(X). Since X is relatively compact, there is % ∈ (0, r) such that σ(B(x, %)) ⊂
B(x, r) for all x ∈ X. We choose a nonnegative radially symmetric χ ∈ C∞

0 (CN ) with
Lebesgue integral 1 and support in B(0, %). Then the convolution ṽ ∗ χ defines a smooth
plurisubharmonic function on W%. Now take vr = ṽ ∗ χ|Xr. �

Being plurisubharmonic, GA is quasi-continuous [5, Thm. 3.5.5], but a quasi-continuous
function may be discontinuous everywhere.
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3.9. Theorem. Let X be a relatively compact domain in a Stein manifold with a strong
plurisubharmonic barrier at every boundary point. Let A be the divisor of a holomorphic
function f on X which extends to a continuous function on X. Then the set of points in
X at which GA is discontinuous is pluripolar.

We are unable to prove that GA is continuous, nor do we have counterexamples.
Continuity of the single-pole Green function on a bounded hyperconvex domain in a
Stein manifold was proved by Demailly [1]. Continuity of the Green function with finitely
many weighted poles on a bounded hyperconvex domain in a Banach space was proved
by Lelong [8].

Proof. By Proposition 3.2, GA − log |f | extends to a plurisubharmonic function G̃A on
X. By Lemmas 3.7 and 3.8, there are continuous maximal plurisubharmonic functions
vj , j ∈ N, on X such that

lim
x→p

vj(x) = min{− log |f(p)|, j} for every p ∈ ∂X.

Then vj + log |f | ∈ FA, so vj ≤ G̃A, and the increasing sequence (vj) is locally bounded
above. Hence, (vj) converges pointwise to a lower semicontinuous function v : X → R,

whose upper semicontinuous regularization v∗ is plurisubharmonic on X, and v∗ ≤ G̃A.
The subset N of X where v < v∗ is pluripolar. Furthermore, since the vj are maximal,
so is v∗ [5, Thm. 3.6.1].

For p ∈ ∂X, we have

lim inf
x→p

v(x) ≥ lim inf
x→p

vj(x) = min{− log |f(p)|, j}

for each j, so letting j → ∞ we get

lim sup
x→p

G̃A(x) ≤ − log |f(p)| ≤ lim inf
x→p

v(x) ≤ lim inf
x→p

v∗(x).

Since v∗ is maximal, this shows that G̃A ≤ v∗, so G̃A = v∗.
For p ∈ X,

v(p) = lim inf
x→p

v(x) ≤ lim inf
x→p

G̃A(x) ≤ lim sup
x→p

G̃A(x) = G̃A(p) = v∗(p),

so G̃A is continuous at p if p /∈ N . Hence, GA is continuous at all points outside the
pluripolar set N \ A. (Note that this is stronger than saying that the restriction of GA

to the complement of a pluripolar set is continuous.) �

19



References

1. Demailly, J.-P., Mesures de Monge-Ampère et mesures pluriharmoniques, Math. Z. 194 (1987), 519-

564.
2. Edigarian, A., On definitions of the pluricomplex Green function, Ann. Polon. Math. 67 (1997),

233–246.

3. , On the product property of the pluricomplex Green function, Proc. Amer. Math. Soc. 125

(1997), 2855–2858.

4. Klimek, M., Extremal plurisubharmonic functions and invariant pseudodistances, Bull. Soc. Math.
France 113 (1985), 231-240.

5. , Pluripotential theory, Oxford University Press, 1991.

6. Lárusson, F., and R. Sigurdsson, Plurisubharmonic functions and analytic discs on manifolds, J.
reine angew. Math. 501 (1998), 1–39.

7. Lárusson, F., P. Lassere, and R. Sigurdsson, Convexity of sublevel sets of plurisubharmonic extremal

functions, Ann. Polon. Math. 68 (1998), 267-273.
8. Lelong, P., Fonction de Green pluricomplexe et lemmes de Schwarz dans les espaces de Banach, J.

Math. Pures Appl. 68 (1989), 319–347.
9. Lempert, L., La métrique de Kobayashi et la représentation des domaines sur la boule, Bull. Soc.

Math. France 109 (1981), 427-474.

10. , Solving the degenerate complex Monge-Ampère equation with one concentrated singularity,
Math. Ann. 263 (1983), 515-532.

11.Poletsky, E. A., Plurisubharmonic functions as solutions of variational problems, Proc. Symp. Pure

Math. 52 Part 1 (1991), 163-171.
12. , Holomorphic currents, Indiana Univ. Math. J. 42 (1993), 85-144.

13. Sibony, N., Une classe de domaines pseudoconvexes, Duke Math. J. 55 (1987), 299–319.
14. Siu, Y.-T., Every Stein subvariety admits a Stein neighborhood, Invent. Math. 38 (1976), 89–100.

15.Walsh, J. B., Continuity of envelopes of plurisubharmonic functions, J. Math. Mech. 18 (1968),

143–148.
16.Wu, H., Function theory on noncompact Kähler manifolds, Complex differential geometry, DMV

Seminar, Band 3, Birkhäuser Verlag, 1983.
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