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ABSTRACT. Let G be a reductive complex Lie group acting holomorphically on Stein
manifolds X and Y. Let px: X = Qx and py: Y — Qy be the quotient mappings.
When is there an equivariant biholomorphism of X and Y? A necessary condition
is that the categorical quotients @@ x and @y are biholomorphic and that the biholo-
morphism ¢ sends the Luna strata of ) x isomorphically onto the corresponding Luna
strata of Qy. Fix ¢. We demonstrate two homotopy principles in this situation. The
first result says that if there is a G-diffeomorphism ®: X — Y, inducing ¢, which
is G-biholomorphic on the reduced fibres of the quotient mappings, then ® is homo-
topic, through G-diffeomorphisms satisfying the same conditions, to a G-equivariant
biholomorphism from X to Y. The second result roughly says that if we have a
G-homeomorphism ®: X — Y which induces a continuous family of G-equivariant
biholomorphisms of the fibres px ~!(q) and py ~!(¢(q)) for ¢ € Qx and if X satisfies
an auxiliary property (which holds for most X), then ® is homotopic, through G-
homeomorphisms satisfying the same conditions, to a G-equivariant biholomorphism
from X to Y. Our results improve upon those of [KLS15] and use new ideas and

techniques.
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1. INTRODUCTION

Let G be a reductive complex Lie group. Let X and Y be Stein manifolds (always
taken to be connected) on which G acts holomorphically. We have quotient mappings
px: X — Qx and py: Y — @Qy where Qx and @)y are normal Stein spaces, the
categorical quotients of X and Y. Let ¢, ¢ € Qx. We say that q and ¢’ are in the same
Luna stratum of Qx if the fibres X, = px~'(¢) and X, = px~*(¢') are G-biholomorphic.
The fibres are affine G-varieties, not necessarily reduced. The Luna strata form a locally
finite stratification of Q) x by locally closed smooth subvarieties. A necessary condition
for X and Y to be G-equivariantly biholomorphic is that there is a biholomorphism
©: Qx — (Qy which preserves the Luna strata, i.e., X, is G-biholomorphic to Y, for
all ¢ € Qx. Suppose that such a ¢ exists. Our problem then is to find a G-equivariant
biholomorphism ®: X — Y inducing ¢: ()x — Qy. It is possible that one has made a
poor choice of ¢ (see Example 4.1) or it could be that no choice of ¢ admits a lift (see
Example 4.2).

Use ¢ to identify the quotients, and call the common quotient () with quotient maps
px: X — @ and py: Y — Q. We say that X and Y have common quotient (). More
specifically, we replace Y by ¢*Y = {(q,y) € Qx XY | py(y) = ¢(¢)}. Then ¢*Y is a
Stein G-manifold whose quotient mapping is projection onto the first factor and Q) = Qx
is the common quotient. Our problem then is to find a G-equivariant biholomorphism
®: X — ¢"Y which induces idg, the identity map of ). So we can always reduce to
the case that X and Y have a common quotient () and our problem is to lift idg to a
G-biholomorphism of X and Y. In the spirit of Gromov’s work [Gro89|, we show that
there is a G-biholomorphic lift of idg if there are appropriate continuous or smooth lifts
of ldQ

Set

Iso(X,Y) = [ [ Iso(X,. Yy)
q€Q

where Iso(X,,Y,) denotes the set of G-biholomorphisms of X, and Y. Let 7 denote
the natural projection of Iso(X,Y) to ). Then Iso(X,,Y;) is a principal homogeneous
space for the group Iso(X,, X,) and the global sections of Iso(X,Y’) form a principal
homogeneous space for the group of global sections of Iso(X, X). In general, there is no
reasonable structure of complex variety on Iso(X,Y") or Iso(X, X) (see [KLS15, Section
3]). However, we can say what the sections of 7 of various kinds are. Clearly a holo-
morphic section of Iso(X,Y’) over an open subset U C @ should be a G-biholomorphism
®: px 1 (U) = py ' (U) inducing idy;. We are also able to define what a continuous
section of Iso(X,Y’) over U is, which we call a strong G-homeomorphism (see Section
3).

Let ®: X — Y be a G-diffeomorphism inducing idg. We say that ® is strict if it
induces a G-biholomorphism of (X, )req With (Y;)eqa for all ¢ € @ where the subscript
means that we are considering the reduced structures on the fibres (see Example 3.2).
Let Iso(X, Y ),ea denote the product of the Iso((X,)red, (Yy)rea) With the obvious projec-
tion to @. Then the smooth sections of Iso(X, Y ),eq are the strict G-diffeomorphisms.
A strict G-diffeomorphism is not necessarily a strong G-homeomorphism (Example 3.2).
Our definition of strict is more general than in [KLS15]; see Remark 5.9.
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Here is our first main result.

Theorem 1.1. Let X and Y be Stein G-manifolds with common quotient (). Suppose
that there is a strict G-diffeomorphism ®: X — Y. Then ® is homotopic, through strict
G-diffeomorphisms, to a G-biholomorphism from X toY .

The theorem says that a smooth section of Iso(X, Y'),eq is homotopic to a holomorphic
section.

There is also a version of the theorem for continuous sections of Iso(X,Y), but we
need an additional assumption. Let D be a vector field on (). We say that D is strata
preserving if for all Luna strata Z of @ and z € Z, D(z) € T,(Z). We say that X has
the infinitesimal lifting property if every holomorphic strata preserving vector field D
defined on a neighbourhood U of ¢ € ) has a lift to a G-invariant holomorphic vector
field A on p~'(U’) where U’ is a neighbourhood of ¢ contained in U. This means that
A(p*f) = p*(D(f)) for all f € O(U’). The infinitesimal lifting property really only
depends upon the isomorphism classes of the fibres of p: X — @Q); equivalently, on the
slice representations of X (see Section 2). For most representations of reductive groups,
the infinitesimal lifting property holds (Remark 2.1) and for most representations all
holomorphic vector fields on the quotient automatically preserve the strata [Sch13].

Here is our second main result.

Theorem 1.2. Let X and Y be Stein G-manifolds with common quotient ). Sup-
pose that there is a strong G-homeomorphism ®: X — Y. If X has the infinites-
imal lifting property, then ® is homotopic, through strong G-homeomorphisms, to a
G-biholomorphism from X toY.

See Section 3 for the definition of a homotopy of strong G-homeomorphisms. The
theorem says that a continuous section of Iso(X,Y’) is homotopic to a holomorphic
section, provided that X (equivalently, Y') has the infinitesimal lifting property.

Our proofs of Theorems 1.1 and 1.2 have two steps, where we first reduce our ho-
motopy principles to Oka principles of the form considered by Grauert. Let X, Y and
Q@ be as before. We say that X and Y are locally G-biholomorphic over () if there is an
open cover {U;} of @ and G-biholomorphisms ®;: px ' (U;) — py '(U;) inducing the
identity on U;. This condition says that there are no local obstructions to the existence
of a global G-biholomorphism ®: X — Y inducing idg.

Theorem 1.3. Let X and Y be Stein G-manifolds with common quotient (). Suppose
that one of the following holds.

(1) There is a strict G-diffeomorphism from X to Y.
(2) There is a strong G-homeomorphism from X toY and X has the infinitesimal
lifting property.
Then X andY are locally G-biholomorphic over Q).

Once we have no local obstructions we are able to establish the following versions of
Grauert’s Oka principle.

Theorem 1.4. Let X and Y be Stein G-manifolds locally G-biholomorphic over a com-
mon quotient Q).
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(1) Any strict G-diffeomorphism ®: X — Y is homotopic, through strict G-diffeo-
morphisms, to a G-biholomorphism from X to Y.

(2) Any strong G-homeomorphism ®: X — Y is homotopic, through strong G-
homeomorphisms, to a G-biholomorphism from X toY .

Note that Theorems 1.3 and 1.4 establish Theorems 1.1 and 1.2. The proof of
Theorem 1.4 is along the lines of Grauert’s Oka principle for principal bundles of complex
Lie groups (Section 10). A main result of our previous paper [KLS15] is a weaker
version of Theorem 1.4. In (1) and (2) we were only able to state the existence of a
G-biholomorphism, but not that it was homotopic to ®. Also, we had to assume that X
(equivalently Y) is generic, which means that the set of closed orbits with trivial isotropy
group is open in X and that the complement (which is a closed G-stable subvariety of
X) has codimension at least two.

We briefly mention here the Linearisation Problem. Suppose that X = C" and that Y’
is a G-module such that we have a G-biholomorphism of X and Y. Then the G-action
on C" is linearisable, i.e., there is a biholomorphic automorphism ® of C" such that
Pogod~!is linear for every g € G. The problem of linearising actions of reductive groups
on C" has attracted much attention both in the algebraic and holomorphic settings
([Huc90], [Kra96]). The first counterexamples for the algebraic linearisation problem
were constructed by Schwarz [Sch89] for n > 4. His examples are holomorphically
linearisable. Derksen and Kutzschebauch [DK98] showed that for G nontrivial, there
is an Ng € N such that there are nonlinearisable actions of G on C" for all n > Ng.
Their method was to construct actions whose stratified quotients cannot be isomorphic
to the stratified quotient of a linear action. In [KLS]|, we show that, most of the time,
a holomorphic G-action on C” is linearisable if and only if the stratified quotient is
isomorphic to the stratified quotient of a G-module.

Here is a brief summary of the contents of the paper. In Section 2 we review general
results about quotients and the Luna stratification. In Section 3 we recall facts about G-
finite functions and use them to define the notion of strong G-homeomorphism. Section
4 gives examples showing problems that can arise in finding local or global lifts of strata
preserving biholomorphisms of quotients. In Section 5 we establish Theorem 1.3. Here
we use two techniques: deforming an automorphism of @ to a liftable automorphism and
lifting homotopies on the quotient by lifting associated vector fields. After establishing
Theorem 1.3 we are able to assume that X and Y are locally G-biholomorphic over Q).
In Section 6 we define a type of G-diffeomorphism from X to Y, those of type F, which
roughly are those G-diffeomorphisms inducing idg whose restriction to each fibre X,
has a biholomorphic G-equivariant extension to a neighbourhood of X,. We also define
the notion of a G-invariant vector field on X of type LF. These are roughly the smooth
G-invariant vector fields, annihilating the G-invariant holomorphic functions, whose re-
strictions to each fibre X, extend in a neighbourhood of X, to a G-invariant holomorphic
vector field annihilating the G-invariant holomorphic functions. We establish important
properties of the G-diffeomorphisms of type F (assuming the results of Section 7). In
Section 7 we prove several technical results, among them the fact that the G-invariant
vector fields of type LF are closed in the Fréchet space of all smooth G-invariant vector
fields on X. In Section 8 we show that any strong G-homeomorphism from X to Y is
homotopic, through strong G-homeomorphisms from X to Y, to one of type F. The
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analogous result for strict G-diffeomorphisms follows similarly. In Sections 9 and 10 we
modify the techniques of Cartan [Car58] to show that any G-diffeomorphism from X to
Y of type F is homotopic, through G-diffeomorphisms of type F, to a G-biholomorphism
from X to Y, completing the proof of Theorem 1.4.

Acknowledgement. We thank E. Bierstone for useful discussions.

2. BACKGROUND

For details of what follows see [Lun73] and [Sno82, Section 6]. Let X be a normal
Stein space with a holomorphic action of a reductive complex Lie group GG. The cate-
gorical quotient Qx = X /G of X by the action of G is the set of closed orbits in X
with a reduced Stein structure that makes the quotient map px: X — @ x the universal
G-invariant holomorphic map from X to a Stein space. When X is understood, we
drop the subscript X in px and Qx. Since X is normal, () is normal. If U is an open
subset of @, then p* induces isomorphisms of C-algebras Ox(p~(U))¢ ~ Og(U) and
COlp~1(U))Y ~ C°%(U). We say that a subset of X is G-saturated if it is a union of
fibres of p. If X is an affine G-variety, then () is just the complex space corresponding
to the affine algebraic variety with coordinate ring @, (X)%. If V is a G-module and
p: V — V /G is the quotient mapping, then the fibre N'(V') = p~1(p(0)) is the null cone
of V.

If Gz is a closed orbit in X, then the stabiliser (or isotropy group) G, is reductive.
We say that closed orbits Gx and Gy have the same isotropy type if G, is G-conjugate
to G,. Thus we get the isotropy type stratification of () with strata whose labels are
conjugacy classes of reductive subgroups of G.

Assume that X is smooth and connected, and let Gz be a closed orbit. Then we can
consider the slice representation which is the action of G, on T, X/T,(Gz). We say that
closed orbits Gx and Gy have the same slice type if they have the same isotropy type and,
after arranging that G, = G, the slice representations are isomorphic representations
of G.. The stratification by slice type is finer than that by isotropy type, but the slice
type strata are unions of irreducible components of the isotropy type strata [Sch80,
Proposition 1.2]. Hence if the isotropy type strata are irreducible, the slice type strata
and isotropy type strata are the same. This occurs for the case of a G-module [Sch80,
Lemma 5.5]. Let H = G, and W = T, X/T,(Gz) be the slice representation as above.
Write W = W7 @ W’ where W' is an H-module. The Zariski tangent space to the fibre
Xp(z) at x is isomorphic to g/h @ W’ as H-module, and

dim W = dim X — dim G + dim H — dim W,

so that the fibre determines the slice representation (and vice versa). Hence the Luna
stratification of the introduction is the same as the slice type stratification.

There is a unique open stratum @, C @, corresponding to the closed orbits with
minimal stabiliser. We call this the principal stratum and the closed orbits above Q)
are called principal orbits. The isotropy groups of principal orbits are called principal
isotropy groups. By definition, X is generic when the principal isotropy groups are
trivial and p~'(Q \ @pr) has codimension at least two in X.
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Remark 2.1. If GG is simple, then, up to isomorphism, all but finitely many G-modules
V with V& = 0 are generic and have the infinitesimal lifting property [Sch95, Corol-
lary 11.6 (1)]. The same result holds for semisimple groups but one needs to assume
that every irreducible component of V' is a faithful module for the Lie algebra of GG
[Sch95, Corollary 11.6 (2)]. A “random” C*-module is generic and has the infinitesimal
lifting property, although infinite families of counterexamples exist. More precisely, a
faithful n-dimensional C*-module without zero weights is generic (and has the infini-
tesimal lifting property) if and only if it has at least two positive weights and at least
two negative weights and no n — 1 weights have a common prime divisor. Finally, X is
generic (or has the infinitesimal lifting property) if and only if every slice representation
does. Hence these properties only depend upon the Luna stratification of ). If one is
in the situation where all slice representations are orthogonal, then [Sch80, Theorems
3.7 and 6.7] shows that one has the infinitesimal lifting property.

3. G-FINITE FUNCTIONS AND STRONG HOMEOMORPHISMS

Let X and Y be Stein G-manifolds. Despite the fact that we can state our main
theorems in the case that p: Qx — Qy is the identity, our proofs (especially in Section 5)
require us to consider the case that ¢ is an arbitrary strata preserving biholomorphism.

If U is a subset of Qx, we denote px~'(U) by Xy, and Yy for U C Qy is defined
analogously. The group G acts on 0(X), f + g f, where (g- f)(z) = f(g7'x), v € X,
g€ G, fe0(X). Let Os,(X) denote the holomorphic functions f such that the span of
{g- [ | g € G} is finite dimensional. They are called the G-finite holomorphic functions
on X and obviously form an €(Q) = €(X)%-algebra. If X is a smooth affine G-variety,
then the techniques of [Sch80, Proposition 6.8, Corollary 6.9] show that for U C @ open
and Stein we have

Oin(Xu) ~ O(U) ®@0,,(Q) Oug(X).

Let H be a reductive subgroup of G and let B be an H-saturated neighbourhood of
the origin of an H-module W. We always assume that B is Stein, in which case B/ H
is also Stein. Let G x B (or Tg) denote the quotient of G x B by the (free) H-action
sending (g,w) to (gh™', hw) for h € H, g € G and w € B. We denote the image of
(9,w) in G x# B by [g,w]. By the slice theorem, X is locally G-biholomorphic to such
tubes Tp. If V is an irreducible nontrivial G-module, let &(X)y denote the elements
of O, (X) contained in a copy of V, and similarly define O (Tw)y. Then Gy (Tw)v
generates O(Tg)y over 0(B)!. By Nakayama’s Lemma, fi,..., fm € O(X)y restrict to
minimal generators of the &(U)-module &(Xy )y for some neighbourhood U of ¢ € @
if and only if the restrictions of the f; to X, form a basis of 0(X,)y = Oa(Xy)v.

Let ®: X — Y be a G-biholomorphism inducing ¢: Qx — Qy. Let ¢ € Qx, let
fi,.-., fm be elements of 0(X)y whose restrictions to €(X,) span 0(X,)y and let
fi,-.-, [, be elements of €(Y)y whose restrictions to &'(Y,)) span O(Y,g)v. Then
the f; generate &(X)y over a neighbourhood of ¢ and the f; generate &(Y)y over a
neighbourhood of ¢(g). Over a neighbourhood U of ¢ we have ®*f/ = flo ® =>"a;; f;
where the a;; are in O(U) ~ O(Xy)®. The a;; are generally not unique. However, if
the f; and f} are linearly independent when restricted to X, and Y, respectively,
then m = n and the matrix (a;;(q)) is unique and invertible. It follows that (®~1)* f; =
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>_bijfj over a neighbourhood of ¢(q) where the matrix valued function (b;;) equals
1

(ajop™h)h

Let ®: X — Y be a G-equivariant homeomorphism inducing a strata preserving
biholomorphism ¢: Qx — Qy. Let V and the fi, f; and ¢ be as above. We say that
® is strong for V over ¢ at q if ®*f = > a;;f; where the q@;; are continuous in a
neighbourhood of ¢, inducing an isomorphism &'(Y,q))v — O(X,)v. Note that this
condition is independent of our choice of the f; and f;. We say that ® is strong over
¢ at q if ® is strong over ¢ for V at ¢ for all irreducible nontrivial V. One does not
actually need to worry about all V. Let Vi, ... V. be irreducible nontrivial G-modules
such that Oyge(X,) is generated by @ ; Oug(Xy)v;. If @ is strong over ¢ for the Vj at g,
then it is strong over ¢ at ¢q. Note that if ® is strong over ¢ at g, then it is strong over
¢ at ¢ for ¢’ sufficiently close to ¢ and that ®~! is strong over ! at ¢(q). Finally, we
say that @ is a strong G-homeomorphism over ¢ if it is strong over ¢ at all ¢ € Qx.
When we omit the phrase “over ¢” we mean that Qx = Qy = @ and ¢ = idg as in the
introduction. The strong G-homeomorphisms of X form a group under composition.
As we saw above, G-biholomorphisms inducing ¢ are strong.

If &: X — Y is a strong G-homeomorphism, then the various a;;(¢) determine G-
isomorphisms of the (not necessarily reduced) algebraic G-varieties X, and Y, so one
may consider ® as a continuous family of isomorphisms of the fibres X, and Y, ¢ € Q.
If &, is a family of strong G-homeomorphisms for ¢ € [0, 1], we say that the family is a
homotopy of strong G-homeomorphisms if the corresponding a;;(t,q) can be chosen to
be continuous in ¢ and q.

We consider strong G-homeomorphisms to be the continuous analogues of GG-biholo-
morphisms of X and Y. This is especially evident in the case that the automorphism
group scheme associated to X exists. For U C Q open, let Auty(Xy)¢ denote the group
of G-biholomorphisms of Xy inducing idy. Suppose that there is a complex space &
over () whose fibres are complex Lie groups such that we have a canonical identification
of the holomorphic sections I'(U, &) with Auty (Xy)€ for all U open in Q. Then we say
that & s the group scheme associated to the Stein G-manifold X. Most of the time &
does not exist (see [KLS15, Section 3]). However, it does exist in case p: X — @ is flat
(compare [KS92, Chapter III, Section 2]).

Example 3.1. This example is from Kraft-Schwarz [KS92, Chapter 111, Section 2]. Let
V = C? with coordinate functions z and ¥, and let G be the normaliser of the diagonal
matrices in SLy(C). Let s = xy and t = s*. Then 0,,(Q) = CJt] (so Q = C), and
Oa(V) is generated by @,z(V)y+ which has minimal generators x, y, sz and sy. An
element ® € Autg(V)¢ sends z to ax + Bsz for some «, 8 € O(Q) and it sends y to
ay—Bsy. Then ®*(s) = (a?—[%t)s where ®*(s?) = s?. Hence a®— (3%t = 41. Conversely,
given «, 8 € 0(Q) such that o> — 3% = +1, there is a corresponding ® € Autg (V)¢
with ®*x = (a+ sf)x and *y = (o — sf)y. We can see our automorphisms as sections
of a group scheme &, as follows. As variety,

& = {(t,a,b) € C* | a® — b’t = £1},

with projection m: & — C sending (¢,a,b) to t. The group structure on Autg (V)¢
induces a group structure on the fibres of 7:

(t,a',b') - (t,a,b) = (t,ad’ + ebb't,a’b + eab’) where € = a® — b?t.
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The inverse to (¢,a,b) is (¢, €a, —b). The group Autg (V)¢ is isomorphic to the group of
holomorphic sections of 7: & — C. The strong G-homeomorphisms of V' are the same
thing as the continuous sections of .

Example 3.2. Let (V,G) be as in the previous example. Choose the branch of the
square root in a neighbourhood of 1 € C with v/1 = 1 and let a(t) = V1 +1¢, t € C.
Then a(t) is smooth in a neighbourhood of 0 € C. Let ® be the G-diffeomorphism
which sends x to (a(t) + §)z and y to (a(t) — 5)y for ¢ near 0. Then the corresponding
b(t) is t/|t| = §/s which has no limit at ¢ = 0. The fibre of V over 0 is not reduced, and
the reduced fibre is {zy = 0} on which the restriction of ® is the identity. Thus ® is a
strict G-diffeomorphism, but it is not a strong G-homeomorphism.

We now establish some differentiability properties of strong G-homeomorphisms in-
ducing a strata preserving biholomorphism . Our results are a generalisation of [KLS15,
Lemma 24] (see Remark 3.6 below).

Let H, W, B, etc. be as in the beginning of this section. We always assume that
B is stable under multiplication by ¢ € [0,1]. Let f € O (Tw). We say that f has
degree n if f([g,tw]) = t"f([g,w]), g € G, w € W, t € C. We denote the elements of
degree n by Oa(Tw),. The elements of degree zero are the pullbacks to Oug(Tw) of
the elements of O,,(Z) where Z ~ G /H is the zero section of Ty,. For the moment, we
also assume that W = 0.

By [KLS15, Lemma 23] we have

Lemma 3.3. 0,,(Tw) is generated by One(Tw )1 as an Oe(G/H)-algebra.

Let Vi,...,V, be nonisomorphic irreducible nontrivial G-modules which appear in
Oag(Tw)o and O (Tw ) such that Oy, (Tw) is generated by

M = ﬁalg(TW>V1 &b ﬁalg(TW)Vr'

We may assume that Vi,...,V, are minimal with the above property. Let fi,..., fn.
minimally generate M where each f; is homogeneous and in Oy, (T )y, for some j.

Definition 3.4. Let Vi,...,V, and fi,..., f, be as above. We call {f;} a standard set
of generators of U, (Ts) or a standard set of generators of Oug(Tw ).

The span of the f; is G-stable and the f; are linearly independent on F' = G xHZ N (W).
Let d; denote the degree of f;, i =1,...,n. We arrange that d; =0 for + < ¢, d; = 1 for
¢ <1 <mandd; >1fori>m.

Let X denote T so that Q = TG ~ BJ/H. Let gy € @ be the image of the point
zo = [e,0] € X. Let U be a neighbourhood of ¢o and let ¢: U — p(U) C @ be a strata
preserving biholomorphism. Then ¢(q) = qo. Let ®: Xy — X, 1) € X be a strong
G-homeomorphism over .

Shrinking U we may assume that there is an (n x n)-matrix (a;;) of continuous
invariant functions such that ®*f; = > a;;f;. Since ® preserves F, it preserves the
closed orbit Z C F. Let Z denote the ideal in C®(X)® generated by @, -, Oue(Tw)$ .
Note that since W# = 0, Oue(Tw){ = 0. -

Lemma 3.5. (1) The matriz (a;j(xo)) is invertible, 1 <1, j <.
(2) Perhaps shrinking U, we have a;; € T for { <i<m and 1 <j </,
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Proof. 1f we restrict f1,..., fo and the ®* f; to Z, then ®* is an isomorphism, with matrix
(a;j(x0)), and we have (1).

Let p denote the Reynolds operator, i.e., the G-equivariant projection from Oy (T )
to Oae(Tw)Y. Tt extends to a projection of CO(Xy)Y - Oue(Tw) to CO(Xy)®. Let us
assume that some a;; # 0 for £ < i < mand 1 < j </, say @y # 0. Then f,, and
f1 correspond to the same irreducible G-module V. We may assume that fi,..., fs are
the polynomials corresponding to V' among fi,..., f;. Then a,,; = 0 for s < 5 < £.
Now V occurs in O,4(Z) =~ Oue(Tw)o and we have a non-degenerate pairing of Oy, (2)
with itself, which sends a pair of functions f, f’' to p(f - f'). Thus Oa(Z)y+ has a basis
fi,..., fl of cardinality s. We may assume that p(f; - f;) = 0;; for 1 <14, j < s. There
is a homogeneous minimal generating set fi,...,fl, fl i, ..., [t of the Oug(Tw)%-
module Oe(Tyw)v+. Then deg f/ > 0 for i > s. There are b;; € C°(Xy)® such that
O fi =D bijfj. Let 1 <i <s. Since f,, has degree 1, p(f; - fn) = 0. Thus

0= p(@f- @ f) = S bigtmsp(F] - fi) € D bismplf} - fi) =T = 3 bijam + T
gk j=1

J, k=1

Applying (1) to the matrix b;;, 1 < i, j < s, we see that (b;;(x¢)) is invertible. In a
G-saturated neighbourhood of z we can invert (b;;) and then the equation above shows
that a,,; € Z, j =1,...,s. This gives (2). O

Remark 3.6. In the proof of [KLS15, Lemma 24] we tacitly assumed that ®* sends the
fi of degree 1 to Zj a;; f; where 7 > £, i.e., to terms only involving the f; of degree at
least 1. This, of course, is not justified. The lemma above is what is required. Lemma
3.7 and Corollary 3.11 below replace [KLS15, Lemma 24].

We may assume that U is the image of a tube Ts/. Then we have a scalar action
of [0,1] on Xy as follows. Let x = [g,w] € Xy. Then ¢ - [g,w] = [g,tw]. Let ®(z) =
t7h®(t-x), x € Xy, t € (0,1]. Let W, denote the fibre of Ty at [9,0] € Z. Let af;(x)
denote t%~%q(t-x), t € (0,1], * € Xy, 1 <4, j < n. Finally, let Aut,,(Tyw )¢ denote
the complex algebraic group of G-vector bundle automorphisms of Ty, (see Corollary
6.31).

Lemma 3.7. The following hold.
(1) (@7 fi)(x) = >, ai;(x) fi(x), ® € Xy, t € (0,1], 1 <i <.
(2) The limit as t — 0 of ®; acting on the f;, { < i < m, is given by the matriz L
with entries a;;(zo), £ <1, j < m.
(3) ® has a normal derivative 6® along Z, and 6® € Auty,(Tw ). If ¢ is the
identity, then 6® fives O, (T )C.
(4) The limit ast — 0 of the ®, is d®, uniformly on compact subsets of Xy .

Proof. For (1) we compute that
(@ 1)) = F1710(1-2) = 4@ L)) = 17 a0 -2)

J

= thj_diaij(t -x) f(x).
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Now let £ < i < m, so that d; = 1. By Lemma 3.5, for 1 < j </, a;;(t - x) = t3d;;(t, z)
where d;; is continuous. Hence, uniformly on compact subsets of Xy,

(3.1) lim @ fi(w) = lm D ¢4 ay(t-2) fi(x) = D ay(wo) fi(x),
j>0 t<j<m

giving (2). For now, just consider indices i between ¢+ 1 and m. We have ®(x() = [g, 0]
for some g € Ng(H), and ®;(xo) = [g,0] for all ¢ € (0,1]. The f; are sections of Ty« and
they span each fibre of Ty«. If f =" ¢;fi, ¢; € C, vanishes at [g, 0], then fo®;(zy) =0
for all t € (0,1]. By (3.1), > ¢;a;5(xo) fj(xo) = 0. Thus the matrix L induces a linear
mapping from Wy to W. Let §®(xo): W, — W, be the dual mapping. It follows easily
from (3.1) that 0®(xg) is the normal derivative of ® at z, and the analogous fact at
other points of Z follows by equivariance of ®. Clearly, 6® € Auty,(Ty)¢. If ¢ is the
identity, then the ®; and J® fix the invariants. Hence we have established (3).

We have shown that aﬁj converges uniformly as ¢t — 0 on compact subsets of X
for / < i < m, and this is trivially true for 1 < ¢ < ¢. Since the f; for i < m
generate Oy (T ), a subset of them gives local coordinates at any point of Ty. Hence
®, converges to d¢ uniformly on compact subsets of Xy as ¢ — 0 and we have (4). O

It is not clear that %im at.(x) exists for all ¢ and j. To remedy this we replace (a;;)
—>

0o "
by a matrix (b;;) for which lim bi;(x) does exist.
-

Lemma 3.8. Let m < u <n. For1l < v <n there are polynomials
Puv(l‘y Zij) c ﬁ(Tw)G[ZH, e RIpy e s Rmly e - ,Zmn]

such that
(I)*fu = Zpuv<x> aij)fv

for any strong G-homeomorphism ® with associated matriz (a;;).

Proof. By Lemma 3.3, for m < u < n, f, = P,f1,..., fm), where P,(z1,...,2n)
is a polynomial with constant coefficients. We may assume that each monomial in
P,(z1, ..., zn) is homogeneous of degree d,, where we give z; degree 0 for i < ¢ and degree
1 for i > £. Now ®*f, = P,(®*f1,..., 9" f,). Replace ®*f; by > a;;f;, 1 < i < m.
Expanding and re-expressing in terms of invariants times the f, we obtain

q)*fu - ZPuU(x7a117 e Qpy e Gypdy - 7amn)fv
v

where P,, is independent of the a;; (which we may treat as indeterminants). O
Remark 3.9. By equivariance of ®, some of the a;; are necessarily zero.

We break up P,,(x, @11, . . ., Gmy) into a sum of terms P,,08(, a11, . - . , Gy as follows.
Let 7 = h(x)a]}" ---alm be a term in P, (z, a;;). Let ap(7) be the sum of the ~;; for
which d; —d; = —1 and let fy(7) be the sum of the 7;;(d; — d;) for which d; — d; > 0.
Then h(z) is homogeneous of degree d,, — d, + Bo(7) — (7). For o, B € ZT let Pyyap
be the sum of the terms 7 in P,, for which ay(7) = a and fo(7) = 5. Then P,,ap €
Oag(Tw)S, 4, +5-al011, - - - ; ). From Lemma 3.5 we know that a;;(t - z) = t%a;;(t, x),
¢ <i<m,1<j</{ where a;; is continuous and invariant. Let a;;(¢,x) = a;;(t - z) for
1<i<florl<i<mand/<j<n. One easily shows:
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Lemma 3.10. Let o, 8 € Z". Then
td“_d“Puwg(t -z, a;5(t - x)) = ta+BPuva@(a:, a;;(t,z))

is jointly continuous in t € [0,1] and x € Xy. Moreover, uniformly on compact subsets
of Xy we have

>0
i 4 P+, a5t 2)) = 4 o
w000(T, 04,0, 045 (10)) a4+ =0

where Pyyo0(2, 0d,4,0:5(20)) € ﬁalg(TW)dGde.

Corollary 3.11. Let b;;(z) denote P;(z,a11(x), ..., amn(x)) fori>m, 1 <j<n and
let bjj(x) = a;;(z) fori <m, 1 <j<mn. Then ®*f; = > b;jf;, 1 <i<n. The bﬁj(x)
are jointly continuous int and x and (0®)* f; = 37 b);(x) f; where bY;(x) € Oug(Tw)§ _a,
1 <14, 5 <n. Hence ®; is a homotopy of strong G-homeomorphisms where ®q is G-
bitholomorphic.

We have been considering a special case, where the slice representation of the closed
orbit Gxy has no nonzero fixed vectors. Now we consider the general case. So the slice
representation is of the form (C? @ W, H) where H acts trivially on C? and W# = (.
Then the slice theorem says that a neighbourhood of our closed orbit is G-biholomorphic
to S x Tg where Ty is a tube as before and S is an open subset of C? which we may
take to be Stein and connected.

Definition 3.12. Let S, W, H and B be as above. We call S x Ty a standard neigh-
bourhood in X or a standard open set in X.

Note that our standard generators {f;} of Ou4(Tw), considered as functions on
SxTg, generate O, (SxTp) as an O(S xTg)%-algebra. Thus we also call { f;} a standard
generating set for O, (S x Tg). Now let so € S and consider a G-saturated neighbour-
hood of (s, zg) of the form Sy x T where B’ C B. Let U denote p(Sy x Tp/). Then U
is a neighbourhood of gy = p(so, xo). Suppose that we have a strata preserving biholo-
morphism ¢: U — ¢(U) C S x T where ¥(q0) = qo. We may write ¢ as (0, ) where
6 maps to S and ¢ to Tg. Further suppose that we have a strong G-homeomorphism
U =(0,0): SyxTp — SxTpinducing ¢». Then O(s,z) = 0(s,pp(x)), s € So, © € Ty
Hence © is holomorphic. Since V is strong, ®*f; = > a;;(s, x)f;(z) where the a;; are
continuous and invariant. For ¢ € [0,1] and (s,z) € S x Tg let ¢ - (s, z) denote (s,t - x).
Then we have the homotopy W,(s,z) = (0O(s,x), ®,(s,x)) where O.(s,x) = O(s,t - z).
Define U*(z) = VU(s,z) for (s,x) € Sy x T, and similarly define ®* and ©°. Then
applying Lemma 3.7 and Corollary 3.11 and perhaps shrinking our neighbourhoods we
have the following:

Corollary 3.13. Let U, ¥, etc. be as above.

(1) The limit ast — 0 of ®] acting on the f;, £ < i <'m, is given by the matriz L(s)
with entries a;;(s,zo), £ <1, j < m.

(2) ®° has a normal derivative §®° along Z, and 6®° € Auty,(Tw)® depends con-
tinuously on s. If ¢ is the identity, then §®° fives Oug(Tw )€ for all s.

(3) The limit as t — 0 of the U] is (O(s, zg), dP®), uniformly on compact subsets of
SO X TB/-
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(4) There are invariant b;;(s,x) such that b;; = a;; for i < m, ®*f; = > b f; for
1 <i<n, and the bgj(s, x) are jointly continuous int € [0,1], s and x. Moreover,
(0D)* fi(s,z) = DO00;(s, ) f;(x) where bY;(s,x) lies in C°(Sp) @ ﬁalg(Tw)dGi_dj,
1<4d,j<n.

We usually denote 6® by ®j. Then U, has limit Uy = (0, Pg) where Oy(s,z) =
O(s, o) for (s,z) € Sy x T

Corollary 3.14. Let ¥ = (O, ®) be a strong G-homeomorphism inducing ¥ = (0, ¢) as
above. Then the family t — W, is a homotopy of strong G-homeomorphisms inducing a
family of biholomorphisms 1;. There is a continuous map o: S — Auty,(Tw ) such that
Dy (s,z) = o(s)(x) for (s,x) € Sy x Tgr. Moreover, ©y(s,x) = O(s,xg) is a holomorphic
map of So X Ty into S which is biholomorphic when restricted to So X {xo}. If ¢ is the
identity, then Wy fizes O(Sy x Tp)C.

Remark 3.15. Suppose that the a;;(s, x) are smooth (resp. holomorphic). Then ¥ is
smooth (resp. holomorphic). By Lemma 3.5 we have:

(1) For ¢ < i < m and 1 < j < /, there are smooth functions a;;(t,s,z) (resp.
holomorphic in s and ) such that a;;(s,t - x) = t?a;(¢, s, x).

Let a;(t,s,z) = a;j(s,t-x) for 1 < i < fLorf < j < n. Let the P, (z,a;) be
the polynomials of Lemma 3.8. For 1 < v < n, set by, = ayu if u < m and set
buy(s, ) = Pyy(x,a;5(s,x)) for w > m. Then ®*f; = > b;;f;, 1 < i < n. The functions
bi;(s, ) are polynomials in ¢, x and the ag;(t, s, 2). Hence:

(2) The functions by;(s,r) are smooth in ¢, s and z (resp. holomorphic in s and )
and we have ®; fi(s,z) = > b, (s, x) f;(z), 1 < i, j <n.

4. EXAMPLES

First we exhibit a biholomorphism of quotients which does not have local G-equivari-
ant lifts.

Example 4.1. (See [Sch14, Example 4.4].) Let G = SLy(C) and H = SL4(C) and
consider the canonical action of G x H on V = (C*)* ® C® Then the G-invariant

functions of V' are generated by determinants d,;, 1 <i < j < 4, with the relation

dyodsy — dysday + diadaz = 0.

We may identify the quotient with the set of 2-forms w = Y d;je; A e; € A*(C*) with
the property that w A w € A*(C?) ~ C vanishes. Now w — w Aw € C is the SOg(C) =~
(SL4(C)/{=1I})-invariant bilinear form on C% ~ A?(C*). Hence @ can be identified with
the null cone of the action of L° = SOg(C) on Cb. There is an action of L = Og(C)
on @ as well and L\ L° acts by outer automorphisms on L°. Suppose that some
¢ € L\ L° has a local biholomorphic lift ® to V. Then ®(0) is a lift of £, induces
an outer automorphism of H and is in the normaliser of G [Sch14, Proposition 2.9].
But G has no outer automorphisms, hence changing ®’(0) by an element of G one can
assume that ®'(0) lies in GL(V)¢ = GL4(C). But no element of GL,(C) induces an
outer automorphism of H. Hence we have a contradiction, and ¢ has no local lift.
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By modifying the example above, we find X and Y such that QQx and )y have a
unique strata preserving biholomorphism which does not have local lifts (let alone a
global lift).

Example 4.2. Let V, G and @) be as above. Let Qg = @ N A where A is the open
ball of radius one in C®. Since A is hyperbolic, so is @y, and this implies that the
automorphism group of () is a real Lie group H with the property that every isotropy
group is compact [Kob98, Theorem 5.4.2]. Since the origin is the unique singular point
of Qo, it is fixed by H and H is compact. We show that H = Og(R). We also show that
there is a homogeneous complex polynomial f of degree 3 on C® which does not vanish
everywhere on (g and is fixed only by the identity of H. Let 0 # 2y € @)y such that
f(z0) = ¢ # 0 and let Q) denote the complement in Qg of {z € Qo | f(2) = ¢}. Any
holomorphic automorphism ¢ of @ extends to )y and is an element h € H. Suppose
that {z € Qo | (h- f)(2) =c} ={2 € Qo | f(2) = ¢} (and h # €). Then {z € Qo |
f(2) = ¢} is a union of irreducible components of {z € Qo | (h- f)(z) — f(2) = 0}
which are cones in ) passing through the origin. Then f(0) = ¢, which is absurd.
Thus h = e. Now let X denote p~'(Qp) C V and let Y denote p~*(¢(Qf)) where
¢ € Og(R) \ SOg(R). Note that ¢ preserves g. Now we have a unique biholomorphism
v: Qx = Q) — Qy = ¢(Qf) and by the previous example there is no lift of ¢ near the
origins.

We show that H = Og(R). We have the representation of H on the Zariski tangent
space of Qg at 0, which is C®. Let G = H¢ be the complexification of H. Then G acts
on (). By the slice theorem, the kernel of G — GL(T5(Q)) = GLg(C) acts trivially in
a neighbourhood of 0, hence trivially on ). But G has to act faithfully on @) since H
does. Hence G — GLg(C) is faithful and G acts linearly on C®, and it clearly has to lie
in Og(C). Now the maximal compact subgroups of Og(C) are all conjugate to Og(R)
where Og(R) C H. Hence H = Og(R).

We now show that there is an f as claimed above. As a real representation of
H, the space of polynomials of degree three contains two copies of S3(R%). We show
that the principal isotropy group for the action on one copy of S3(R) is trivial. The
isotropy group of the vector e} in S?(R®) is a copy of O5(R) whose slice representation
is S3(R°) @ S?*(R®) & R with trivial action on R and the obvious actions on S*(R®) and
S%(R®). The principal isotropy group of S?(R®) is finite (a product of copies of Z/27Z),
and its action on S3(R®) is faithful. Hence the principal isotropy group is trivial. This
means that there is an open set of homogenous polynomials f of degree 3 on C® whose
H-isotropy is trivial, and we can choose such an f which does not vanish on ¢)y. Then as
above one constructs a Stein open set Q) C )y with trivial holomorphic automorphism

group.

Example 4.3. Let G = C* and V = C* with basis {ay, b1, as, by} where the a; have
weight 1 and the b; have weight —1. Let ®: V' — V sending (aq, b1, az, b2) to (b, ay, by, as).
Then ®(A\v) = A7'®(v) for A € G and v € V. Hence @ is not equivariant in the usual
sense. Let ¢ be the automorphism of ) induced by ®. If ¥ is a lift of ¢, then so
is its derivative W'(0) and one can show that ¥'(0) has to have the same equivariance
property as ® does. Hence ¢ has a lift, but there is no lift which is equivariant in the
usual sense.
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The G-modules in the examples above have the infinitesimal lifting property. Here
is an example where this property fails.

Example 4.4. This is due to H. M. Meyer. Let G = C* act on V = C3 with coordinate
functions x, y, z of weights —1, 1, 2, respectively. Let u = zy and w = 22z. Then u
and w are coordinate functions on Q = C? and the Luna strata are {0} and C?\ {0}.
The vector field ud/dw is strata preserving. A lift would have to send z?z to xy but no
smooth vector field with this property exists.

5. LOCAL LIFTING OF AUTOMORPHISMS

Let X and Y be Stein GG-manifolds with common quotient (). We establish Theorem
1.3 which gives sufficient conditions for the existence of local G-biholomorphic lifts of
idg. The main idea behind the proof is the lifting of vector fields defined on the quotients.
We begin with results about this problem. For the moment we only deal with X.

For U open in @, let Der(U) denote the holomorphic vector fields on U, i.e., the
derivations of (U). Let Der(Xy) denote the holomorphic vector fields on Xy. Then we
have an (U )-module homomorphism p, : Der(Xy)¢ — Der(U) which is just restriction
of A € Der(Xy)Y to O(Xy)¥ ~ O(U). If D = p, A, we say that A is a lift of D.

Remark 5.1. Recall that an element D € Der(U) is strata preserving if for each Luna
stratum Z of U, D(z) € T.Z for every z € Z. Equivalently, D preserves the ideals of
the closures of the strata. Recall that X has the infinitesimal lifting property if any
strata preserving D € Der(U) has local lifts to Der(Xy)®. It is easy to see that if
A € Der(Xy)Y, then p,A is strata preserving. Hence, when we have the infinitesimal

lifting property, the locally liftable vector fields are precisely the strata preserving vector
fields.

Lemma 5.2. (1) The sheaves of Og-modules U — Der(Xy)¢ and U — Der(U) are
coherent.
(2) Suppose that U C Q is Stein, D € Der(U) and {U;} is an open cover of U such
that D|y, lifts to Der(Xy,)¢ for all i. Then D lifts to Der(Xy)©.
(3) Let W be an H-module where H is a reductive subgroup of G. Then Ty has the
infinitesimal lifting property if and only if W does.

Proof. By [Rob86], U + Der(Xy)¢ is coherent and by [Fis76, Chapter 2], so is U
Der(U). Hence we have (1).

Let Dery(Xy)“ denote the kernel of p,: Der(Xy)¢ — Der(U). Then the corre-
sponding sheaf of &g-modules is coherent and part (2) follows from Cartan’s Theorem
B.

Since G x W — Ty is a principal H-bundle, hence locally trivial, the mapping
Der(G x W) — Der(Ty )¢ is surjective. Now

Der(G x W) = (g2 (W) @ (1g @ Der(W)H)

where 1 denotes the constant function 1 on G and g denotes the Lie algebra of G.
Since (g @ O(W))H obviously acts trivially on &(G x W)¥*H we see that the images

of Der(Ty )¢ and Der(W)H in Der(Q) are the same. The same reasoning works for @
replaced by an open subset U C (). Hence we have (3). Il
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Remark 5.3. We say that Ty (resp. W) has the smooth infinitesimal lifting property
if elements in Der(U), U open in @, have local lifts to smooth invariant vector fields
on open sets of Ty, (resp. W). Then (3) above holds with “infinitesimal” replaced by
“smooth infinitesimal.”

We now show that the smooth infinitesimal lifting property implies the infinitesimal
lifting property.

Lemma 5.4. Let W be an H-module where H is a reductive subgroup of G. Let D €
Der(U) where U is open and Stein in Q = W JH. Suppose that D has a smooth H -
invariant lift on p~'(U). Then D has an H-invariant holomorphic lift over U.

Proof. Let p = (p1,...,pm): W — C™ where the p; are homogeneous generators of
Og(W)H. Then we may identify @ with Imp. By the slice theorem, Lemma 5.2 and
Remark 5.3 it is enough to consider the case that U is a neighbourhood of 0 € () and to
produce a local lift over a perhaps smaller neighbourhood of 0. Give O,s(Q) ~ O (W)H
the grading of O, (W)*. The 0,,(Q)-module Der,,(Q) is graded where E € Der,,(Q)
has degree k if it sends polynomials of degree s to ones of degree s+k for all s. By a Taylor
series argument, one sees that £ € Der,,(Q)) has a local H-invariant holomorphic lift if
and only it has a global H-invariant polynomial lift. Let 5’}2,0 denote the completion of
the local ring Og . If E is a derivation of ﬁAQ’O and F; is the component of E of degree
J, then E has a lift to an H-invariant formal power series vector field on W if and only
if the same is true for each E;. The Oy,(Q))-submodule of Der,,(Q) of algebraically
liftable vector fields is homogeneous and finitely generated, say by the homogeneous
elements Dy, ..., Dy.
Now let A be a smooth H-invariant lift of D. Then

A= "a;(2,2)0/0z + b;(2,2)0/0%;,
j=1
where n = dim W and the z;, z; are the usual holomorphic and antiholomorphic co-
ordinate functions. For any H-invariant holomorphic function f, A(f) is holomorphic,

hence
n

Af) = a;(2,000f/0z.
j=1
Let A= > i1 Gj(2,0)0/0z; where a;(2,0) is the Taylor series of a;(2,0) at 0. Then A
is an H-invariant formal vector field lifting D. Any such A is of the form > a;A; where
the A; are homogeneous @, (W)"-module generators of Derg .o(W)# and the a; are
invariant formal power series. Thus D = p*A\ =>. Eip*Ai where the b; are elements of
ﬁAQ70 which pull back to the a;. Since the p,A; are obviously liftable, we see that D is
in the ﬁgo—module generated by the D;. Hence D = Zle d;D; where the d; € 0.
This follows from the fact that the inclusion of 0p ¢ into ﬁ@g is faithfully flat. Hence
D has a holomorphic lift over a neighbourhood of 0 € Q. O

We now use some parts of the theory of topological tensor products. Let N and P be
smooth manifolds. Then C*(N x P) is isomorphic to a completion of C>*(N) @ C*(P).
The completed tensor product is denoted by C®(N)&® C>(P). Since both factors are
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nuclear, the completion is the same for either of the two main topologies on the tensor
product (7 and ¢) [Tre67, Theorem 44.1 and Theorem 50.1]. If P is a complex manifold,
then the space of functions smooth on N x P and holomorphic for fixed z € N is
isomorphic to C*°(N)® &(P) and is Fréchet and nuclear.

Proposition 5.5. Let U C Q = Qx be open and let D; be a smooth vector field on
[0,1] x U which is in Der(U) for each fixed t. If each Dy is liftable, then there is a
smooth vector field A; on [0,1] x Xy such that, for each fized t, A; € Der(Xy)® and
psAr = Dy.

Proof. The sections of coherent sheaves of 0g-modules have natural Fréchet space struc-
tures [GR79, Ch. V, §6]. Let Der,(U) = p.Der(Xy)“ denote the liftable vector fields.
Then they form a closed subspace of Der(U) [GR79, p. 169, Closedness Theorem]. Now
our smooth vector field D, is the same thing as an element of C*([0, 1], Der(U)), the
smooth mappings of [0, 1] into Der(U) [Tre67, Sec. 44]. Since each D is liftable, we are
actually in C*°([0, 1], Der,(U)) ~ €>=([0,1]) ® Dery(U) [Tré67, Theorem 44.1]. We have
a surjection Der(Xy)® — Der,(U), hence

C>(]0,1]) ® Der(Xy)¥ — €*([0,1]) & Dery(U)

is surjective [Treé67, Proposition 43.9]. It follows that there is a smooth family A; in
Der(Xy)% covering D;. O

Let U C @ and let ¢: U — ¢(U) C @ be a strata preserving biholomorphic map.
We say that a G-diffeomorphism ¥: Xy — Xy @) inducing ¢ is a strict G-diffeomor-
phism over 1 if it induces a biholomorphism on reduced fibres. As before, when we say
that W is a strict G-diffeomorphism, we mean that it is over (or induces) the identity
on the quotients. We will prove Theorem 1.3 using the following result.

Theorem 5.6. Let 1 be as above. Suppose that there is a strict G-diffeomorphism
U: Xy — Xy over ¢ or that there is a strong G-homeomorphism V: Xy — Xy
over ¥ and X has the infinitesimal lifting property. Then for every qo € U there is a
neighbourhood U’ of qo and a G-biholomorphism U Xur = Xywry inducing ¥y

Assume the theorem for the moment. Then we have:

Proof of Theorem 1.3. Let qo € ). Then X, and Y, are G-isomorphic and by the slice
theorem there is a neighbourhood U of ¢y and a G-biholomorphism ¥: Xy — Yy
where U induces ¥: U — (U) and ¥(q0) = qo. Suppose that we have a strict G-
diffeomorphism ¥': X — Y. Then (¥')~! o ¥ is a strict G-diffeomorphism of Xy with
Xywy over ¥. By Theorem 5.6 we can find a G-biholomorphism U Xy — Xy
covering 1 where ¢y € U’. Then ¥ o U1isa G-biholomorphism of Xy with Yy
inducing the identity on ¢)(U’). Hence X and Y are locally G-biholomorphic over (). One
gets the same conclusion if ¥’ is a strong G-homeomorphism and X has the infinitesimal
lifting property. O

To prove Theorem 5.6 we may assume that X = S x Ty is a standard open
set (Definition 3.12). Abusing notation a bit, we will let @ denote Ty JG. As be-
fore, let pi,...,p, be homogeneous generators of O (Tw)® =~ Cue(W)7 and let
p=(p1,---,pm): Tw — C™. Then p: Ty — @ =Im p C C™ is the quotient mapping
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for Tyy. We may assume that go = (s, 0) for some sy € S. Then U is a neighbourhood
of go which is sent to the neighbourhood ¥ (U) of gy which we may assume still lies in
S x Qp. Let F denote G x® N(W). As we go along we will keep shrinking U which we
can always take to be of the form Sy x Uy where 5 is a neighbourhood of sy € S and
Up is a neighbourhood of 0 € Q. Write ¢ = (6, ¢) as before.

Lemma 5.7. To prove Theorem 5.6 we may reduce to the case that 0(s,q) = s for
(s,q) €U.

Proof. Since 1 is strata preserving, # induces a biholomorphism of Sy x {0} into S x {0}
fixing (so,0). Let 9(s,q) = (8(s,q),q) for (s,q) € U. Then 4 is a biholomorphism in a
neighbourhood of (sg,0) and ¢/~ has the form (s,q) — (6(s, q), q) where 8(sy,0) = sq.
We have an equivariant biholomorphism U defined over a G-saturated neighbourhood
Q of {so} x F given by U(s,z) = (6(s, p(z)), ) for (s,x) € Q. Then ¥ induces ¢! so
we may replace 1 by 1 o 1)~! to reduce to the case that (s,-) = s. O

For s € Sy we now have that ¢(s,-) is a biholomorphism defined on Uy such that
©(s,0) = 0. We also denote ¢(s,-) by ¢°(-). We have a C*-action on @ induced by the
scalar C*-action on Ty. The action of ¢ € C* sends (q1, ..., q¢n) € Q to (tq1, ..., t"qm)
where ¢; is the degree of p;, i = 1,...,m. We have automorphisms ¢ (q) = ¢t~1-©*(t - q)
which we may assume are defined for ¢ € (0,1}, s € Sy and ¢ € Uy. We want to show that
©) = lli% p; exists. If ¢ exists, then it commutes with the action of R*, hence also the

action of C*, so we say that it is quasilinear. Let Auty(Q) denote Aut(Q)%", the group
of quasilinear automorphisms of (). Since @ /C* is a point, Auty (@) is a linear algebraic
group. As before, Auty,(T)¢ denotes the group of G-vector bundle automorphisms of
Tyw. Then any ¢ € Aut,,(Tyw ) is a G-biholomorphism which commutes with C*, hence
it induces an element p.f € Auty(Q).

Let v: Uy — v(Up) be a strata preserving biholomorphism (e.g., one of the ¢*) and
suppose that v has a lift T': p~1(Uy) — p~!(v(Up)) which is a strict G-diffeomorphism
over 7. Define I'y = t ! o' ot where ¢ € (0, 1] acts by scalar multiplication on the fibres
of Tyy. We may assume that p~!(Up) is stable under the scalar action restricted to [0, 1].
Since I' preserves the fibre over g, it preserves the closed orbit Z ~ G/H. Since I is
smooth, ['y = 11_{% I'; exists and is the normal derivative 01" of I" along Z.

Lemma 5.8. Let I' be a strict G-diffeomorphism as above. Then 6T' € Auty,(Tyw)C.

Proof. We have to show that ¢I" is complex linear. Now I'([e,0]) = [g,0] for some
g € Ng(H). Let W, and W, denote the fibres of Ty at [e,0] and [g, 0], respectively.
Then oI" restricts to an H-equivariant real linear map of W ~ W, to W, where the
H-action on W, is twisted: h - [g,w] = [g, (¢  hg)w]. Write W, ~ W = W; & W,
where W, is the fixed space of HY and W, is an H-stable complement to W,. We have
a corresponding direct sum decomposition of W,. Any H-equivariant real linear map
of W, to W, has to preserve the direct sum decompositions. It is easy to see that the
Zariski tangent space of N'(W),eq at 0 is Wy. Since T restricted to G xH N(W),eq is
G-equivariant and biholomorphic, éI' is complex linear on W;. Hence we only need to
show that 0I" is complex linear on W5. Let Hy denote the image of H in GL(W;). Then
Hj is finite and the set of principal orbits Ws,, relative to the Hj-action is open and
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dense in W,. Let Hy denote the kernel of H — Hs and let S denote the stratum of
() corresponding to Hy. Then W, — S is a covering map onto its (open) image U
and G xH Wape — U is a fibre bundle with fibre G/H,. Then I' is holomorphic on
G x W, ,, since it is equivariant and covers the holomorphic map 7 restricted to U. Tt
follows that JI" is complex linear on Ws. Hence 6" € Auty, (T )¢, O

Remark 5.9. Our definition of strict G-diffeomorphism is more general than the one
in [KLS15]. The main use of strictness in [KLS15] is to show that if T" is strict, then
0" is complex linear. Using Lemma 5.8 one can substitute our definition of strict G-
diffeomorphism for the one in [KLS15] and obtain the same theorems.

Lemma 5.10. Let v be one of the ©*, s € Sy. Suppose that T': p~1(Uy) — p~(v(Up))
1s a strict G-diffeomorphism over v or a strong G-homeomorphism over . Then vy =
11511% 7; exists and is an element of p,(Auty,(Tw)%).

5

Proof. Let I'; and +; be as above. Then I'y covers 7, and by Lemmas 5.8 and 3.7,
lir% ['; = 6T € Auty,(Tyw)®. Then po oI is the limit of po I'; as t — 0, hence 7, exists
ﬁ

and is covered by oI O

Proof of Theorem 5.6. We have reduced to the case that U(s, z) = (s, ®(s, z)) for (s, z)
in the set Sy x Uy. Let y1, ...,y be the coordinate functions on C™. Then near 0 € @),

() yi = Y ity (s)y”
aeN™

where the ¢,(s) are holomorphic in s € Sy and |a| = > e for a = (ay,...,q,) €
N™.  Since 11_{% p; exists, we must have that 3 _ ca(s)y” vanishes on @ for each
e < e;. Hence we can throw away these terms and reduce to a sum over the « with
la] > e;. Thus the family ¢7(q) is holomorphic where defined in s, ¢ and t € C.
Now py: Auty,(Tiw )¢ — Auty(Q) is a homomorphism of linear algebraic groups, hence
the image A is an algebraic subgroup of Auty(Q). By Lemma 5.10, the ¢f are in A.
The surjection p,: Autq(Tw )¢ — A has local holomorphic sections, so we can lift the
holomorphic family ¢§ near sy € Sy to a holomorphic family in Auty, (7 W)G. Hence,
shrinking Sy, we can reduce to the case that ¢ is the identity for all s € Sy. Then we
have a homotopy ¢; with domain U = Sy x Uy, starting at the identity. Let

A=A{(ts,q) €[0,1] xU | (s,q9) € p(U)}.
Then A is open in [0,1] x U and contains [0,1] x {(s¢,0)}. Let U = S| x U} be a
neighbourhood of (g, 0) such that [0,1] x U’ C A. Our local homotopy ¢, is obtained by
integrating a time dependent vector field D, and the domain of D, contains [0, 1] x U".
Since the family ¢, is strata preserving, the D, are strata preserving. If X has the
infinitesimal lifting property, then Proposition 5.5 shows that we have a smooth family
Ay € Der(Xy)% which lifts D;.

In the case that we have a strict G-diffeomorphism U(s,-) = (s, ®(s,-)) covering 1,
the family ®$(z) is smooth in ¢, s and = and covers ¢f. Since each ®; is in Aut, (T )¢
and ¢ is the identity, we may replace each ®° by (®5)~! o ®* in which case we have
reduced to the case that ®; is a smooth homotopy of strict G-diffeomorphisms over ¢,
starting at the identity. We have ®,(Xy+) C Xy for ¢ € [0, 1] where U’ is as above. Now
®, is obtained by integrating a smooth time dependent vector field B;, and B; is defined
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on [0, 1]x Xyr. Moreover, By lifts D, for each ¢t. By Lemma 5.4 each D, is holomorphically
liftable, and by Proposition 5.5 we can find a smooth family A, € Der(Xy»)® which lifts
D;.
Let
A'={(t,s,q) € [0,1] x U" | ¢(s,q) € U'}.

Then A’ is again a neighbourhood of [0, 1] X {(sg,0)} and we can find a neighbourhood
U" of (so,0) such that ¢, (U"”) C U’ for all t € [0, 1]. Starting at any point (s,q) € U”,
the flow of D, at time 1 gives ¢(s, ¢). By [Sch14, proof of Theorem 3.4] or [KLS, Lemma
3.1, Corollary 3.3] the flow ®,(s,z) of A, exists for (s,z) € Xy« and ¢ € [0,1]. Then
(s,x) — (s, ®1(s,2)) is a lift of 1 to a G-biholomorphism of Xy» with Xywr)- O

Now that we have Theorem 1.3, so that we may assume that X and Y are lo-
cally G-biholomorphic over (), we can give a cohomological interpretation of ¥ and
G-biholomorphisms over idg. Let .7 be the sheaf of groups on @ such that &7 (U) =
Auty (Xy)¢ for U open in Q. Let {U;} be an open cover of Q such that we have G-
biholomorphisms ¥;: Xy, — Yy, inducing the identity on U;. Let ®;; = U, o U, €
A (U; NU;). Then ®,; is a cocycle giving an element of H'(Q, «). If Y is also locally
G-biholomorphic to X over ) and has cocycle ®};, then Y and Y are G-biholomorphic
over () if and only if the two cocycles represent the same cohomology class. Given a
cocycle @5, one constructs a complex G-manifold Y by glueing Xy, and Xy, over U; NU;

using ®,;. However, it is not clear that Y is Stein.

Theorem 5.11. Let Y be a compler G-manifold locally G-biholomorphic to X over
Q. Then'Y 1is Stein. Hence there is a one-to-one correspondence between isomorphism
classes of Stein G-manifolds locally G-biholomorphic to X over () and the cohomology
set HY(Q, o).

Proof. Consider the sheaf of 0g-modules given by U +— O(Yy)y where V is an irre-
ducible G-module. The sheaf is coherent since it is locally isomorphic to the corre-
sponding sheaf of G-finite holomorphic functions on X.

Let ¢ € @ and let fi,..., f,, be G-finite functions on Y whose restrictions to Y,
generate O,(Y;). Then the f; generate the G-finite functions on an open set Yy, as
a module over & (U), where U is a sufficiently small neighbourhood of ¢. Shrink U so
that it is Runge in ) and so that Yy ~ Xy. The G-finite functions on Yy are dense
in O(Yy). Since the G-finite functions are generated by the f; as &(U)-algebra and
since 0(Y)¢ = 0(Q) is dense in &(U), the algebra &(Q)[f1, ..., fm] is dense in O(Yy).
Hence 0(Y) is dense in €(Yy). Moreover, for U’ a relatively compact neighbourhood
of ¢ in U, there are hy, ..., h, in 0(Q) such that the mapping

P = (hla-"7hn7f17"'7fm>: pyil<ﬁ) —>(Cn+m

is a closed embedding.

Let K C Y be compact. Let y, € K , the holomorphically convex hull of K in Y.
Then {py(y,)} has a convergent subsequence, so we can assume that py (y,) — g where
q sits inside our open set U’ as above. The f; are bounded on K, hence the f;(y,) are
bounded, which implies that there is a subsequence of {y,} such that f;(y,) converges
for all i. We already know that the h;(y,) converge. Hence p(y,) converges which



20 FRANK KUTZSCHEBAUCH, FINNUR LARUSSON, GERALD W. SCHWARZ

implies that y, converges to a point in Y,. Hence K is compact and it follows that Y is
Stein. OJ

Let U: SxTg — S xTg be a strong G-homeomorphism or strict G-diffeomorphism.
Then W(s,z) = (s, ®(s,x)) where ®(s,2): S x Tg — T. From now on we will identify
U with the family ®(s,-) and will say that ® is a strong G-homeomorphism (or strict
G-diffeomorphism).

6. SECTIONS OF TYPE F

In Theorem 1.4 we are assuming that X and Y are locally G-biholomorphic over
(@ and that there is a strict G-diffeomorphism ®: X — Y or that there is a strong G-
homeomorphism ®: X — Y. In this section we define the notion of a G-diffeomorphism
from X to Y of type F. In Section 8 we show that our (strict or strong) ® is homotopic
to a G-diffeomorphism of type F. In Sections 9 and 10 we will show that any ® of
type F can be deformed to a G-biholomorphism. In this section we investigate the local
structure of G-diffeomorphisms of type F and vector fields of type LF (defined below).
The main result is Theorem 6.36 which says that a G-diffeomorphism of type F, which
is sufficiently close to the identity over a neighbourhood U of a compact subset K C @),
has a canonically associated vector field D = log ® of type LF, defined over a smaller
relatively compact neighbourhood U’ of K, such that exp D = ® over U’. The definition
of log ® depends upon a choice of standard generating set for O, (X ) (Definition 6.12).
We will use Theorem 7.1 of the next section which says that the vector fields of type
LF are closed in the space of smooth vector fields on X and that, for any irreducible
G-module V', the C*°(X)%module generated by &(X)y is closed in C*(X).

Definition 6.1. Let ®: X — Y be a G-diffeomorphism inducing idg. We say that ® is
of type F if for every zy € X there is a G-saturated neighbourhood U of zy and a map
V: U x U — Y such that:

(1) For x € U fixed, ¥(x,y) is a biholomorphic G-equivariant map of {z} x U into
Y, inducing the identity on the quotient.
(2) W is smooth in x and y and G-invariant in .

(3) ®(z) = V(z,x), z€U.

We call ¥ a local holomorphic extension of ®.

Note that if ® is holomorphic, then it is of type F by setting ¥(z,y) = ®(y). A
G-diffeomorphism of X of type F is obviously strict, and in Proposition 6.8 we will see
that it is also strong. For an open subset U C @ let F(U) denote the G-diffeomorphisms
of type F on Xy. Then F is a sheaf of groups. The corresponding sheaf of Lie algebras
is the sheaf of smooth vector fields of type LF, as follows. Let Derg(X)“ denote the
Lie algebra of holomorphic G-invariant vector fields on X which annihilate &'(X)C.
They are the kernel of the push-forward mapping p,: Der(X)“ — Der(Q). Define
C®(X)% - Derg(X)Y to be the Lie algebra of vector fields on X which are locally finite
sums Y a;(x)A;(x) where the A; are in Derg(X)® and the a; are locally defined G-
invariant smooth functions.

Definition 6.2. A vector field D is of type LF if D € C>®(X)% - Derg(X)®.
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For U C @ an open set, we define LF(U) to be the Lie algebra of vector fields of
type LF on Xy. If D € LF(U), then D is locally of the form ) a;(x)A;(x), and we
automatically get a family D(x,z") = > a;(x)A;(2") where for x fixed, D(z,2’) is an
element of Derg(X)“. This hints why the sections of £LF should be thought of as the
Lie algebra of the sections of F.

Remark 6.3. Since LF(Q) is closed in the space of C*> vector fields on X (Theorem
7.1), it is a Fréchet space. We doubt that the analogous result is true if we replace C*>
by C° in Definition 6.2. This explains our need for smoothness assumptions.

Recall that a vector field D is complete if the flow exp(tD) exists for all ¢t € R.

Lemma 6.4. Let D be a G-invariant smooth vector field on X which is tangent to the
fibres of p: X — Q. Then D is complete. In particular, vector fields of type LF are
complete.

Proof. Let F' be a fibre of p. Then D is tangent to F' and gives an element of the Lie
algebra of Aut(F)%, which is a linear algebraic group. Hence D|r can be integrated for
all time. 0J

Corollary 6.5. Let U C Q be open and D € LF(U). Then exp(D) € F(U).

Example 6.6. Let D be a smooth vector field on the G-module V' such that D anni-

hilates &(V)¢ and lies in C*(V)% - Derye(V). One can show that if all the isotropy
groups of closed orbits of V' are connected, then D is of type LF. Here is an example
where D is not of type LF.

Let V be the direct sum of two copies of C? with the diagonal action of the group G
of Example 3.1. We have VV = C* with coordinate functions 1, 2, y1,y» where the x;
have weight 1 and the y; have weight —1 for the action of G® = C*. Then G is generated
by G° and the element sending x; to y; and y; to —x;, i = 1, 2. The G-invariant linear
vector fields have as basis the fields

and the polynomials transforming by the sign representation of G are generated by
fij =miy; + a5y, 1 <1 <j <2

Up to scalars, there is one quadratic invariant f = x;y» — zoy;. Let A denote the
generator of the Lie algebra of C*. Then

A =210/0x1 — 110/0y1 + 220/0x5 — y20/0y>

and A transforms by the sign representation of G. Thus Derg ., (V)¢ is generated by
the f;;A. We have the curious relation

fA = leXll + f22X12 - f11X21 - f12X22-

Let h(Z) be an antiholomorphic quadratic polynomial which transforms by the sign
representation of G. Let D = h(z)fA. Using the curious relation we may express D
as a sum of real invariant polynomial functions times the X;;. Hence D € C®(V)¢
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Der,, (V) and D annihilates the G-invariant holomorphic functions. If D were of type
LF then we would have
h(z)fA = Z kij(2) fi; A
1<i<j<2
where the k;; are quadratic and invariant. This is clearly not possible. Hence D is not
of type LF.

A simple but useful result:

Lemma 6.7. Let X be a Stein G-manifold and let {X,} be a cover of X by G-saturated
open sets. Then there is a partition of unity by smooth G-invariant functions f. where
suppfo C Xa.

Proof. It is enough to do the case of a G-module V. Let p: V — C? be the quotient
morphism with image ). Then the p(V,) give an open cover of Q). Let U, be open in
C? such that U, N Q = p(Va,). Let {f.} be a partition of unity subordinate to {U,}.
Then {p*f,} is the required partition of unity on V. O

Let S x Tg be a standard neighbourhood in X (which we now just assume is X) and
let {fi}, be standard generators of O, (1) corresponding to the distinct irreducible
nontrivial G-modules Vi, ..., V, (Definition 3.4). Then the f; are linearly independent
on F'=G x"T N(W). Let p': Tg — Q' denote the quotient mapping so that p(s,z) =
(s,p/(x)): SxTp — Q=S xQ is the quotient mapping of X.

Proposition 6.8. Let ® € F(S x Q') where the f;, etc. are as above. Then there are
G-invariant smooth functions a;;(s,x) such that

(®*fi)(s,2) = Zaij(&x)fj(x), sesS, reTlpg.
J
Hence ®© is strong. If ® is the identity on {s} x F, then the matriz (a;;(s,z)) is the
wdentity for x € F.

Proof. Since the f; are linearly independent on F' the last claim is clear. First suppose
that S is a point. If we can produce smooth a;; locally over @), then using a partition
of unity we can produce the desired a;; globally. Thus we may shrink )’ in our proof.
Let M denote

OQ) - fit - +0Q) fn2OX)y,® - dOX)y,.

Then M is a Fréchet space [GR79, Ch. V, §6]. We have a surjection 7 from &(Q)"
onto M sending (aq,...,a,) to Y .a;f;. Let ¢ € Q. Then over a neighbourhood
of X, we have a local holomorphic extension ¥ of ® as in Definition 6.1. Replac-
ing () by a neighbourhood of ¢, we may assume that ¥ is defined on X x X. Then
(U*f;)(z,y) is smooth and lies in M for each fixed x. Hence (V*f;)(x,y) is an ele-
ment of C®(X)%® M. The spaces C*(X)%, 0(Q) ~ ¢(X)% and M are all Fréchet
and nuclear since closed subspaces of Fréchet nuclear spaces are Fréchet and nuclear
[Tre67, Proposition 50.1]. Since m: 0(Q)™ — M is surjective, the induced mapping of
C®(X)Y® O(Q)" to C®(X)® ® M is surjective [Tre67, Proposition 43.9]. Hence there
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are smooth functions a;;(x,y) on X x X which are (G' x G)-invariant and holomorphic
in y such that

(\ijz -Ty Zazjmyf] 1,...,n.

Set a;j(x) = a;;(x, z). This gives the case where S is a point. In the general case, since
® has to induce the identity on S x (), it gives a smooth family of G-diffeomorphisms
of Tz of type F parameterised by S. One now uses another topological tensor product
argument. Il

Remark 6.9. Suppose that ® is holomorphic. Then we don’t have to introduce a ¥
and the proof above shows that ®*f; = " a;; f; where the a;; € 0(Q).

We will consider the a;; both as functions on X and as functions on (). As functions
on () they may not be smooth, however. See Example 7.8.

If (a;;) is near the identity, we can take its logarithm (d;;). We want to have a
G-invariant vector field D, of type LF, such that D(f;) = > d;;f;. Then exp(D) = ®.
Note that D, if it exists, is uniquely determined by the d;;. We show that D exists if
(a;;) is close to the identity in the C*-topology (not just in the C°-topology).

We consider explicit seminorms on C®(X) for X a general Stein G-manifold. Let
{M;} be a locally finite collection of compact sets which cover X such that M; C U;
where U; is the domain of a coordinate chart. Let M be a compact subset of X and
k a non-negative integer. For f € C*(X) we define ||f||ax to be the maximum of the
partial derivatives of f up to order k on M NM; relative to the coordinate functions of U;.
We will abbreviate ||-||ar0 by ||-||a- A sequence f,, € C*(X) converges to f € C(X) if
and only if || f, — f||mx — 0 as n — oo for all M and k. This is the C*°-topology, which
does not depend upon the choices made. We give the closed subspace C*(X )¢ c C*(X)
the induced topology. We give spaces of smooth functions f: X — C™ the topology
of convergence of each component function in the C*-topology. We fix norms | - |, on
M(n,C), n € N, with the property that |CD|, < |C|, - |D|, for C, D € M(n,C) and
such that the identity matrix has norm 1. We usually drop the subscript n and just
write | - |. If (fa) is a square matrix of smooth functions on X, then we define the
seminorm ||(fa)||arx to be the maximum of | - | applied to the partial derivatives of
(fap) up to order k on M N M; relative to the coordinate functions of U;. Again, we
abbreviate ||(fa)[|a0 by |[(fap)|[ar. Since X is Stein, it can be embedded as a closed
complex submanifold X of some C™. Then we may consider diffeomorphisms ® of X as
mappings ®of X - X C C™. We say that a sequence of diffeomorphisms ®,, converges
to the diffeomorphism @ if the mappings o, converge to ® in the C*>-topology. Again,
this topology on the diffeomorphisms does not depend upon the choices we have made.
Similarly, smooth vector fields can be considered as mappings of X — C™, giving the
C*-topology on smooth vector fields.

The following lemma will come in handy.

0 .
Lemma 6.10. Let a(z) = Y a;2" be a power series without constant term and radius
i=1
of convergence R > 0. Let A be a square matriz of elements of C*°(X). Then
(1) For ||Allm < R, a(A) converges absolutely and uniformly on a neighbourhood of

M to a matrix of smooth functions.
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(2) For k>0,
(A ar < Zﬁi(HAHM) ([ Allare)’

where each B; is a series with radius of convergence R.
(3) Given k > 0 and € > 0 there is a 6 > 0 such that ||Al|pr < & implies that
la(A)]|ark < e

Remark 6.11. Suppose that A € M(n,C). If |A| < log2, then |exp(A) — I| < 1 and
logexp A = A. If |A — 1| < 1/2, then |log A| < log2 and log A is the unique matrix of
norm less than log 2 whose exponential is A.

Definition 6.12. Let V4, ...V, be nonisomorphic irreducible nontrivial G-modules ap-
pearing in Oy, (X) such that the &(X)y, generate O, (X) as 0(Q)-algebra. Further
suppose that the &'(X)y, are finitely generated &'(Q))-modules and that fi,..., f, are a
minimal generating set of ®&'(X)y, with each f; in some &(X)y,. Then we call {f;} a
standard set of generators of O, (X). When X = Tp, as before, we always assume that
our standard generators are in &(Ty ) and are homogeneous.

Assume that we have a standard generating set { f;}!, for 05,(X) corresponding to
irreducible G-representations Vi, ..., V.. The span of the f; contains ¢y copies of V7, ...,
¢, copies of V. for some ¢; € N. Assume that fi,..., fi are a basis for the ¢; copies of V;.
Then we have a mapping v;: X — (V,2)* where 7,(z) is the element of (V,*")* that
sends a linear combination f of fi,..., fx to f(x). Similarly there are v;: X — (V]@Cj)*,
j =2,...,r. Let v denote the product of the «;. Then v: X — V* where V = @Vj@cj.
Since Ogn(X) is dense in 0(X), the mapping (p,7): X — @ x V* is an equivariant
embedding. It follows that any slice representation of X is a subrepresentation of a slice
representation of V*, hence X has finitely many slice types (equivalently, a finite Luna
stratification). By [Hei88, Einbettungssatz I] this implies that X equivariantly embeds
into a G-module, hence ) has a closed embedding o: ) — C™ for some m. Then ~ and
ogop: X — C™ give us an equivariant closed embedding

(6.1) I: X > C"x V"

Conversely, given a closed equivariant embedding I' of X into a G-module (which we
allow to include the trivial representation), it is clear that 0, (X) has a standard gen-
erating set.

Lemma 6.13. Let X be a Stein G-manifold and let U be a relatively compact Stein
domain in Q). Then there is an equivariant closed embedding Xy — V* for some G-
module V.. Hence Og,(Xy) has a standard generating set.

Proof. Since the Luna stratification of @ is locally finite, U intersects only finitely many
Luna strata of (). Then Xy admits a proper holomorphic G-equivariant embedding in
a G-module [Hei88, Einbettungssatz I]. O

We continue to assume that Oy, (X) has a standard generating set. We define two
topologies on F(Q) equivalent to the C*-topology.
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Let ® € F(Q). Then it follows from Proposition 6.8 that ®*f; = > a;; f; where the
aij € C*(X)% and a;; = 0 if f; and f; do not correspond to the same Vj. Let

M=C®X) - OX)y, @ ®C(X)" - O(X)y, CC(X)".

Then each C*(X)“ - 0(X)y, is generated over C*(X)“ by the f; transforming by the
representation V;. By Theorem 7.1, M is closed in C*(X)". Let E be the space of
endomorphisms of M as C>(X)%module and as G-module. Then o € E is determined
by (a(f;)) € M™. This gives a topology on E and it is easy to see that the image of F in
M?" is closed. Hence E is a Fréchet space. Let Ej denote the space of (n x n)-matrices
(aij) of elements of C*°(X)% such that f; — > a;;f; is an element of E. Then Ej is
closed in the space of (n x n)-matrices with entries in C*°(X)“ and obviously maps onto
E.

Proposition 6.14. Let f1,..., f,, X, etc. be as above. Let ® € F(Q) with correspond-
ing matriz (a;;) € Ey. Then the following give equivalent neighbourhood bases of ® in
F(Q).
(1) The neighbourhoods of ® in the C*-topology.
(2) The set of all ®" such that (®")* is in a neighbourhood of ®* in E.
(3) The set of all " such that some choice of corresponding matriz (aj;) is in a
neighbourhood of (a;;) in Ey.

Proof. If @' is close to ® in the C*-topology, then the (®')* f; are close to the ®*f;, i.e.,
(®")* is close to ®* in E. Now suppose that (®')* lies in a neighbourhood U of ®* in
E. Let Uy be a neighbourhood of (a;;) € Ey which maps into U C E. By the open
mapping theorem, the image of Uy is a neighbourhood of ®* in E. Hence if (®')* is close
to ®* we can choose (a;;) close to (a;;). Finally, suppose that (a;;) isNClose to (a;j). Let
' X - X C C™ x V* be the embedding of (6.1). Then ® acts on X by

T=(z,0],...,0) — (Z,Zaﬂ(j)v;‘, . .,Zajn(ir)v;‘)
J

j
where z € C™, (vf,...,v;) € V*. Since (a;;) is close to (a;;), we see that @ is close to

® in the C*°-topology. Thus the three neighbourhood bases of ® are equivalent. OJ

Let D € LF(Q). Then D(f;) = . d;;f; with d;; € C*(X)%. Thus D gives us an
element D* of E and an element (d;;) € Ey. As above we have the following result.

Proposition 6.15. Let fi,..., f., X, etc. be as above. Let D € LF(Q) with corre-
sponding matriz (d;;) € Ey. Then the following give equivalent neighbourhood bases of
D in LF(Q).

(1) The neighbourhoods of D in the C*-topology.

(2) The set of all D' such that (D')* is in a neighbourhood of D* in E.
(3) The set of all D" such that some choice of corresponding matriz (d;;) is in a
neighbourhood of (d;;) in Ey.

We now come to some key definitions.

Definition 6.16. Let X be a Stein G-manifold with a standard generating set fi,..., f,
of Osn(X). Let ¢ € Q). We say that the fibre X, has property (LF) if there is an open
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neighbourhood Uj of ¢ € () with the following property. For every open neighbourhood
U of ¢ contained in Uy there is a smaller neighbourhood U’ of ¢ with compact closure
in U and a neighbourhood 2 of the identity in F(U) such that for ® € Q) we have:

(1) ® corresponds to a matrix (a;;) with ||(a;;) — I||z7 < 1/2.
(2) Thereisa D € LF(U’) such that D(f;) = > d;;f; on Xy where (d;;) = log(a;;

).
As shorthand for conditions (1) and (2) we say that ® admits a logarithm in LF(U').
Note that (a;;) is not unique. The condition is that some (a;;) corresponding to ®
satisfies (1) and (2).

Of course, we have to show that the choice of standard generating set does not
matter. First we make some remarks. In what follows, when we write (a;;) we will
always mean that (a;;) corresponds to the ® or ¥ of type F that we are considering.

Remark 6.17. The condition (1) above can always be arranged. Choose a compact
subset M C X whose image in Q is U’. Then {® € F(U) : ||(ai;) — I||; < 1/2} is a
neighbourhood of the identity in F(U). Moreover, by Lemma 6.10, the series log(a;;)
converges uniformly on compact subsets of a G-saturated neighbourhood of M to a
matrix of smooth invariant functions.

Remark 6.18. The formal series log ®*, when applied to any f;, converges to D(f;).
Hence D is independent of the choice of (a;;).

Remark 6.19. Properties (1) and (2) imply that exp D = & over U’. Note that
||(di;)||z7 < log2 and (d;;) is the unique matrix satisfying this property whose exponen-
tial is (a;;). See Remark 6.11.

Lemma 6.20. Let X, etc. be as above. Let fi,..., f! be a second standard generating
set of Osn(X). If (1) and (2) of Definition 6.16 hold for the f;, then they hold for the

fi-

Proof. Let  be the neighbourhood of the identity in F(U) such that (1) and (2) hold
for the f;. By Propositions 6.14 and 6.15, making € smaller we can guarantee that
any ® € Q has a matrix (a;;) relative to the f; such that ||(a;;) — I||z7 < 1/2 and we
can guarantee that D satisfies D(f;) = >_d;;f; where ||(d};)||z7 < log2. Then since
exp D = @, the series (log ®*)f; converges to D(f;) = > d;;f; as well as to ) di; f;
where log(a;;) = (d;;). Hence (1) and (2) hold for the f;. O

Proposition 6.21. Let X be a Stein G-manifold and let K C Q) be compact. Suppose
that every fibre of X has property (LF). Let U be a neighbourhood of K such that we
have a standard generating set {f;} for Oun(Xy). Then for any neighbourhood U’ of K
with compact closure in U there is a neighbourhood Q) of the identity in F(U) such that
every ® € Q admits a logarithm in LF(U').

Proof. We may assume that U is Stein and we can replace X by Xy. By Remark 6.17 we
may choose € such that every ® € Q satisfies (1) of Definition 6.16. Let ¢ € U’. Since
X, has property (LF), there are neighbourhoods U, D U, of ¢ and a neighbourhood €,
of the identity in F(U,) such that if the restriction of ® to Xy, lies in 2, then ® admits
a logarithm D, € LF(U;). By Remark 6.18, D, is uniquely determined by ® restricted

to Xy,. Since U’ can be covered by finitely many U o> we can shrink € so that it maps
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into €, for all ¢ under the continuous restriction maps F(U) — F(U,,). Then every
® € Q admits a logarithm in LF(U’). O

Our goal now is to prove Proposition 6.35 which says that every fibre of every Stein
G-manifold X has property (LF).

Remark 6.22. Suppose that we have another Stein G-manifold X, with quotient Q)
and that we have a G-equivariant biholomorphism ¥: X — X, inducing ¢: QQ — Q.
Then ¥ induces an isomorphism of Autg(X )¢ with Autg,(X,)%, sending ® € Autg(X)¢
to W o ® o U~ Similarly, we obtain isomorphisms of Derg(X)% and Derg,(Xo)“, of
F(Q) and F(Qy), etc. It follows that a fibre X, has property (LF) in X if and only if
U(X,) has property (LF) in X,. Hence by the slice theorem we are reduced to showing
that fibres G x# N(W) in G-vector bundles Ty have property (LF).

Lemma 6.23. Let S be a Stein manifold with trivial G-action and let { f;} be a standard
set of generators of Osn(X). Let X, be a fibre of X with property (LF) and let sy € S.
Then {so} x X, has property (LF) in S x X.

Proof. There are arbitrarily small neighbourhoods of (s, ¢) of the form Ug x U, where Ug
is a neighbourhood of sy in S and U, is a neighbourhood of ¢ € Q. Any ® € F(Us x U,)
gives us a smooth family ®, € F(U,), s € Us. Since X, has property (LF), there is a
neighbourhood U’ of ¢ with compact closure in U, and a neighbourhood €2 of the identity
in F(U,) such that any ® € Q admits a logarithm in LF(U"). Let Ug be a neighbourhood
of sy with compact closure in Us. Let Q = {® € F(Us x U,) | ®, € Q for all s € UL}.
Then € is a neighbourhood of the identity in LF(Us x U,). Shrinking Q we can arrange
that any ® € Q has a matrix (a;;) with ||(a;;) — [||U75xﬁ < 1/2. By the choice of €,
for each s € Ug there is a D, € LF(U’) with matrix log(a;;(s,-)) where the a;;(s, -) are
smooth by Proposition 6.8. Thus D, varies smoothly in s and we have an element in

LF (UG x U') which is the logarithm of ®. O

We are reduced to the case that F' = G x N(W) where WH# =0 and X = Tyy.

Lemma 6.24. Let F' and Ty be as above. If F' is a principal fibre, then it has property
(LF).

Proof. Let {f;} be a standard generating set for &y, (T ) such that the f; are linearly
independent when restricted to F'. Since F' is principal, the only closed orbit in the H-
module W is the origin, hence X = F' = Ty and Q is a point. Thus F(Q) = Aut(F)C.
By choice of the f;, any ® € Aut(F) has a unique matrix (a;;). Any sufficiently small
neighbourhood € of the identity in Aut(F)% is the isomorphic image of a neighbourhood
of the origin in its Lie algebra via the exponential map. We may define such an € by
the condition that ®*f; = " a;;f; and |(a;;) — I| < € < 1/2 for € sufficiently small. O

Let W and H be as above. Even though we have reduced to considering the fibre F' €
Tg C Ty, it is useful to prove lemmas concerning the case that X =S xTg C S x Ty
Recall that for ® € F(SxQp), ®i(s,z) =t~ 1-®(s,t-x), t € (0,1], (s,2) € SxTg. Using
the argument of Remark 6.22 it is easy to see that each ®; is of type F, 0 <t < 1,
and ¢y = 151(1) ®, is a smooth family of G-biholomorphisms, hence of type F. Let
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F([0,1] x S x @p) denote smooth families ®(t, s, z) of elements of F(Qp) parameterised
by [0,1] x S.

Let {fi,..., fn} be a standard generating set for @, (1w ) as in Definition 3.4. The
fi are linearly independent when restricted to F'. Let d; be the degree of f;, i =1,... n.
We assume that d; =0 for 1 <i </, d;=1for{ <7< mandd; > 1 fori>m. Let
¢ € F(S x Qp) correspond to the matrix (a;;). By Remark 3.15 we know that

(6.2)  aii(s,t-z) =tay(t,s,x), {L<i<m, 1<j<{ s€S, vy tcl0]]

where @;;(t, s, ) is smooth in ¢, s and . We also know that ®; f; = > bi, f; where the
bi;(s, ) are smooth in ¢, s and z.

Lemma 6.25. The mapping from F(S x Qp) to F([0,1] x S x Qp) sending ® to P, is
continuous.

Proof. The reasoning above shows that ®; € F([0,1] x S x Q). From Lemma 3.10 and
Corollary 3.11 we know that the bl; are polynomials, with coefficients in Gy (Tw )“|t],
in the a;;(s,t,z), 1 < i < m, where the a;(t,s,z) are as given above or are just
simply a;;(s,t - ). Thus to show that ® — @, is continuous it is enough to show
that a;;(s,xz) — ¢t 2a;(s,t - x) is continuous in the C*-topologies for ¢ < i < m and
1 < j < m. But this follows from Taylor’s theorem. O

Corollary 6.26. Let ) be a neighbourhood of the identity in F(S x Qp). Then there
is a neighbourhood €y of the identity such that ®, € Q, t € [0,1], for all ® € Q.

Lemma 6.27. Let K be a compact subset of S X Qp. Then there is a neighbourhood 2
of the identity in F(S x Qp) such that any ® € Q corresponds to a matriz (b;;) that, as
a matriz function on S x Qp, satisfies ||(b;) — Il|x < 1/2,0 <t < 1.

Proof. Let Ej be as in the discussion before Proposition 6.14 with X = S x 1. Let Ej
denote the closed linear subspace of Ej consisting of matrices (a;;) such that (6.2) holds.
Construct (b;;) as in Corollary 3.13. Then by the proof of Lemma 6.25 the corresponding
function p: (a;;) — (bj;) is continuous for the C*-topologies on Ej and FEj ®C>(]0,1])
and, by construction, p(I) = I. Let

= {(b};) € Eo®C>([0,1]) : [|(bf;) — |l <1/2, 0< ¢ <1}

Then there is a neighbourhood A’ of the identity in £y, such that p(A’) C T'. Let A be
a neighbourhood of the identity in E, such that A N E; C A’. By the open mapping
theorem (see the proof of Proposition 6.14), if & € F(S x @p) is sufficiently close to
the identity, then it has a corresponding matrix (a;;) € A. Since (a;;) is automatically
in FEj, we are in the open set A’ and (bj;) satisfies the desired inequality. O

The graded €,4(Q)-module Derg .1, (Tiw )¢ has a generating set Ay, ..., Ay such that
Ai(t-x) = t"A(x) for some n; € ZT, i =1,...,k, x € Ty, t € C*. If n; = 0, then
A;i([e,w]) = A;i(le, 0]) is fixed by H, hence A; belongs to the Lie algebra of the centraliser
Ce(H) where ¢ € Cg(H) acts on Ty sending [g, w] to [ge, w]. Since the Cq(H)-action
commutes with the C*-action, A; is fixed by C*. For n; > 1, A; acts as an endomorphism

of Ouge(Tw) of degree n; — 1. Define m; to be 0 if n; = 0, otherwise set m; = n; — 1.
Then t7! - A;(t-x) = t™Ai(z), t eC*,z €Ty, i=1,...,k.
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Let p = (p1,...,pa) where the p; are generators of ﬁalg(TW)G and p; is homogeneous
of degree ¢;, i = 1,...,d. Then we can identify Q = Ty /G with the image of p. Let
K={(q1,---,q1) € Q| >, |la:|* = 1} where we choose the ¢; € N such that e = ¢;e;
is independent of i. Then K is compact and the points ¢t - ¢, ¢ € K, t € [0,1), form a
neighbourhood U’ of 0 in @ where U’ is compact. Changing the p; by scalars we may
arrange that U’ C Q. Let U be a relatively compact neighbourhood of the origin in Q5
which contains U’. By induction we can assume that all fibres of X \ F have property

(LF). Let U"” denote U’ \ {0}.

Lemma 6.28. Let X = Tg, etc. be as above. Then there is a neighbourhood ) of the
identity in F(Qp) such that any ® € Q admits a logarithm in LF(U").

Proof. Let Uy be a neighbourhood of K with compact closure in U. By Proposition 6.21,
there is a neighbourhood g of the identity in F(Qpg) such that any & € Qy admits a
logarithm in LF(Uy). By Corollary 6.26 and Lemma 6.27 there is a neighbourhood € of
the identity in F(Qp) such that for ® € Q, &, € Q, t € [0,1], and [|(b};) — ||z < 1/2,
t € [0,1], where (b;;) is a matrix corresponding to ®. We have a smooth family D, €
C>([0,1]) ® LF(Uy) where D, = log ®,. Hence D, = " a;(t, 2)A;(z), t € [0,1], = € Xy,
where the a; are smooth and invariant. Let (d;;) = log(b;;). Then a straightforward
calculation shows that the family (dj;) is the logarithm of the family (b};), 0 < ¢ < 1.
Since [|(b};) — ||z < 1/2, the vector field D; has matrix (d;).
Let t € (0,1] and define Uy’ = {g € U" | t7' - q € Up}. For z € Xy

Do) =t Dy(t™"2) =Y a;(t,t™" - ) (t™)™ Ai(x)

is of type LF. Since D, has matrix (df;), the vector field Dy has matrix (d;;). Hence ®
admits a logarithm on U}” with matrix (d;;). Since U” is the union of the U}’ it follows
that ® admits a logarithm D € LF(U"). O

We will have shown that all fibres of any X have property (LF) if we can extend our
D e LF(U") to LF(U'). Now there is one case where this is automatic. Suppose that
our ® is holomorphic. Then D € Dery»(Xy#)¢. Near any point of F, there is a system
of local coordinates consisting of invariant functions (which D annihilates) and some of
the f; (which D sends into bounded linear combinations of the f;). By the Riemann
extension theorem, D extends to an element of Der(Xy), which actually has to be in
Dery/(Xy)¢. Now the CO-topology and the C*®-topology are the same on Autg(X)C.
Hence we have the following result.

Theorem 6.29. Let X be a Stein G-manifold and assume that we have a standard
generating set { f;} for O, (X). Let U be a neighbourhood of the compact subset K C @
and let U’ be a neighbourhood of K with compact closure in U. Then there is a compact
subset K' C U and 0 < € < 1/2, with the following property. If ® € Auty(Xy)Y has an
associated matrix (a;;) satisfying ||(ai;) — I||x < €, then there is a D € Dery(Xy)©
with associated matriz log(a;;) such that exp D = ®.

Let & € Q C F(Tp) as in Lemma 6.28 so that ¢ has a (unique) logarithm D €
LF(U"\ {0}). We now show that if ® is sufficiently close to the identity, then ® has a
logarithm over some neighbourhood of 0 € U’. By uniqueness of logarithms, this shows
that D extends to LF(U’) and we will have shown that F' has property (LF).
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We need to study various G-automorphisms of F' = G x N(W). As before
Auty, (T )Y denotes the G-vector bundle automorphisms of Ty,. Let p: H — GL(W)
be the representation associated to W. Then one easily shows:

Lemma 6.30. Let U € Auty,(Tyw)®. Then there is a go € Ng(H) and v € GL(W)
normalising p(H) such that:

(1) For g e G and w € W, ¥([g,w]) = [gg0, y(w)].
(2) For h € H, p(go~"hgo) =y o p(h) oy~

Let L.y, denote the subgroup of Auty,(Ty )¢ fixing O (W)H.
Corollary 6.31. The groups Autvb(TW)G and Ly, are reductive.

Proof. We have a homomorphism o: Auty,(Tw)® — Ng(H)/H, (g0,7) + goH. The
image clearly contains Cq(H)H/H, which in turn contains the identity component
of N¢(H)/H. Hence Im ¢ C Ng(H)/H is reductive. The kernel of o is p(H) -
GL(W)H which is isomorphic to p(H) x GL(W)# divided by the centre of p(H). Hence
Auty,(Tyw)¢ is reductive.

Let (go, v) represent an element W of Auty, (7). Then ¥ acts on the homogeneous
elements of O,,(W)H of degree d, sending f to f o~~!. This gives us representations
oq of Auty,(Tyw)® such that L., is the joint kernel of (finitely many of) the o;. Hence
L, is reductive. ]

Let L denote Aut(F)% = Aut(O,4(F))Y, a linear algebraic group. Let £ € L. Then
¢ preserves the closed orbit in F', which is Z. We have the deformation ¢; € L where
li(z) =t 4t -x), t € (0,1], » € F. The limit as ¢t — 0 is the normal derivative
60 of ¢ along Z, so 6¢ € Auty,(Tw)¢. Let ¢/ € L. Since £, o ¢; = ({' o {);, the map
§: L — Auty,(Tyw)® is a homomorphism of algebraic groups. If £ € Auty, (T )Y, then
Il r) =¢.

Let Ly, denote the subgroup of automorphisms that extend to be G-equivariant
biholomorphisms over the identity in a G-saturated neighbourhood of F' (the “holo-
morphically reachable points”). Then Ly, C Ly, C L. Let Ay,..., Ay be our minimal
homogeneous generators of Derg (T )¢ as before, where t7! - A;(t - z) = t™ A;(x),
t € C*, xz € Tyy and m; € Z*. Since Ly, is reductive and acts by conjugation in a degree
preserving way on DerQﬂalg(TW)G, we may assume that L., preserves the span of the
A; for any fixed m;. It is easy to see that the Lie algebra of L, is the span of the A;
with m; = 0. Each A; acts on Oue(Ti) increasing degree by m;. The restrictions ;L
of the A; to F' are linearly independent (by minimality). Let t be the span of the ﬁl
with m; > 0. Let s be the maximum degree of the f;. Then any element A of T acts
nilpotently on @y, (F') since the (s + 1)st power annihilates all the f;. It follows that
exp Aisa unipotent algebraic G-automorphism of F'. Let R denote exp(t), an algebraic
subgroup of L. By our choice of the A;, the conjugation action of L.}, preserves t. We
have a morphism o of algebraic groups

Ly, X R> (E,expg) — lexpA €L

with image in Ly,.
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Theorem 6.32. The homomorphism o: Ly, X R — L is injective with image Ly,. Hence
Ly, is an algebraic subgroup of L and its Lie algebra is the restriction of Derg ais(Tw)®
to F'.

Proof. Let ® € Ly,. We want to show that ® is in the image of 0. Now & is the
restriction of some ¥ € Auty(Xy)® where U is a neighbourhood of the origin in Q.
We have the deformation ¥, with limit Uy € L.;,. Replacing ¥ by Uy~! o ¥ and ®
by ®;~! o ® we may reduce to the case that Uy and ®, are the identity. Since Uy is
the identity, for ¢, € (0, 1] sufficiently close to 0, ¥, admits a logarithm Dy, over a
neighbourhood U’ of 0 € @p (Theorem 6.29). The restriction £ of Dy, to F' is a sum
Zaiﬁi. Then ®;; = exp By = exp(D>_ tmiai;{i). Letting ¢t tend to zero we see that
Emi:o aigi exponentiates to the identity. Since exp is injective on a neighbourhood of
0 in the Lie algebra of L}, we see that all the a; for which m; = 0 vanish, provided they
are sufficiently small, which we can always arrange. Hence ® = exp(}_,, .oto miaigi).
Thus ® € R, the image of o is Ly, and Ly, is algebraic. Finally, o is injective, since

doo(l,expA) =L for L € Ly, and A € ©. O

Corollary 6.33. There is a group homomorphism v: Ly, — Autg(Tw)¢ such that
C=v(l)|p for all £ € Ly,.

Proof. Let v be the span of the A; such that m; > 0. By our choice of the A;, v is stable
under conjugation by L.,. Let £ € L., and let A € t be the restriction of A € t. Let
v(l-expA) =/{-expA. Then v has the required properties. O

Remark 6.34. Let S xTp be a standard neighbourhood in X and let F' denote the fiber
(50, G x® N(W)) for some sy € S. Let U denote S x Qp. Then we have an extension
mapping from Ly, to Auty(Xy)¥ where the action of £ € Ly, on (s,z) € S x Tg gives

(s, v(0)(x)).
Proposition 6.35. Let X be a Stein G-manifold. Then all fibres have property (LF).

Proof. We continue with the situation of Lemma 6.28. We may assume that our standard
generators f; are linearly independent when restricted to F'. We have only to show that,
for some neighbourhood €2 of the identity of F(Qp), any ® € Qis exp D, D € LF(U),
where U is a neighbourhood of 0 (which may depend upon ®). By choosing 2 small,
we may assume that the restriction of ® to F' is the restriction to F' of exp D’ where
D’ € Dergag(Tw)®. We may assume that the corresponding matrix (dj;) has norm at
most (log2)/2 over a neighbourhood of 0 € ). Thus, replacing ® by exp(—D’)®, we
may reduce (temporarily) to the case that ® restricted to F' is the identity.

Since ® is of type F, there is a holomorphic extension ¥(x,y) of ® on Tp X Tg
where 0 € B’ C B. Then VU is a smooth family U® of elements of Autg,, (Ts)¢, © € Tp.
The restriction of W*0 to F' is the identity. We have the deformations V7, t € [0, 1],
where W is the identity. Since ¥7(y) is smooth in ¢, z, y and holomorphic in y, the
corresponding matrix (bff(y)) is smooth in ¢,  and y, holomorphic in y and (G x G)-
invariant. Since (bffo (9)) =1, 0 <t <1, there is a (G x G)-saturated neighbourhood
of (xg,x0) on which we have |bff(y) —I| <1/2,0 <t < 1. Shrinking B’ we may thus
assume that H(bff(y)) —1I|| <1/2,0 <t <1, for (x,y) € Tp x Tp. Since (bff(y))
is G-invariant in y, we may also write (bff(q)) Let U’ be a neighbourhood of 0 € @
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with compact closure in (). By Theorem 6.29 there is an € > 0 and a compact subset
K C @Qp such that ||(bff(q)) — I||x < € implies that ¥7(y) admits a logarithm in
Dery (Xy/)€. Since the inequality is true for t = 0 and & = wg, there is a neighbourhood
A of (0,z0) € [0, 1] X T such that ¥¢ admits a logarithm in Dery: (X)) for (¢,2) € A.
Now A contains a subset of the form [0, tg] x A where ¢, > 0 and A is a neighbourhood of
xo in Ty, Let Uy denote to- U’. Then the usual trick shows that U* admits a logarithm
in Dery, (Xy, )¢ for all z € A. Since ¥(z,y) is G-invariant in z, we may assume that A
is G-saturated. Shrinking A we arrive at the situation where U*(y) admits a logarithm
D*(y) for (z,y) € A x A. Then ®(x) = U*(z) = exp D*(z) where D" := D*(x) is of
type LF on A. Since ® is the identity on F', D" vanishes on F.

Now D" corresponds to (d;;) where [[(d};)|| < (log2)/2 on a neighbourhood of 0 € Q.
We have shown that our original ® = exp D" exp D”. Then ® = exp D where D is given
by the Campbell-Hausdorff series

D — D/ _I_ D// + %[D/’ D//] + 1_12([D/7 Ii_D/7 D//H + [D//’ I:D//7 D/]]) — .
Since the coefficient matrices (dj;) and (dj;) have norm at most (log2)/2 in a neigh-
bourhood of F', the series converges there. It is a series of elements of type LF, hence
the limit is of type LF by Theorem 7.1. The coeflicient matrix (d;;) of D has norm less
than log 2 in a neighbourhood of F', which we may assume is T/, and ® has matrix (a;;)
where |(a;j(x))—1] < 1/2for x € T . Since logexp(d;;) = (d;;) on T, the series log ®*,
applied to f;, gives Y d;; f;. But (log ®*)f; is also > e;; f; where e;; = log(a;;). Hence
D also has matrix (e;;) and is indeed the logarithm of ®. Hence, in the situation of
Lemma 6.28, choosing {2 sufficiently small, for all ® € €2, the vector field D constructed
there extends to an element of LF(U’). Thus F' has property (LF). O

Combining our results so far (including Lemma 6.10) we have:

Theorem 6.36. Let X be a Stein G-manifold, let K C Q) be compact and choose a
standard generating set of Ogn(Xy) for U a neighbourhood of K. Let U C U be a
netghbourhood of K with compact closure in U. Then there is a neighbourhood ) of
the identity in F(U) such that any ® € Q admits a (unique) logarithm in LF(U’).
Moreover, the mapping log: Q — LF(U') is continuous.

Corollary 6.37. Let {®,} be a sequence of G-diffeomorphisms of X of type F and
suppose that ®,, converges to a G-diffeomorphism ®. Then ® is of type F.

Proof. Since this is a local question, we can assume that we have a standard generating
set {fi} for Ogn(X). Let ¢ € @ and let U be a neighbourhood of ¢ with compact
closure. Then there is a neighbourhood €2 of the identity in F(Q) such that any ¥ € Q
admits a logarithm in LF(U). Let € be a smaller neighbourhood of the identity with
Qo C Q. There is an N € N such that n > N implies that &5~ '@, € Qq, hence
log(®n~'®,) = D,, € LF(U), and D,, converges to a vector field D which is in LF(U)
by Theorem 7.1. Since exp D,, = ®x '@, over U, we have exp D = &5 '® over U.
Hence ® = & exp D is of type F over U. O
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7. TOPOLOGY

Let X be a Stein G-manifold with quotient ). Let R be a G-module where R =
®RY“ and the R; are irreducible. Define @(X)g to be ®(0(X)g,)®% which is an
O(X)%submodule of 0(X)¢, c = > ¢;. We have the space C*°(X)% - 0(X)r C C®(X)°
of smooth functions which are locally (over ()) finite sums ) a;f; where the a; are
smooth and invariant and the f; € €(X)g. The main point of this section is Theorem
7.1 which shows that C>(X)“-0(X)p is closed in C*°(X)¢ and that C*°(X )% Derg(X) is
closed in Dergy (X)), the space of smooth G-invariant, vector fields on X which annihilate
O(X)Y. Then it follows that our spaces are Fréchet and nuclear (see [Tré67, Sections

10, 50]). Theorem 7.1 is a technical underpinning of our results in Section 6.

Theorem 7.1. Let X be a Stein G-manifold and let R = ®RY“ be a G-module where
the R; are irreducible.

(1) The space LF(Q) = C>(X)% - Derg(X)¢ is closed in Deryy(X)¢.
(2) The space C>®°(X)% - O(X)g is closed in C°(X)® where c =Y ¢;.

If the quotient mapping p: X — ) were proper, then the theorem would be a
consequence of theorems of Bierstone and Milman [BM87al, Theorems A, C, D; [BM87b].
Unfortunately, p: X — @ is proper only when G is finite. Note that (1) and (2) above
are equivalent to the subspaces being complete in the induced topology.

Let R = &c¢;R; and ¢ = ) ¢; be as above. Define C*°(X)g, to be the sum of the
elements of C*°(X) which transform by the representation R; of G and let C*°(X)g =
D(C®(X)g,)®. Then C®°(X)g is closed in C*(X)¢, hence Fréchet, and C*(X)g con-
tains C*(X)¢ - O0(X)r. Let Mor(X,R) (resp. Mor™(X, R)) denote the holomorphic
(resp. smooth) maps of X to R. We have the G-equivariant maps Mor(X, R)¢ and
Mor™(X, R)¢. Let o: C®°(X)r — Mor®(X, R*)¢ where o(f), f € C®(X)g, sends
r € X to the element of R* sending f to f(x). Let I' € Mor™(X, R*). Define
7(I') € C*(X)g by 7(I')(z) =T(2)(r), z € X, r € R.

Lemma 7.2. (1) The maps o and T are inverses of each other, hence C*°(X)r and
Mor™ (X, R*) are isomorphic Fréchet spaces.
(2) The isomorphisms o and T restrict to isomorphisms of C*(X)¢ - 0(X)g and
C>(X)S - Mor(X, R*)C.
Hence C*(X)%-0(X)g is complete if and only if C**(X)“-Mor(X, R*)Y is complete.

We say that X is good if Theorem 7.1 holds for X and every G-module R.
Proposition 7.3. Suppose that every slice representation of X is good. Then X is good.

Proof. Since we have invariant partitions of unity (Lemma 6.7), it is clear that goodness
is a local condition over (). Take an open cover of X by tubes X; = Tz, corresponding to
slice representations (W;, H;) of X. If each Ty, is good, it is clear that each T, is good,
hence X is good. Thus we only need to show that X = Ty = G x W is good if W is
a good H-module and H is a reductive subgroup of G. Note that C>(X) ~ C>(W)X.

First we show that C*°(X)“ - Mor(X, R*)¢ is complete. Let p: Mor®(X, R*)¢ —
Mor*>® (W, R%)® be the restriction mapping where R} is R* considered as an H-module
and W = W, is the fibre of Ty at [e, 0]. We have an inverse 7 to p where 1n(I')([g, w]) =
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g-T(w) for T' € Mor™(W, Ry)", g € G and w € W. Clearly n and p induce isomorphisms
of C>(X)% Mor (X, R*)¢ and C>=(W)H .Mor(W, R;;). Since the latter space is complete
by hypothesis, we have that C>°(X)% - Mor(X, R*)¢ is complete.

Now Der(y(X)¢ is the image of

Dergy (G x WPH ~ (g ce(W)7 @ Dery (W)"
with kernel the C*°(G x W)-multiples of b which are (G x H)-invariant where b sits
diagonally inside Derg(G x W) (since the action of H is on both factors of G x W).
We may write g as a direct sum h @ m where m is H-stable, and then Dergy (X )¢ is the
isomorphic image of the direct sum (m®C>(W))” @Derdy (W) where (m@C>(W))" ~
C®(W)(m+). We have an induced direct sum decomposition
C®(X)¢ - Derg(X)C ~ C¥(W)H - O(W) ey & CZ(W)" - Derg(W)".

Since W is good, both C*(W) - G(W )+ and C®(W)" - Derg(W)" are complete,
hence C*°(X)% - Derg(X)¢ is complete and X is good. O

We want to show that every representation of every reductive group is good. So we
need to show that every G-module V is good. Our inductive assumption will be that
every proper slice representation (W, H) of V' is good. We first reduce to the case that
V& =0.

Let N and P be smooth manifolds as before and let Ny be a closed subset of N. Let
C>(N, Ny) denote the smooth functions on N which are flat on N, i.e., have vanishing
Taylor series on Ny. It is easy to see that C*(N x P, Ny x P) =~ C®(N, Ny) ® C>(P).

Lemma 7.4. Write V =V% @V’ where V' is a G-submodule of V. If V' is good, then
V' is good.

Proof. Note that C*(V)¢ ~ C®(VE) ®C> (V') and that
Derg, (V)% ~ 6(VY) @ Derg,,(V')°.

If C>=(V')¢ - Derq,, (V') is complete, then so is C*(V)“ - Derg,, (V') since we are just
taking completed tensor product with C>(V¢). Similarly, for R a G-module,

OV)r= 0V OV ).
If C*(V")Y . 0(V')g is complete, then
CEVE) (V) 0(V')r)
is complete. O

The slice representation at a principal orbit of V' has the form (W, H) where the
closed H-orbits in W are fixed points. Hence we start our induction with the following.

Lemma 7.5. Let V be a G-module whose closed orbits are all fixed points. Then V is
good.

Proof. By Lemma 7.4 we may reduce to the case that Qy is a point. Then C>®(V)¢ = C
and there is nothing to prove. O

For the next few results, let Vg denote V' considered as a real vector space and let
Gr denote G considered as a real Lie group.
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Lemma 7.6. The algebra R[Vg|®® is finitely generated.
For lack of a good reference, we give the following:

Proof. Tt is enough to show that the invariants of (G°)r are finitely generated. Now
G° is a product G,T where G, is connected semisimple, 7" is a torus and the two
factors commute. The invariants of (Gs)g are the same as those of (gs)g which is a real
semisimple Lie algebra. Since any representation of such a Lie algebra is completely
reducible, we can assume that G =T ~ (C*)? for some d > 1.

Now Tk is a product (S')? x (R>%)%. Since (S1)¢ is compact, it acts completely
reducibly, so we need only consider the factor (R>%)?. Let W be an irreducible subspace
of V. Then T acts on W ~ C by a character x where x(z1,...,2q4) = 27" ---2z3* for
(21,...,24) € T and some (ay,...,aq) € Z%. 1t follows that (rq,...,rqy) € (RZ%)? acts
on Wr ~ R? as multiplication by []r{. It is now clear that (R>%)? acts completely
reducibly on R[Vg]. O

We need to consider a different quotient space @ for our consideration of smooth
invariant functions on V. We have homogeneous generators py, ..., py, of Oug(V)C. Let
D1, - .-, Pam be the real and imaginary parts of pi,...,p,. Choose homogeneous real
invariant polynomials pa,+1, . .., P, such that R[Vg]9® is generated by the p;. Then we
have a quotient mapping

p=P1,...,0n): V> R"
with image é

Remark 7.7. Luna [Lun76] shows that p*C>(R™) is the set of smooth functions on V'
constant on the fibres of p. In our case the fibres of p and p are the same (as sets) and

are of the form G x# N (W). Any G-invariant continuous function must be constant on
such a set. Hence p*C>®(R") = C>*(V)°.

Example 7.8. Let V = C and G = {£1} acting by scalar multiplication. Then
p=22:V — C. In real coordinates the real and imaginary parts of 2% are 2? — y? and
2zy. The invariant smooth function 22 + »? is not of the form h(x? — 4?, 2zy) where h
is smooth, so the real and imaginary parts of p are not enough. One can take p to be

(z,y) = (2* — 9, 22y, 2° + %) V — R,

We need to use a form of polar coordinates on R™ (see [Lun76]). Let e; be the degree
of p; and choose b; € N such that b;e; = e is independent of ¢ = 1,...,n. Let P =
{y e R* | "¢ =1}. Then P is a compact smooth submanifold of R”. Consider the
mapping 7: RT x P — R"™ sending (t,y) to t-y where, as usual, t-y = (t“y1,...,t"yy).
Then R* - P = R™. From [Lun76, Lemma 1.5] we have:

Lemma 7.9. Pullback by T gives an isomorphism C®(R",0) ~ C®(R*,0) & C®(P).

Let T denote p~*(P). Then T is a smooth G-submanifold of V since the differential
of the homogeneous polynomial ) ]5?6"' does not vanish on T. We have a kind of polar
coordinates on V' given by o: RT x T — V', (¢,v) — tw.

Now we need another version of surjectivity of p* which can be found in [Lun76,
Section 3.3].
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Lemma 7.10. We have the equality
(i x fly)* (C2(RY,0) & C=(P)) = C=(R*,0) & C=(T)C.
Corollary 7.11. Pullback by o induces an isomorphism
o C¥(V,N (V)Y = C®(RT,0)®@C>(T)“.

Proof. Tt is clear that o* is injective. Let f € C®(R*,0)®C>(Y)%. Then f is the
pullback of some h € C®(R*,0) ® C®(P). By Lemma 7.9, h corresponds to an element
of C*(R",0) which in turn pulls back to an element of C>®(V,N(V))¢. Hence o* is
surjective. O

We need a version of E. Borel’s lemma [GG73, Chapter IV, proof of Lemma 2.5].

Lemma 7.12. Let fy, fi1,... be a sequence of smooth functions on P. Let p in C*([0, 1))

be real valued, have compact support and equal 1 on a neighbourhood of 0 in [0,1). Then

there are positive increasing numbers \;, lim \; = oo, such that for t € RT and x € P,
Jj—00

Zp(kjt)%fj(x)

§=0
converges to a smooth function f on R x P such that
o f
ot
Proposition 7.13. Let V' be a G-module all of whose proper slice representations are
good. Then V 1is good.

(0,2) = fi(x), j=0,1,...

Proof. We may assume that V¢ = 0. Let Aj,..., A; generate the O,,(Qv)-module
Derg, aig(V). Then they generate Derg, (V). We may assume that the A; are ho-
mogeneous. We first show that the set of all sums ) . h;(v)A;(v) is complete, v € T,
h; € C>°(T)¢. There is a retraction 7 from V\N (V) to T which sends v to v/p(v) where
p(v)?d = " pi(v)?% and we choose p(v) as the positive 2dth root. If 3. h;e(v)A;(v)
for v € T has a limit A as ¢ — oo, then we see that A o n is the limit of the
Yo hie(v/p(v))p(v) ™ A;(v) for v € V \ N(V) where n; is the degree of homogeneity
of A;; i =1,...,k. Since all the slice representations of V' \ N (V) are good, we find
that Aonis a sum Y. fi(v)A;(v) where v € V' \ N (V). Restricting back to T we see
that our original A can be expressed in the form ) . h;A;. Let D; denote the restriction
of Derg, (V)% to Y. We have shown that C*(Y)“ - D, is complete. It follows that
C®(R*) ®C>®(T)% - Dy is complete.

Consider an element A in the closure of C>*(V)¢ - Derg,, (V)¢ in Dergy (V). Then
the Taylor series of A at 0 is in the formal power series module generated by the A;
over R[[V&]]¢. Thus replacing A by A — 3" f;A; for appropriate fi,..., fr € C*(V)% we
can reduce to the case that A is flat at zero. Now A; o o(t,v) = t" A;(v) for t € RT
and v € T. Hence A oo lies in the closure of sums of the form " a;(¢,v)A4;(v), v € T,
where a;(t,v) € C*(R*)®C>(T)¢. By what we just showed, this space is complete,
hence A o o has the form 3. a;(t,v)A;(v) where the a;(t,v) are in C*(R*) ® C>(T)%.
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Now A oo is flat on {0} x T (since A was flat at 0). Hence

(9jai .
Z%(O,U)AZ(U) =0,veT, j=0,1,....

Let h! € C(P) such that (p|x)*(h!)(v) = (87a;/0t7)(0,v), v € T. Let p and the \; be
as in Lemma 7.12 such that

> " hi(t,y) converges to h(t,y) € C¥(R* x P), i =1,....k,
7=0
where

. o
hi(t,y) = p(Ajt)ﬁhf(y).

For each j, the hz (t,y) pull back to a relation of the A;, hence the h; pull back to
functions k; such that > k;A; = 0. By construction, k; and a; have the same Taylor
series on 0 x T, 1 <7 < k. Hence we can reduce to the case that

Aoo = Zai(t,v)Ai(v), where a;(t,v) € C°(RT,0)®C®(1)Y, i=1,..., k.

By Corollary 7.11 the ¢t ™a,(t,v) are pullbacks of functions f; € C=(V,N'(V))¥, and
we have that A =Y, f;A;. Hence C*(V)% - Derg,, (V)¢ is complete. The argument for
C>®(V)¢ . O(V)g is similar. Hence V is good. O

Proof of Theorem 7.1. This follows immediately from Proposition 7.3, Lemma 7.5 and
Proposition 7.13. [

8. REDUCTION TO TYPE F

We have Stein G-manifolds X and Y which are locally G-biholomorphic over (). We
show that one can deform a strong G-homeomorphism ®: X — Y to a G-diffeomorphism
of type F by making small deformations locally. The same process works if ¢ is a
strict G-diffeomorphism. Note that composition with G-biholomorphisms inducing idg
preserves the property of being of type F. This will allow us to reduce locally to the
case that X =Y. First another result [Leel3, Corollary 6.27].

Lemma 8.1. Let N and P be smooth manifolds. Let A be a closed subset of N and
f: N — P a continuous map which is smooth on A. Then there is a homotopy f; of f
with fy = f on A, fi = f and fo: N — P smooth.

Above, f smooth on A means that f|4 has local extensions to smooth maps from
open subsets of N to P.

We work locally on X and Y, so that we may assume that X =Y = S x Ty are
standard neighbourhoods. We consider what transpires in a neighbourhood of (sg, z¢)
where sp € S and zo = [e,0] € Tg. Let L, denote the group of G-vector bundle
automorphisms of Ty inducing the identity on the quotient. Then L.;, C Autg, (Ts)°.
We have the action of ¢t € [0,1] on z = (s,[g,w]) where t -z = (s,[g,tw]), s € 5,
l[g,w] € Tp. This induces an action z — t - z on the quotient. Let ®: X — X be a
strong G-homeomorphism (or a G-diffeomorphism of type F). Let ®;(z) = ¢t~1- ®(¢-z),
r € X ,te€(0,1]. By Corollary 3.13, &y = 11_1}% ®, exists. From Lemma 3.7, Corollary
3.14 and Lemma 6.25 we obtain the following.
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Lemma 8.2. Let X =S x Tg as above.

(1) Let ®: X — X be a strong G-homeomorphism. Then the family ®; is a homotopy
of strong G-homeomorphisms. Moreover, there is a continuous map o: S — Ly,
such that ®o(s, [g,w]) = a(s)([g,w]), s € S, [g,w] € Tp.

(2) Let : X — X be a G-diffeomorphism of type F. Then the family O, is a
smooth homotopy of G-diffeomorphisms of type F. Moreover, there is a smooth
map o: S — Ly, such that ®o(s, [g,w]) = o(s)([g,w]), s € S, [g,w] € Tp.

Remark 8.3. Let 0: S — Ly, be continuous (resp. smooth). Define ®(s,[g,w]) =
o(s)([g,w]). We leave it to the reader to show that ® is a strong G-homeomorphism
(resp. G-diffeomorphism of type F). Given a homotopy oy: [0, 1] xS — Ly}, of continuous
maps, the corresponding family ®; is a homotopy of strong G-homeomorphisms. Using
Lemma 8.1 we will be able to pass from the case of continuous o to the case of o smooth,
i.e., to the case of G-diffeomorphisms of type F.

We call a strong G-homeomorphism special if it corresponds to a continuous map
o: 5 — va.

The next few results show that we can locally construct homotopies of a strong
G-homeomorphism @ so that it becomes a G-diffeomorphism of type F over neighbour-
hoods of larger and larger compact subsets of a stratum of the quotient.

Let pg: Tp — @p denote the quotient mapping and let p denote the quotient map-
ping of S x Tg. Let g0 = pp([e,0]). We shall cut off the homotopy of ® so that it is
constant outside a compact set. Let K C S be compact. Let p: S x Qp — [0,1] be a
smooth function which is 1 on a neighbourhood of K x {¢o} and has compact support
M. Let 7(t,z) = 1+ (t — 1)p(z) for t € [0,1] and z € S x Qp. Then 7(t,2) = 1
outside of M, and 7(¢,z) =t for z in a neighbourhood U of K x {qo}. We have the map
x+— 7(t,2) - © where z = p(z).

Corollary 8.4. Let p, etc. be as above and let ®: S x Tg — S X Ty be a strong G-

homeomorphism. Let ®)(x) = 7(t,2)"' - ®(7(t,2) - x) forx € S x Tg and t € (0,1].

Set @ = PI% ®Y. The family ®F, t € [0,1], is a homotopy of strong G-homeomorphisms
—

joining ® to ®F. Moreover, for each t € [0,1], ®} equals ® over the complement of M,
and ®f = Dq is special over a neighbourhood of K x {qo}.

Proof. Let {f;} be a standard generating set for ¢,(Ts) which we may also consider
as a standard generating set for O, (S x Tg). Since ®; is a homotopy of strong G-
homeomorphisms,

O; fi(w) = b(x)fi(x), 2 € S x Ty, t€0,1],

where the b};(z) are continuous and G-invariant in z. It follows that
(@) filx) =Y b (@) fi(x), x € S x Ty, t€[0,1]

where the bT(tZ () are continuous. Hence ®4 is a homotopy of strong G-homeomor-
phisms. 0

Lemma 8.5. In the situation of Corollary 8.4, suppose that ® is a G-diffeomorphism of
type F on p~1(Q) where Q is a neighbourhood in S x Qp of a closed subset E x {qo} C
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Sx{qo}. Then there is a smaller neighbourhood ' of Ex{qo} such that (t,z) — 1(t,2)-z
sends [0,1] x Q' into Q. All the strong G-homeomorphisms ®f are G-diffeomorphisms

of type F when restricted to p~'(Q'). On the complement of M we can arrange that
Q=qQ.

Proof. Let oy, t € [0,1], be the endomorphism of S x @p which is induced by the
multiplicative action of 7(¢,z) = 14 (t — 1)p(2). Then «; is the identity outside of M.
The oy are also the identity on S x {go}. Now  is a neighbourhood of the compact set
Ey=MN(Ex{q}), and the oy are the identity on E,. Hence there is a neighbourhood
) of Ey inside 2 such that all the a; send ' into €2. Of course, we can arrange that
Q = Q' outside M. Now consider the restriction of ® to p~*(£'). It follows from
Remark 3.15 and the argument of Corollary 8.4 that ®}(z) is smooth in (¢,2). Thus
it is easy to see that each ®f is a G-diffeomorphism inducing the identity on S x @p
(with inverse constructed from ®~!). From the definition it is easy to see that ® is of
type F for t # 0. For t = 0, fix a point x € p~ (). We may assume that ® has a
local holomorphic extension W(2',y) for 2’ and y in a neighbourhood of 7(0, z) - . Then
Wy(2',y) =t~ "W (t-a', t-y) corresponds to a matrix (bf; (2, y)) which is smooth in (¢, 2, y)
and holomorphic in y. It follows that W, .1 (2',y) is a local holomorphic extension of
- (0,.y () since (sz(o’zl)(x’ ,y)) is holomorphic in y. Thus @} is a G-diffeomorphism of
type F over p~1 () for all ¢t € [0, 1]. O

Lemma 8.6. Let K C S be compact. Suppose that ® is a G-diffeomorphism of type F
over a neighbourhood Q of the closed subset E x {qo} of S X Qp. Also suppose that @
is special over a neighbourhood U = U’ x U" of K x {qo} where U is compact. Then,
perhaps shrinking U' and U", there is a homotopy ®; of ® with the following properties.

(1) @y(z) = () for allt if x is off the inverse image of a compact subset M of U.

(2) Over a neighbourhood of the set (K U(ENU")) x U", ®q is a G-diffeomorphism
of type F.

(3) @, = @ over a neighbourhood of E x {qo} for all t. Hence ®q is a G-diffeomor-
phism of type F over a neighbourhood ' of (E'U K) X {qo}-

(4) 2 =Q on the complement of M.

Proof. We may assume that ® is a G-diffeomorphism of type F over a closed neigh-
bourhood of the set (E N U’) x {go}. Since E N U’ is compact, we may assume that
the closed neighbourhood is of the form E’ x U”. Since ® is special over U, there
is a corresponding continuous o: U’ — L3, which is smooth on £’ N U’. By Lemma
8.1 there is a homotopy o(t,s) of o, t € [0,1], s € U’, such that o(1,s) = o(s),
o(t,s) =o(s) on E'NU" and (0, s) is smooth. Now choose a smooth function «(t, s, q),
t € [0,1], such that a(t,s,q) = t for (s,q) in a neighbourhood of K x {g} and such
that a(t, s,q) =1 for (s,q) off of a compact subset M of U’ x U”. Let (s,x) € S x Tp.
Then &y(s,z) = (s,0(a(t, s,pp(x)), s)(z)) is a homotopy of strong G-homeomorphisms
over U' x U", where ®; = &, &, = & off of the inverse image of M, and &, is a G-
diffeomorphism of type F over the interior of E’ x U” and over a neighbourhood of
K x {qo}, because of smoothness of the corresponding 0. We set &, = & off of the
inverse image of M. By construction, ®; = ® over (E' NU’) x U” and off the inverse
image of M, hence ®; = ® over a neighbourhood of E x {g,} which we can take to be
the same as €2 when intersected with the complement of M. 0
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Theorem 8.7. Let X and Y be Stein G-manifolds locally G-biholomorphic over a com-
mon quotient Q). Let ®: X — Y be a strong G-homeomorphism. Then there is a
homotopy of ®, through strong G-homeomorphisms, to a G-diffeomorphism of type F.

Proof. Consider the stratification of () by the connected components of the Luna strata.
There are at most countably many strata. Let Z; denote the union of the strata of
dimension k. We will inductively find homotopies of ® such that it becomes a G-
diffeomorphism of type F over a neighbourhood €2 of Zy U --- U Z;. Each step of the
finite induction will be done by a countable induction.

Let £ > 0. Then Ry = ZyU---U Zj_4 is closed (and perhaps empty). Suppose by
induction we have shown that, modulo a homotopy of strong G-homeomorphisms, ® is
a G-diffeomorphism of type F over a neighbourhood €2y of Ry. Let K, Ks,... be a
locally finite collection of compact connected subsets of Z;, whose union is (RyU Z) \ .
Let U; be a neighbourhood of K; in Q. We may assume that Xy, ~ Yy, ~ S; x Tp,
is a standard neighbourhood. Let p;: T, — @p,; denote the quotient mapping and let
q; = p;([e, 0]). We may assume that S; x {g;} is the stratum of S; X @ p, containing K.
We may assume that we have a G-biholomorphism of Xy, and Yy, inducing the identity
on U;. So we consider the restriction of ® to Xy, to be a strong G-homeomorphism
of Xy,. We may assume that the UJ are locally finite on R, = Ry U Z; and that no
U, intersects Ry. By induction assume that ® is a G-diffeomorphism of type F over a
neighbourhood €,,_; (in Q) of R, 1 = Ry U Ky U---U K, 1. We have the first step
of the induction with €y our neighbourhood of Ry. Using Corollary 8.4 and Lemmas
8.5 and 8.6 we can find a homotopy ®; of ® which equals ® off of the inverse image
of a compact subset M, C U, such that ®, is a G-diffeomorphism of type F over a
neighbourhood €2,, of R,,, where ,, = 2,,_; on the complement of M,. We can consider
our homotopy as taking place in the space of strong G-homeomorphisms of X and Y.
Clearly, by local finiteness of the U,,, in the limit we construct a homotopy ®; of ®
where @ is a G-diffeomorphism of type F over a neighbourhood of R.,. This completes
the induction. O

Our procedure of deforming strong G-homeomorphisms to G-diffeomorphisms of type
F, applied to a strict G-diffeomorphism, gives a homotopy of strict G-diffeomorphisms
to a G-diffeomorphism of type F. The key technical point is Lemma 5.8. Hence we
have:

Theorem 8.8. Let X and Y be Stein G-manifolds locally G-biholomorphic over a com-
mon quotient Q. Let ®: X — Y be a strict G-diffeomorphism. Then there is a homotopy
of ®, through strict G-diffeomorphisms, to a G-diffeomorphism of type F.

9. NHC-SECTIONS

We work towards proving the following theorem which, in light of Theorems 8.7 and
8.8, completes our proof of Theorem 1.4.

Theorem 9.1. Let X and Y be Stein G-manifolds locally G-biholomorphic over a com-
mon quotient (). Suppose that ®: X — Y s a G-diffeomorphism of type F. Then there
1s a homotopy ®; of G-diffeomorphisms of type F where &5 = ® and ¢;: X = Y isa
G-btholomorphism.
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We now consider parameterised families of automorphisms of G-saturated open sub-
sets of X. We use the notation of [Car58]. Let C' be a compact Hausdorff space with
closed subsets N C H C C. We define a corresponding sheaf § on () as follows. Let
U C @ be open and consider the group F(U) of G-diffeomorphisms ®(¢, z) of Xy, t € C,
such that:

(1) ®(t,x) is a continuous family of G-diffeomorphisms of X, of type F.
(2) For t € N, ®(t,x) is the identity, i.e., ®(¢t,z) = x for all x € Xy.
(3) For t € H, ®(t, z) is holomorphic in z.

Note that condition (1) is the same as saying that the partial derivatives of ® in x are
continuous in (¢, x). The topology on F(U) is uniform convergence of partial derivatives
on compact sets. Similarly we define the sheaf £§ of continuous families of G-invariant
vector fields of type LF on open subsets U of (). The vector fields are zero for t € N,
holomorphic for t € H and of type LF for all ¢ € C. The topology on £§(U) is again
uniform convergence of derivatives on compact sets and it is a Fréchet space. We can
also view £§(U) as a closed subspace of CO(C)® LF(U). Since LF(U) is a vector
subspace of a nuclear space, hence nuclear, the topology on the tensor product and the
completion are unique (take the 7 or e topology). Since LF(U) is Fréchet (Theorem
7.1), so is £§(U).

We say that a continuous function f(t,z) on C' x Xy is an NHC-function if it is
G-invariant, zero for ¢ € N, holomorphic for t € H and smooth for all t € C'. The NHC-
functions form a Fréchet space with the topology of uniform convergence of partial
derivatives on compact sets. It is a closed subspace of C°(C)®C>(X)¢. We may
consider an NHC-function f(t,z) as a function f(t,q) for ¢ € Q. But then f may not
be smooth in ¢ (see Example 7.8).

We now quote a lemma about surjections of Fréchet spaces from [Carb8, Appendix].

Lemma 9.2. Let m: E — E' be a continuous linear surjection of Fréchet spaces. Let B
be a closed subset of the compact Hausdorff space A. Suppose that we have continuous
mappings f': A — E' and h: B — E such that " agrees with w o h on B. Then there
is a continuous map f: A — E which extends h such that wo f = f’.

Lemma 9.3. Let A(t,x) be in £F5(U) where U is a Stein open subset of Q. Suppose
that Ay, ..., Ay generate Dery (Xy)© over O(U). Then there are NHC-functions a;(t, x),
x € Xy, such that
Alt,z) = Zai(t, x)A;(z) for z € Xy.

Proof. For notational convenience we may suppose that U = Q. Let E = 0(Q)* and
E' = Derg(X)%. Then we have the surjection 7 which sends (hy,...,hy) € E to
Y hiA; € E'. Now A(t,z) is the zero mapping from N to E’, and it lifts to the zero
mapping h of N to E. By Lemma 9.2, h extends to a continuous mapping (h;(¢, z))
of H to E which covers A(t,z). Now consider the surjection of E = (C®(X)%)* onto
E’, the space of smooth vector fields of type LF, sending (aq,...,ax) to Y a;A;. The
hi(t,z), considered as smooth functions, cover A(t,z): H — Derg(X)® C E'. By
Lemma 9.2 we can find extensions of the h;(¢,z) to NHC-functions a;(t,z) such that
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Using the open mapping theorem one obtains:

Corollary 9.4. Let Q' be a neighbourhood of zero in the space of NHC-functions over
U. Then there is a neighbourhood Q of zero in £§(U) such that any A(t,x) € Q is
Yo ai(t,x)Ai(x) where a;(t,x) € ¥, i=1,... k.

Here is a basic result about sections of § and £§.

Theorem 9.5. Let K C Q be compact and U a neighbourhood of K. Let U' be a
neighbourhood of K in U with compact closure in U. Then there is a neighbourhood €2
of the identity family in §F(U) and a continuous mapping log: Q@ — £F(U’) such that
explog ® = ®|cyyr for € Q.

Proof. We may assume that we have a standard generating set {f;} for 0s,(X). By
Theorem 6.36 there is a neighbourhood €’ of the identity in F(U) such that any ¥ €
admits a logarithm log ¥ € LF(U’). The mapping €' 5 ¥ — log ¥ is continuous. Let
F(C x U) denote continuous families of elements of F(U). Let € be the open subset of
F(C xU) of families ®(¢, ) such that & (¢, z) € ' for all £. Then 2 is open in F(C x U)
and the family ¢ — log ®(¢,z) is a continuous family in LF(U’). Now the intersection
of Q with §(U) is open, and if ®(¢t,z) € QN F(U), then log ®(t, x) is zero if t € N and
is holomorphic if t € H. Hence log®(t,z) € £§(U’). Clearly log: §(U) — £5(U’) is
continuous. 0J

If U, U’ and Q) are as above, we say that every ® € Q admits a logarithm in £F(U").

Corollary 9.6. Suppose that A, ..., A, generate Dery:(Xy)€ over O(U'). Let
be a neighbourhood of zero in the space of NHC-functions over U'. Then there is a
neighbourhood Q0 of the identity family in F(U) such that for any & € , logd =
> ai(t, z)A;(z) where the a; € Q.

Using topological tensor products one establishes the following variant of Lemma
6.27.

Lemma 9.7. Let S x Tg be a standard neighbourhood in X and let K be a compact
subset of S x Qp. Let {f;} be a standard generating set for S x Tg. Then there is a
neighbourhood Q0 of the identity in F(S x Qp) such that any & € Q corresponds to a
matriz (bij(t,s,q)), t € C, s €5, ¢ € Qp, where [|(b};) — I||oxx < 1/2,0<u < 1.

Proposition 9.8. Let U C Q) be open, let ¢ € U and F = X,. Suppose that ® € F(U)
is the identity when restricted to F'. Then there is a neighbourhood U’ of q such that ®
admits a logarithm in £F(U").

Proof. We may assume that we have a standard generating set for O, (Xy). Shrinking U
we are in the situation where Xy = S x T is a standard neighbourhood and ¢ = (sg, qo)
where sy € S and ¢ is the image of [e,0] € Ts. We have the action of [0,1] on Xy
sending (s,z) to (s,u-x), s € S, z € Tg, u € [0,1]. Let ®, be the corresponding
deformation of ®. Then @, is a continuous family of elements of F(S x @), v € [0, 1].
Since ® is the identity on F', ®q(t, so, x) is the identity, t € C, x € Tg. By Theorem 9.5
and Lemma 9.7 there is a neighbourhood €2 of the identity section in §(S x @) and a
neighbourhood Uy of (sg, qo) such that every ¥ € Q admits a logarithm in £§(Uj) and
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has a matrix (bs;) such that ||(b;) — I|[owgz < 1/2, u € [0,1]. For u in a neighbourhood
of 0, &, lies in €, hence admits a logarithm D, € £§(Uy). As in the proof of Lemma
6.28 this implies that ® admits a logarithm over U’ = u - U,. 0

Remark 9.9. Let K C @ be compact. Let U be a neighbourhood of K and let U’ be
a relatively compact neighbourhood of K in U. Let ® € F(U) and suppose that & is
represented by the matrix (a;;(¢,¢q)) and admits a logarithm D € £§(U’) with matrix
(d;j(t,q)) where the d;; are close to zero. There is no a priori guarantee that the d;;(¢, q)
are holomorphic for ¢t € H or zero for t € N. However, by Lemma 9.3 and Corollary 9.4,
we can arrange this to be true. It follows that we can arrange that, over U’, (a;;(t, q))
is holomorphic for ¢t € H and the identity matrix for t € N.

10. GRAUERT’S PROOF

We now show how one can modify Cartan’s version [Car58] of the proof of Grauert’s
Oka principle [Gra57a, Grab57h, Gra58| to obtain Theorem 9.1. Let N € H C C be
compact Hausdorff spaces as before, and we consider the corresponding sheaves § and
£F defined in the previous section, together with the topologies on their sections. We
recall that an open subset U C @) is a Runge domain if it is Stein and 0'(Q) is dense in
O(U). Here is the main theorem.

Theorem 10.1. Suppose that N is a deformation retract of C'. Then the following hold.

(1) The topological group H°(Q,T) is pathwise connected.
(2) If U C Q 1is a Runge domain, then H°(Q,%) is dense in H°(U,F).
(3) H'(Q,$) = 0.

We actually only need (3), but the proof of the theorem is by an induction involving
all three statements.

Proof of Theorem 9.1. Let ®: X — Y be a G-diffeomorphism of type F. We have an
open cover {U;} of @ and G-biholomorphisms I';: X; = Xy, — Y; = Yy, covering idy,.
We may assume that X; o~ S; x T, C S; x Ty, is a standard neighbourhood in X
where S; is smoothly contractible, say a ball. Let ¥ = I'; 7! o ®. By Lemma 8.2 we have
a homotopy ¥, of G-diffeomorphisms of type F where W is special and corresponds
to a smooth mapping o: S; — Ly,. Here Ly, is the subgroup of Auty,(Ty,)¢ fixing
the invariants. Since S; is smoothly contractible, we have a smooth homotopy of ¢ to
a constant mapping to L.}, hence we have a homotopy of ¥, to a G-biholomorphism
inducing the identity on S; x () ,. Combining the two homotopies we obtain a homotopy
U,(t,z) of T;7! o ® which equals T';7! 0 ® when ¢ = 1 and is holomorphic when ¢ = 0.
Moreover, all the W;(t, x) are of type F. Let ®;(t,x) =T'; o ¥;(¢,x). Then ®;(1,z) = P
on X; and ®;(0,z): X; — Y; is a G-biholomorphism. Now ®;(¢,z)~! o ®;(¢, ) gives an
element of H'(Q,§) where C'=[0,1], N = {1} and H = {0, 1}. By (3) of Theorem 10.1
there are sections ¢;(t,z) € H(U;,§) such that ®;(¢,z) 1o ®;(¢,z) = ¢;(t,z) L oc;(t, x).
Then the ®;(t, ) o ¢;(t,7)~! combine to give a homotopy ®(¢,z) with ®(1,z) = &(x)
and ®(0,z): X — Y a G-biholomorphism inducing idg. O

We recall some definitions from [Car58]. Let a; < b; and ¢; < d; be real numbers, j =
1,...,m. Let z; = x; +14y; be the usual coordinate functions on C™. The corresponding
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cube in C™ is the subset defined by the inequalities a; < x; < b; and ¢; < y; < dj,
j=1,....,m. Let K C @ be compact and let U be a neighbourhood of K. Suppose
that we have a holomorphic mapping f: () — C™ which restricts to a biholomorphism
of U onto an analytic subset of a neighbourhood of a cube I' where I" has real dimension
k. We say that K is k-special or special of dimension k if K = U N f~Y(T). Special
compact sets K have nice properties. For example, K is holomorphically convex, so
every holomorphic function on a neighbourhood of K can be uniformly approximated
(on a neighbourhood of K) by functions holomorphic on Q. Also, @ is the union of
special compact sets K,, where K, lies in the interior of K, for all n.

Let K C @ be a special compact set, so that we can think of it as a subset of a cube
I' corresponding to real numbers a; < b; and ¢; < d;, j =1,...,m. Let ¢ € a1, b;]. Let
IV be the points of I' where x; < ¢ and let I'” be the points where x; > ¢. Let K’ denote
KNI and let K’ denote K NI"”. Then K’, K" and K’ N K" are special. We say that
the triple (K, K', K") is a special configuration.

Let K be a compact set in ). Define H°(K,§) to be the direct limit (with the direct
limit topology) of the groups H°(U,§) for U an open set containing K. Our proof of
Theorem 10.1 uses the following two key results.

Proposition 10.2. Let K be a special compact subset of Q. Then the image of H*(Q, )
in HY(K,g) is dense in a neighbourhood of the identity element of H°(K,F).

Proposition 10.3. Let (K, K', K") be a special configuration in ). Then any element
® € HY(K' N K",3), sufficiently close to the identity, can be written in the form

@ — q)/ o (@//)—1
where ® € H(K',§) and " € H'(K",F).

We assume the propositions for now. By induction on £ > 0 we prove the following
statements.

(i)x If K is a k-special compact set, then H°(K,§) is pathwise connected.
(ii)x If K is a k-special compact set, then H(Q,§) — HY(K,J) has dense image.
(iii), If (K, K', K") is a special configuration where K’ N K" is k-special, then every
® € H(K'NK",§) can be written in the form ® o (®”)~! where ' € H*(K',§)
and " € HY(K",F).

Proof. Consider (i)g. We have that K = {qo} C Q and we need to show that H°({q}, §)
is pathwise connected. Let ®(¢,x) be a section of § defined in a neighbourhood of
p '(q) = F and let A(t) denote the restriction of ®(¢,z) to F. Then for every t, € C,
A(to) € Ly, the algebraic subgroup of Aut(F)% of holomorphically reachable points (see
Theorem 6.32 and discussion preceding it). Since N is a deformation retract of C, A has
values in the identity component of Ly, and we have a homotopy of A(t) to the identity
section on F. By Remark 6.34 we have a homomorphism v: Ly, — Auty(Xy)¢ for a
neighbourhood U of ¢y such that v(¢) restricted to F'is ¢ for ¢ € Ly,. This allows us
to reduce to the case that ®(t, z) restricts to the identity section on F. Then it follows
from Proposition 9.8 that the logarithm D(t, z) of ®(¢, x) exists in a neighbourhood of F,
and D(t,z) is a section of £§. Then we have the homotopy ®(t, u,z) = exp(uD(t,x)),
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0 < wu < 1. This is a homotopy of ®(¢, x) to the identity map on a neighbourhood of F.
Hence we have (i).

Suppose that we have (i),. Let K be compact and k-special. Then (i), implies that
every element of H°(K,§) is a product of finitely many elements of H°(K,§) which are
arbitrarily close to the identity. Apply Proposition 10.2 to the elements close to the
identity. Then one obtains (ii)y.

Suppose that we have (ii);. Let (K, K’, K”) be a special configuration such that
K’ N K” is special of dimension k. Let ® € H°(K' N K”,§). By (ii); one can write
® = V-, where ¢, € H'(K'NK", ) is close to the identity section and ¥ € H°(K', §).
By Proposition 10.3, we can write ®; = @' - (®"”)~! where ' € H°(K',§) and ®” €
H(K",§). Then ® = (¥ - ®') - (®")~! and we have (iii)y.

Suppose that we have (i), hence (iii),. Let K be compact and (k 4 1)-special. Let
® € HY(U,3) for U a neighbourhood of K. Let the cube in C™ corresponding to K
be T' where the condition on x; is a3 < x; < by. Let A € [aq,b;] and let K, denote
the special compact subset of K defined by 1 = A\. We may assume that a; < b; so
that each K has dimension k. By (i);, K, has a neighbourhood V) in K (we may
choose closed neighbourhoods) such that the restriction of ® to V, is homotopic to the
identity section. There are a finite number of K, (with A\; < Ay < ---) such that the
corresponding Vy, cover K. We can assume that the V), are (k + 1)-special such that
Vi, N Vi, is k-special for each i. Let K; denote V), and let ®;(u) € H(K;,§) be a
section in a neighbourhood of K;, depending continuously on the parameter u € [0, 1],
such that ®;(0) is the section induced by ® and ®;(1) is the identity section e.

The homotopies ®;(u) do not have to agree on the intersections K; N K, ;. We now
modify them to agree. One is reduced to what Cartan calls an elementary problem.
Let (K, K;, K3) be a special configuration where K; N K5 is special of dimension k. Let
¢ € H'(K,3) and let ®;(u) € H°(K;,§) be homotopies such that ®;(0) is the restriction
of ® and ®;(1) is e. Then one wants to find ¥(u) € H°(K,F) such that ¥(0) = ® and
U(l) =e.

Now ®;(u) '®y(u) € HY(K; N Ky, F) is a homotopy from the identity section of
H(K; N Ky, F) to itself. It is an element of HY(K; N Ky, §') where § is the sheaf of
groups relative to the compact sets

C'=Cx|0,1], NN=(Nx[0,1])U(C x {0})U(C x{1}), H = (H x [0,1]) U N’
where N’ is still a deformation retract of C’. Thus applying (iii)x to §" we have that
@y (u) " 0y (u) = @' (u)®" (u) !

where ®'(u) € H°(Ky,§) and ®”(u) € H°(K>,§) depend continuously upon the parame-
ter u € [0,1]. They are the identity element for u = 0 and u = 1. Let ¥(u) = &4 (u)P'(u)
in a neighbourhood of K; and let it equal ®5(u)®”(u) in a neighbourhood of K. Then
the definitions agree on the overlaps and we have ¥(u) € H(K,§) giving the desired
deformation. This solves the elementary problem and shows that we have (i)x41. O

We have established (i), (ii) and (iii) which are the statements (i)g, etc. with k
omitted.
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Proof of Theorem 10.1. Note that (2) follows from (ii). Now we consider (1). We know
that there are special compact sets K1 C Ky C --- where K; is contained in the interior
Viy1 of Kiyy for all i and where Q = UK. Let ® € H°(Q,J). By (i), the image of ® in
H°(K,,¥) is homotopic to the identity section. Thus the image ®,, of ® in H°(V,,,§)
is homotopic to the identity section. Let ®,(u) be such a homotopy with ®,(0) = &,
and @, (1) = e. Then ®,(u)"'®, 1(u), over V,, is an element of H(V,,§’) where §
is the sheaf of groups associated to the sets N’ C H' C C’ given above. Applying (ii)
to § we see that ®,(u)"'®,(u) may be approximated over K, ; C V, by elements
of H*(V,11,8'). Hence, without changing ®,(u), we can modify ®,,;(u) such that
®,(u)" P, 1(u) is arbitrarily close to the identity section over K, ;. Thus one can
arrange that the sequence ®,(u) converges over every compact subset of Q). Let ®(u)
denote the limit. Then ®(u) is a homotopy of elements of H%(Q,§) with ®(0) = ® and
®(1) the identity section. Here we have used Corollary 6.37. This proves (1).

Finally, we want to prove (3), that H(Q,§) = 0. Let K be a special compact subset
of Q. As in [Carb8, Section 5], using (iii) and an induction over a decomposition of K
into a union of smaller special compact sets, one shows that H'(K,§) = 0. Let K, be
a sequence of special compact sets as above, with V,, denoting the interior of K. Let
{U;} be an open cover of @) and let {®;;} be a cocycle with values in §. Then for each
n we have sections ¢ff € H°(U; NV, §) such that ®; = (¢f)~'¢} on U; NU; NV, Hence
we have

et =T () T on U N U NV,

C’L (3 J J

Thus the ¢/ (c?)~! define a section ®,, € H°(V,,,¥). Using (ii) as above, we can arrange
that the ¢! converge on compact sets as n — oco. The limiting sections ¢; € H*(U;, §)
have the property that

O, = ci_lcj on U; N U;.
Hence HY(Q,F) = 0. O

We are left with the proofs of the two propositions.

Proof of Proposition 10.2. Let ® € H(K,J) where K is special and ® is near to the
identity section. By Theorem 9.5, there is a relatively compact neighbourhood U of
K such that D = log ® exists and is in £§(U). We may suppose that U is a Runge
domain. By Lemma 9.3 we can write D = ) a;(t, ) A; where the a; are NHC and the
A; € Derg(X)% generate Dery(Xy)©. Thus it suffices to approximate NHC-functions
on U by global ones. Using a partition of unity on C' one is reduced to the problem
of approximating holomorphic (resp. smooth G-invariant) functions on U (resp. Xy ) by
functions holomorphic on @ (resp. smooth and G-invariant on X'). There is no problem
for smooth functions, and for holomorphic functions approximation is possible because
U is a Runge domain. O

Before giving the proof of Proposition 10.3 we need some preliminary results. First
we consider a result on differential equations on Lie groups from [Car58, p. 115]. Let L
be a Lie group and let f(u), f'(u) and f”(u) be elements of L which are C' in u € [0,1]
such that f'(u) = f(u)f”(u) and f(0) = f'(0) = f”(0) = e, the identity of L. Then
df /du is a tangent vector at f(u), hence it is of the form dp(f(u)) - a(u) where a(u) is
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a continuous family of elements of T,(L) and p denotes right multiplication. We write
this as

df
T _ afw)- f(w).
Similarly we have continuous &'(u) and a”(u) with
d ' / ! d i " "
(10.1) % =a'(u) - f'(u) and c{_u =a"(u) - f"(u)

Consider a(u), a/(u) and a”(u) as elements of [, the Lie algebra of L.
Lemma 10.4. Let f(u), a(u) ete. be as above. Then we have
(10.2) a'(u) = a(u) + Ad(f(u)) - a"(u).

Conversely, given f(u) which is C' in u with f(0) = e, define a(u) as above and suppose
that there are continuous a'(u) and a"(u) with values in | satisfying (10.2). Then inte-
grating the equations (10.1) with the conditions that f'(0) = f”(0) = e we obtain f'(u)
and f"(u) such that f'(u) = f(u)f"(u).

Let U C @ be open. Let ®(t,z) € F(U) and let A(t,x), D(t,xz) € £5(U). Let F
be a fibre of p: Xy — U. Then the restriction of ®(¢,z) to F is a family ®(¢)|r in
Ly, the reachable automorphisms in Aut(F)¢. We have the adjoint action Ad®(t)|p
on A(t)|p € ly. If ® =exp D, then Ad®(t)|r is the exponential of the action of D(t)|r
by ad. It is not hard to see that the Ad®(t)|r combine to give an action Ad® of ® on
L£F(U) and, of course, the adD(t)|r give us an action adD of D on £§(U) which is just
bracket with D.

Proposition 10.5. Let K C QQ be compact and let U be a relatively compact neighbour-
hood of K. If ® € F(U) is sufficiently close to the identity, then for any A € £§(U),
Ad®(A) is close to A over a neighbourhood of K. In particular, if A is close to zero, so
is AdD(A).

Proof. Let Dy,...,D; € Dery(Xy)® generate Dery(Xy)® as an &(U)-module. Let
U’ be a neighbourhood of K relatively compact in U. By Theorem 9.5 and Corollary
9.6, by choosing ® € F(U) close to the identity, we have ® = exp D, D € £§(U’),
where D = > a;D; and the NHC functions a; can be chosen close to zero. Then
Ad®(A) = (exp ) a;adD;)(A) is close to A in a neighbourhood of K. O

The following is essentially Hilfssatz 1 in [Gra57b].

Lemma 10.6. Let (K, K', K") be a special configuration. For every t € H suppose
that we have a square matriz M(t,q) which is holomorphic and invertible for q in a
neighbourhood U of K'N K", and suppose that M(t,q) is continuous in (t,q). If M(t,q)
is sufficiently close to the identity on H x (K' N K"), then

M(t,q) = M'(t,q) - M"(t,q)"

where M'(t,q) (resp. M"(t,q)) is continuous in (t,q), and for fired t € H is holomorphic
and invertible for q in a neighbourhood of K' (resp. K"). Moreover, M'(t,q) and M"(t,q)
can be chosen in any given neighbourhood of the identity if M(t,q) is sufficiently close
to the identity.
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Proof of Proposition 10.5. Let ® € HY(K' N K”,F) be close to the identity. Then we
want ' € HY(K',§) and ®” € H°(K",§) so that
O(t,z) = &' (t,r) o ®"(t,z)"" for p(x) close to K' N K.

We first do this for ¢ € H, where the sections have to be the identity on N. Cartan calls
this the fundamental problem. If ® is sufficiently close to the identity, then Theorem
9.5 shows that ®(t,2) = exp(D(t,x)) for t € H where D vanishes on N (since & is
the identity on N) and is holomorphic on a relatively compact neighbourhood U of
K'NK". Set ®(t,u,x) = exp(u-D(t,x)),0 < u < 1. Then 0®/0u = D(t,x) - P(t,u,z).
Suppose that we have parameterised G-invariant holomorphic vector fields D'(¢, u, z)
and D"(t,u,z) over the inverse image of neighbourhoods of K’ and K", respectively,
zero on N, annihilating the invariants, such that

D'(t,u,x) = D(t,z) + Ad®(¢,u,x) - D"(t,u,x) for p(x) close to K'N K",
By Lemma 10.4, integrating in u we obtain holomorphic parameterised sections &' (¢, u, x)
and ®”(t,u, z) such that
O(t,u,x) = ' (t,u,z) o ®"(t,u, )"

For u = 1 we get a solution of the fundamental problem. We will construct D’ and D"
close to zero so that & and ®” are close to the identity.

Let {A;} be &(U)-module generators of Dery (Xy)¢. Then

where the coefficients m;;(t, u, q) are holomorphic for ¢ € U, and continuous for t € H
and u € [0,1]. This uses Lemma 9.3. If ®(¢,z) is sufficiently close to the identity
section, then ®(¢,u,x) - A; is close to A; and we may choose (m;;) close to the identity.

By Lemma 10.6 we have
Z MMy, = m;‘/k
i

where the matrices mj;(t, u,q) and mj;(t,u,q) are invertible and depend continuously
ont € H and u € [0, 1] and are close to the identity. The first is holomorphic near K’
and the second near K”. We have

D(t,z) = a;(t,q)A;

where the a;(t, ¢) are holomorphic near K’ N K”. By Corollary 9.4 we may assume that
the a;(t,q) are near zero. It suffices to find a}(t,u,q) and a! (¢, u, q) holomorphic near
K’ and K", respectively, near zero, such that

ag(t, u,q) = a;(t,q) + Z mjia;'/(t: u,q)
J
for ¢ near K’ N K”. For this it suffices that

/ ! / " "
E m;a; = E m;.a; + E My Q;

Since our matrices are invertible, in place of the a] and a] one can take as unknowns

the terms
;o 1o /o "non
b, = E m,,a; and by, = E My, G -
i i
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Set
br = Z my(t,u, q)ai(t, q).

Then our equation becomes

bi.(t,u, q) — by(t,u, q) = bi(t, u, q)

which we can always solve with b}, (¢, u, ¢) and b”(t, u, q) small if by (t, u, ¢) is small [Car58,
footnote p. 117].

So we have solved the fundamental problem. Given ®(¢,z) near the identity we find
®’(t,z) and ®"(t,z), near the identity, such that ® = ®'(®”)~! for t € H. Since &’
and ®” are near the identity we may write them as exp D’ and exp D", respectively,
where D" and D" are near zero. We have continuous maps a(t, q) and af(t, q) from H
to holomorphic functions which are small on neighbourhoods U’ of K’ and U” of K",
respectively, zero on N, such that

D' = Z ai(t,q)A; and D" = Z ay (t,q)A;.

Now the space of holomorphic functions on U’ is nuclear. Since C°(C') — C°(H) is
surjective, we find that

co(C, o) ~Cc(CYROU') — C'(H)® 0(U') ~ C°(H, 0(U"))

is surjective. See [Tré67, Proposition 43.9]. Thus we have an extension of D’ to an
invariant holomorphic vector field annihilating the invariants for all ¢ € C'; and similarly
for D”. The extensions may not have coefficients close to zero for ¢t € C, but we can
arrange this by multiplying by continuous functions ¢'(t,z) and ¢” (¢, x) which are 1 for
t € H and smooth and invariant in x. Thus we have smooth extensions D’ € £§(U’)
and D" € £§(U") which have exponentials ®'(¢,z) and ®”(t, z), respectively, near the
identity. Consider the product

Ut z) = (") 1o

Then W is a section of §F on a neighbourhood of K’ N K" which is the identity for ¢t € H.
Since W is near to the identity, log ¥ exists for p(z) near K’ N K”. Multiply log ¥ (¢, z)
by a smooth invariant cutoff function which is 1 on a neighbourhood of K’ N K” such
that the closure of the support is compact in our original neighbourhood of K’ N K".
Then the corresponding automorphism W(t,x) is defined everywhere, in particular, on
a neighbourhood of K’. Now we set

&' (t,2) = U(t,)"'® (¢, 2) for p(x) in a neighbourhood of K,

®"(t,z) = ®"(t, ) for p(z) in a neighbourhood of K.
Then on a neighbourhood of K’ N K" we have
O(t,z) = &' (t,x) - ®"(t,z) ' forall t € C.

This completes the proof of the proposition. O
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