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1. Introduction and main results

The Gauss map of a minimal surface in R?, parametrised as a conformal minimal
immersion from an open Riemann surface M into R3?, may be viewed as a
meromorphic function on M. Bonnet first observed this fact in 1860 [7] and
Christoffel proved in 1867 [8] that it characterises minimal surfaces in R3. Via
the Gauss map, complex-analytic methods have ever since played a major role in
the classical theory of minimal surfaces. The literature is vast. We refer to [I8],
Chapter 12] and [4, Chapter 5] for historical background and further references.

It is a long-standing unsolved problem in the global theory of minimal surfaces
to usefully characterise those meromorphic functions that are the Gauss map of
a complete minimal surface. Several decades of research on Picard-type theorems
for Gauss maps of complete minimal surfaces culminated in the 1988 theorem of
Fujimoto that such a map can omit at most four values in the Riemann sphere
unless the surface is a plane [I3]. This result is sharp. Some further restrictions
were given by Osserman [I7] and by Weitsman and Xavier [22]. As an example in
the other direction, Su and Li recently produced a sufficient Nevanlinna-theoretic
condition for a meromorphic function on the plane or the disc to be the Gauss map
of a complete minimal surface [20, 21].

In this paper, we take a new approach to the problem. We investigate the space
of meromorphic functions on M that are the Gauss map of a complete minimal
surface from a homotopy-theoretic viewpoint. We determine the homotopy type of
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this space. One of our main results is that the inclusion of this space in the space
of all meromorphic functions on M is a weak homotopy equivalence and, when M
has finite topological type, even a genuine homotopy equivalence.

It was discovered only recently that every meromorphic function on M is the
Gauss map of a conformal minimal immersion M — R? [3]. We show that the
Gauss map assignment is not only surjective: it is in fact a Serre fibration. This is a
key ingredient in the proof of the main result described above, along with the strong
parametric h-principle for complete minimal surfaces in our previous paper [5].

Our results extend to all higher dimensions. To more precisely present them, we
need to introduce some notation. Let M be an open Riemann surface, throughout
assumed connected, and let n > 3. If u = (u1,...,u,) : M — R™ is a conformal
minimal immersion, then the (1,0)-differential Ou of u determines the Kodaira-type
holomorphic map ¢ (u) from M into the hyperquadric

Q" ?={l[z1: 2] €CP" i 2} + -+ 22 =0}
in CP"~! given by
Y (u)(p) = [Oui(p) -+~ : Oun(p)], peM.

The map ¢(u) is called the generalised Gauss map of w, or, in this paper, simply
the Gauss map of u. A conformal immersion M — R"™ is minimal if and only if its
Gauss map is holomorphic [15, Theorem 1.1]E|

By [3, Theorem 1.1], the Gauss map assignment ¢ : CMI(M,R") — O(M, Q"2)
is surjective. Here, CMI(M, R") and &'(M, Q" 2) denote the spaces of all conformal
minimal immersions M — R” and of all holomorphic maps M — Q" 2, respectively.
The key to this and other recent applications of Oka theory in the theory of minimal
surfaces is the fact that Q"2 is an Oka manifold (see [I] or [9, Example 5.6.2]).

A holomorphic map M — CP"! is said to be full if its image is not contained
in any hyperplane; we denote by gy(M, Q" 2) the open subspace of 0(M,Q"?)
consisting of full maps. A conformal minimal immersion v € CMI(M,R") is called
full if its Gauss map ¢ (u) is full, and we denote by CMIg,y; (M, R™) the open subspace
of CMI(M,R"™) consisting of all such immersions. We endow these spaces with the
compact-open topology.

The flur Flux(u) of an immersion u € CMI(M,R"™) is the cohomology class of its
conjugate differential d°u = i(Ou—0Ou) in H'(M,R™). The flux is naturally identified
with the group homomorphism Flux(u) : H1(M,Z) — R™ given by

Flu(u)([C]) = /C dou = —9i /C du, [C] € H\(M,Z).

We view the cohomology group H'(M,C") as the de Rham group of n-tuples of
holomorphic 1-forms on M modulo exact forms, endowed with the quotient topology

IThe Gauss map defined in [15] is the conjugate of the Gauss map defined here.
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induced from the compact-open topology. The subgroup H'(M,R") carries the
subspace topology.

The first main result of this paper states that the Gauss map assignment for
full conformal minimal immersions & : CMI¢ (M, R™) — g (M, Q"2) is a Serre
fibration, that is, satisfies the homotopy lifting property with respect to all CW-
complexes. In fact, we prove the following stronger result.

Theorem 1.1. If M is an open Riemann surface and n > 3, then the map
(¢, Flux) : CMIgy (M, R"™) = Opn (M, Q"2) x H'(M,R"™)

is a Serre fibration.

The fact that the flux map CMIg(M,R") — HY(M,R") is a Serre fibration
was already known ([, Theorem 6.1(a)] is stated for complete immersions, but in
its proof completeness may be ignored). We prove Theorem in Section (3| as a
consequence of the main technical result of the paper, Theorem which is stated
and proved in Section 2] Our proofs rely on the maps we are working with being
full. The key applications of fullness, in the proofs of Lemma [2.2] and Corollary
have been highlighted for the reader’s convenience.

Our second main result is a contribution to the open problem of determining
which holomorphic maps M — Q"2 are Gauss maps of complete conformal minimal
immersions. As already mentioned for n = 3, the study of the value distribution
properties of the Gauss map of complete minimal surfaces in R™ for n > 3 has
been one of the main foci of interest in this theory. Some restrictions are known.
Ru proved that the Gaussian image of a complete nonflat minimal surface in R"
cannot omit more than n(n + 1)/2 hyperplanes in CP"~! in general position [19].
This is sharp whenever n is odd or at most 17 [12]. The same result for full minimal
surfaces was previously obtained by Fujimoto [11},[14]. Let CMIS (M, R™) denote the
subspace of CMIg, (M, R™) of complete conformal minimal immersions. It follows
from the parametric h-principle that is the main result of our paper [5] that the
inclusion CMI§,;,(M,R") — CMIgn(M,R") is a weak homotopy equivalence with
dense image. Let 0F (M, Q"?) = 4(CMI§ (M, R")).

Theorem 1.2. Let M be an open Riemann surface and n > 3.

(a) The inclusion O (M, Q""2) < Opn(M,Q"2) is a weak homotopy equi-
valence.

(b) If M has finite topological typeﬁ then the inclusion is a homotopy equivalence.

(c) The inclusion OF (M, Q" %) — € (M, Q" 2) is a weak homotopy equivalence,
and, if M has finite topological type, a homotopy equivalence.

2We recall the following equivalent definitions of finite topological type: the fundamental group
of M is finitely generated; M has the homotopy type of a finite bouquet of circles; M can be
obtained from a compact Riemann surface by removing a finite number of mutually disjoint points
and closed discs; M has a strictly subharmonic Morse exhaustion with finitely many critical points.
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Part (a) means that the inclusion induces a bijection of path components
To(OF (M, Q"2)) — mo(Opam (M, Q"~2)) and an isomorphism of homotopy groups

7-‘-k(ﬁ)fcull(]\4v Qn_Q)vg) - 7Tk(ﬁfull(]\47 Qn_2)7 g)

for every integer k > 1 and every base point g = 4 (u) € Of,(M,Q"?), with
u € CMI{,;;(M,R"). By (b), when M is of finite topological type, there is a
homotopy inverse & : Opn(M,Q"2) — 0F,(M,Q"2) to the inclusion. This
means that there is a way to associate to every map g € Opq(M, Q"*Q) a map
&(g) € 05 (M,Q™?) that is homotopic to g. Moreover, if g € OF (M, Q"2) to
begin with, then there is such a homotopy through maps in &g (M, Q" ?%). The
main point is that {(g) and the homotopies depend continuously on g. Finally, part
(c¢) reduces the determination of the homotopy type of Of (M, Q" %) to a purely
topological problem.

The main ingredients in the proof of the theorem, which is given in Section
are the parametric h-principle in [5], the result that the Gauss map assignment is
a fibration (Theorem , and, for part (b), the theory of absolute neighbourhood
retracts (ANRs) in the category of metric spaces and [16, Theorem 9], which uses
Oka theory to show that certain spaces of holomorphic maps are ANRs.

We observe that since the space CMIf,; (M, R"™) is dense in CMIgu(M,R™) ([2,
Theorem 7.1]; the case of n = 3 follows from [0, Theorem 5.6]) and the map
4 : CMIgn (M, R™) — O (M, Q"?) is surjective [3, Theorem 1.1], f (M, Q" ?)
is dense in Opn(M,Q"2). As a consequence of Theorem [1.1, OF (M, Q"?) is
dense in O (M, Q" 2) in the following stronger sense. See [5, Corollary 1.3] for an
analogous result for the subspace CMI (M, R™) of CMIgy(M,R™).

Corollary 1.3. If M is an open Riemann surface, P is a contractible finite
CW-complex, and QQ C P is a retract of P, then every continuous map QQ —
Orat(M, Q"=2), n > 3, extends to a continuous map P — Opq (M, Q"2) that takes
P\ Q into OF (M, Q"2).

Remark 1.4. Consider the commuting square

CMIS (M, R™) > CMIgy (M, R?)

ﬁfcull(M7 anQ)(_]> ﬁfUH(M7 anZ)

where ¢¢ is the restriction of ¢ to CMIg (M, R"), that is, the Gauss map assignment
for full complete conformal minimal immersions. We know that the inclusions i
and j are weak homotopy equivalences by [5, Theorem 6.1(c)] and Theorem [1.2fa),
respectively, while ¢ is a fibration by Theorem It remains an open question
whether ¢ is a fibration as well.

In the classical case of n = 3, a conformal minimal immersion w is full if and
only if it is nonflat, that is, its image does not lie in an affine 2-plane in R3.
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Equivalently, the Gauss map of u is not constant. Also, Q! may be identified
with the Riemann sphere P = CP! and the Gauss map of a conformal minimal
immersion u = (uy,ug,u3) : M — R3 viewed, via the stereographic projection, as
the holomorphic function M — P given by

o 8’11,3

- 8%1 — i&ug ’

often called the complez Gauss map of u (see [4, Section 2.5] for more details). In

the following corollary, the subscript nf stands for nonflat and nc for nonconstant.

Corollary 1.5. Let M be an open Riemann surface.
(a) (¢,Flux) : CMIp(M,R?) = Ono(M,P) x H(M,R3) is a Serre fibration.

(b) The inclusion O%.(M,P) — One(M,P) is a weak homotopy equivalence, whose
image s dense in the strong sense of Corollary . The inclusion O5.(M,P) —
€ (M,P) is a weak homotopy equivalence. If M has finite topological type, then the
inclusions are homotopy equivalences.

Remark 1.6. Let us briefly indicate how our results can be adapted to null curves.
A conformal minimal immersion u : M — R™ has a harmonic conjugate v if and
only if its flux vanishes. Then the holomorphic map u + iv : M — C” is a so-called
null curve. The subspace of CMI(M,R") of immersions with vanishing flux, that
is, real parts of holomorphic null curves, is denoted RNC(M,C"). By [3, Theorem
1.1], the Gauss map assignment & : RNCpy (M, C?) — Opq (M, Q"2) is surjective,
and Theorem implies that it is a fibration (where the subscripts have the usual
meaning).

The proof of Theorem (a) is then easily adapted, using the control on the
flux provided by [5, Theorem 6.1(a)], to show that the inclusion into G, (M, Q" 2)
of the space ¥ (RNCS, ,(M,R™)) of full holomorphic maps M — Q"2 that are the
Gauss map of the real part of a complete holomorphic null curve is a weak homotopy
equivalence. Moreover, the inclusion has dense image (using the analogue for full
immersions of [5, Corollary 1.3], which is an immediate consequence of [5, Theorem
6.1(a)]). We also see that the inclusion ¢ (RNCS (M, R™)) — OF,(M,Q"?) is a
weak homotopy equivalence. It is an open question whether the two spaces are in
fact the same.

More generally, if we fix a € H'(M,R"), the corresponding results hold for
conformal minimal immersions with flux a.

Theorem implies that the space 4 ~!(g) of full conformal minimal immersions
M — R" with fixed Gauss map g has the same weak homotopy type for all
g € Op1(M, Q" 2). In Section 4| we determine this homotopy type.

Theorem 1.7. Let M be an open Riemann surface and n > 3. The fibre of the
Gauss map assignment 4 : CMIg (M, R") — Opa(M, Q"2) has the weak homo-
topy type of a countably infinite disjoint union of circles, unless M is the plane or
the disc, in which case the fibre has the weak homotopy type of a circle.
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Whether ¢ : CMI(M,R") — O(M,Q"2) is a fibration or whether there are
singularities of some sort over the non-full maps that prevent ¢ from being a fibration
is an open question that is beyond our techniques at present. For n = 3, the fibre of
¢ over a constant map essentially consists of the holomorphic immersions M — C.
As determined in [I0], the space of such maps has the weak homotopy type of
%' (M,C*). As shown in Section 4] the fibre of ¢4 over a full immersion has that same
homotopy type, suggesting that the question might have an affirmative answer.

2. The main technical theorem

According to [4, Definition 1.12.9], a compact subset S # @ of an open Riemann
surface M is admissible if it is O(M )-convex and of the form § = K UT, where K
is the union of finitely many pairwise disjoint smoothly bounded compact domains
in M and I' = S\ K is a finite union of pairwise disjoint smooth Jordan arcs
meeting K only at their endpoints (or not at all) and such that their intersections
with the boundary of K are transverse. Given such a set S = K UT" and a complex
submanifold Z C C", we denote by <7 (S, Z) the space of all continuous maps S — Z
that are holomorphic on § = K. For simplicity, we write 27(S) = (S, C).

In this section we prove the following theorem, which is the technical heart of the
paper.

Theorem 2.1. Let M be an open Riemann surface, 0 be a holomorphic 1-form
vanishing nowhere on M, S = K UI' C M be an admissible subset, k and n be
positive integers, and f,: M — C" and F, € H*(M,C") (p € [0,1]%) be continuous
families of full holomorphic maps and cohomology classes. Then, every continuous
family of functions ¢, : S — C* = C\ {0} (p € [0,1]%) of class <7/ (S) satisfying

(2.1) / opfpf = F,([C])  for all closed curves C C S and all p € [0,1]"
C

can be approzimated uniformly on [0,1)% x S by continuous families of holomorphic
functions ¢, : M — C* (p € [0,1]%) such that

/C@pfpé’ = F,([C])  for all closed curves C C M and all p € [0,1]".
Furthermore, if ¢, is holomorphic on M, vanishes nowhere on M, and satisfies
/Cgopfpe = F,([C])  for all closed curves C C M, for all p € [0,1]" x {0},
then we can choose @, = ¢, for all p € [0, 1171 x {0}.

The case k = 1 of Theorem [2.1| was proved in [3, Theorem 4.1]; the proof relies
in an essential way on the parameter space [0, 1] being 1-dimensional (see [3, proof
of Lemma 2.3]). The proof of Theorem follows the scheme of the proof of [3]
Theorem 4.1], but with an additional idea that enables us to work with a parameter
space of arbitrary dimension. In particular, we shall make use of [3 Lemmas 3.2
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and 4.2]. The main new technical ingredient in our proof is the following extension
of [3, Lemma 4.3] to the parameter space [0, 1]¥ for arbitrary k > 1.

Lemma 2.2 (The critical case). Let M, 0, k, n, and f, (p € [0,1]*) be as in Theorem
. Also let p: M — [0, +00) be a smooth strongly subharmonic Morse exhaustion
function and let 0 < a < b be a pair of reqular values of p such that p has a single
critical point in L\ K, where K = {p < a} and L = {p < b}. Assume that we
have continuous families of functions v, : K — C* of class &/ (K) and cohomology
classes I, € H'(M,C) (p € [0,1]%) such that

/ ©pfpl = Fp([C])  for all closed curves C C K and all p € [0,1]".
C

Then, the family y, can be approzimated uniformly on [0, 1]* x K by continuous
families of functions @, : L — C* (p € [0,1]%) of class /(L) such that

/C Gpfof = Fp([C])  for all closed curves C C L and all p € [0,1]".
Furthermore, if @, is of class o/ (L), vanishes nowhere on L, and satisfies
/Cgopfpﬁ = F,([C])  for all closed curves C C L, for all p € 0, 1]k_1 x {0},
then we can choose @, = ¢, for all p € [0,1]¥~1 x {0}.

We note that [3, Lemma 4.2] holds in our more general framework with the same
proof but replacing the parameter space [0, 1] by [0, 1]* for the given integer k > 1.
We record this result for later reference.

Lemma 2.3 (The noncritical case). Let M, S = KUT, 0, k, n, and f, (p € [0, 1]) be
as in Theorem- If L € M is a smoothly bounded O(M )-convex compact domain
such that S C L and S is a deformation retract of L, then every continuous family
of functions ¢, : S — C* (p € [0,1]¥) of class </ (S) can be uniformly approzimated
on [0,11¥ x S by continuous families of functions @, : L — C* (p € [0,1]%) of class
(L) such that ($, — wp) fp0 is exact on S for all p € [0, 1]*.

Furthermore, if y, is of class </ (L) and vanishes nowhere on L for all p €
[0,1]%=1 x {0}, then we can choose @, = ¢, for all p € [0,1]F~1 x {0}.

Proof of Theorem[2.1] assuming Lemma[2.9 Choose a smooth strongly subhar-
monic Morse exhaustion function p : M — R and a divergent sequence of regular
values 0 < a1 < ag < --- of p such that, setting Ky = S and K; = {p < a;} for all
J > 1, the following conditions are satisfied.

o KyC K 1 and K is a strong deformation retract of Kj.

e p has at most a single critical point in K41\ Io(j (which lies in Io{jH \ Kj)
for all j > 1.
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It turns out that K is a smoothly bounded &'(M)-convex compact domain for all
7 >1,and

S=KyeKieKy---E UK]':M

Jj=0

is an exhaustion of M. Let ¢, : S — C* (p € [0,1]%) be a continuous family of
functions of class & (S) satisfying condition (2.1)), and fix € > 0. Call % = ¢, for
all p € |0, 1]]“‘. A standard recursive application of Lemmas and provides a
sequence of continuous families of functions ¢) : K; — C* (p € [0,1]%), j > 1, of
class @7 (K;) satisfying the following conditions for all j > 1.

e ¢ is as close as desired to ¢} " uniformly on [0,1]F x K -1
) / @%fpﬁ = F,([C]) for all closed curves C' C K; and all p € [0, 1]*.
C

e If ¢, is holomorphic on M, vanishes nowhere on M, and satisfies

/ opfpf = Fp([C]) for all closed curves C' C M, for all p € [0, 1151 % {0},
C
then we can choose gof, = gog = ¢, for all p € [0, 1]*~1 x {0}.

If we take 4,0% sufficiently close to cp%_l on [0,1]* x K j—1 at each step, we obtain in
the limit a continuous family of holomorphic functions

$p = lim o) : M —»C* (pe|o, 11%)
J]—00

which is e-close to the family ¢, on [0,1]% x S and satisfies the requirements in the
theorem. O

To complete the proof of Theorem it remains to prove Lemma We begin
with some preparations. Given an integer n > 1, we shall say that a continuous map
f:]0,1] — R™ is R-full if its image is contained in no real linear hyperplane, that
is, the real span of f([0,1]) equals R™. Likewise, a continuous map f : [0,1] — C"
is said to be C-full if the complex span of f(]0,1]) equals C™. It is clear that every
R-full map [0,1] — C™ = R?" is C-full, but the converse does not hold true in
general.

Lemma 2.4. Let k and n be positive integers, P = [0,1]%, and f : P x [0,1] — R"
and o : P — R"™ be continuous maps. If the path f, == f(p,-) : [0,1] — R
is R-full for every p € P, then for any ¢ > 0 there exists a continuous function
x: P x[0,1] = R such that x(p,s) =0 forp € P and s € {0,1} and

1
/ x(p,s)f(p,s)ds —a(p)| <e forallp e P.
0

If in addition a(p) = 0 for all p € Q = [0,1]¥~! x {0} C P, then we can choose x
with x(p,s) =0 for allp € Q and s € [0,1].

In case k = 1, we identify @ with {0} C P = [0,1]. In the proof we shall use the
following observation, which corresponds to the case k = 0 in the lemma.
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Claim 2.5. If f : [0,1] — R™ (n > 1) is continuous and R-full, then for any
a € R and any € > 0 there exists a continuous function z : [0,1] — R such that
z(0) =x(1) =0 and

1
/ z(s)f(s)ds —a| <e.
0

Proof. If a = 0 € R", then we simply choose x = 0. Assume that a # 0. By
R-fullness of f there are points 0 < s1 < s9 < +-- < 8, < 1 in [0, 1] such that

(2.2) spang{f(s1),..., f(sn)} = R"™.

Thus, there is a number ¢ > 0 so small that the intervals [s; — o,s; + o],
j€e{l,...,n}, liein (0,1) and are pairwise disjoint. Set

sjto
vj:/ f(s)dseR™ j=1,...,n,
Sj*O'

and note that v; is close to 20 f(s;) provided that o is small. We assume as we may
by (2.2]) that o > 0 is so small that spang{vi,...,v,} = R", and write

n
o = Z )\j’Uj
j=1
for (unique) A1,..., A, € R. The step function zg : [0,1] — R given by

)\j ifse[sj—a,sj—l—a],j:1,...,n,
xo(s) =
0 ifsel0,1\Uj[sj —o,8; + 0],
satisfies zo(0) = zo(1) = 0 and fol zo(s)f(s) = a. Suitably deforming z¢ in a small

neighbourhood of the points s; £ 0, j = 1,...,n, to make it continuous, we obtain
a function z : [0, 1] — R satisfying the required conditions. O

Proof of Lemma[2.], We proceed by induction on the positive integer k. For the
base case when k = 1, we have @) = {0} C P =[0,1] and a pair of continuous maps
f:Px][0,1] - R" and a : P — R"™. Since the map f, : [0,1] — R" is R-full for
every p € P, Claim gives a continuous function y,, : [0, 1] — R such that

(2.3) Yp(0) = yp(1) =0
and

<e forallpeP.

1
/0 p(5) fo(5) ds — a(p)

If «(0) = 0 then we choose yo = 0. The problem now is that y, does not depend
continuously on p € P, so we have to do some more work. By continuity of f and «

and compactness of P, there is a partition 0 =py <p; < -+ <pp=1o0f P=[0,1]
such that

1
(2.4) ’/0 Yp; (8) fp(s) ds — a(p)‘ <e forallpe[pj-1,pj, j=1,...,k
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The function z : P x [0,1] — R given by

pj—Dp P—Pj-1 .
z(p,)=—"———1yp ,+——1, forallpelpj_1,pi], j=1,...,k
Pj — Pj-1 Pj—-1 Pj — Dj-1 Pj 7 ] ) 5 vy
is continuous and, in view of (2.3), satisfies z(p,0) = x(p,1) = 0 for all p € P.

Moreover, (2.4)) ensures that

1
/ z(p,s)f(p,s)ds —ap)| <e forallpe P.
0

Finally, note that x(0,-) = z(po, ) = yo; hence (0, s) = 0 for all s € [0, 1] provided
that a(0) = 0. This proves the base case.

For the inductive step, fix an integer £ > 2 and assume that the lemma holds for
P =[0,1]*tand @' = [0,1]*2x{0}. If k = 2, we identify Q' with {0} C P’ = [0,1].
We write P = [0,1]* = P’ x [0,1] and Q = [0,1]¥"! x {0} = P’ x {0}. We use the
same argument as above. Fix t € [0,1]. The map f := f(g4 : [0,1] = R™ is R-full
for every ¢ € P’, and hence the induction hypothesis provides a continuous function
yr » P! x [0,1] — R such that y:(q,0) = y:(¢,1) = 0 for all ¢ € P’, and

1
/ mee s)f;(s) ds — a(q,t)’ <e forallge P.
0

If a(q,0) = 0 for all ¢ € P’ then we choose yo = 0. Again, the problem is that the
map y; does not depend continuously on t € [0,1]. To arrange this, take a partition
0=ty <ty <---<tr=10f]0,1] such that

1
[ st ds = atan
The function x : P x [0,1] = P" x [0,1] x [0,1] — R given by

<e forallge P andte [tj_1,t], j=1,... k.

t:—1t t—1ti_1
ot )= ———y  +—L—q, forallte€[ti_1,t;], j=1,...,k,
( ) t—t;_1 Yt t—t1 Yt [] 1 ]] J
satisfies the required conditions. This completes the induction. ]

Corollary 2.6. Let k, n, P, and Q be as in Lemma let f: Px[0,1] — C" and
a: P — C" be continuous maps, and assume that there is a pair of closed intervals
J and J' such that JNJ' =@, JUJ' C (0,1), and the path f, = f(p,-) : [0,1] - C"
is C-full on J and R-full on J' for every p € P. Then, there exists a continuous
function h : P x [0,1] — C* such that h(p,0) = h(p,1) =1 for allp € P and

1
| ho9) 91 ds =al) foraltpe P
0
If in addition a(p) = fol f(p,s)ds for all p € Q C P, then there is such a function
h with h(p,s) =1 for allp € Q and s € [0,1].
Furthermore, the function h can be chosen such that |R(h) — 1| < o in P x [0, 1]

for any given number o > 0; in particular, we can choose h so that R(h) > 0.

The final claim of the corollary is not needed here, but is included for possible
future applications.
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Proof. Consider the period map & : €(|0, 1], C") — C™ given by

1
P(g) = /0 g(s)ds € C", g %([0,1],C").

By [3, Lemma 2.1], there are continuous functions g1,...,gnx : [0,1] = C (N > n),
supported on .J, such that the function w : CV x [0,1] — C given by
N

w(¢,s) =[] (1 +Ga(s), ¢=(G.....¢v) eCY, s €01,

i=1
has

i@(w((, 2f(p, ")) |(=0 : ToCN =2 CN — C"  surjective for every p € P.

(Here we need the maps f, to be full.) In particular,
(2.5) w(-,s) =1 forallse[0,1]\J D {0,1}.

By virtue of the implicit function theorem, this implies that for every neighbourhood
U of 0 in CV, there is a number € > 0 with the following property: if 3 : P — C" is a
continuous map with | Z(f(p,-)) —B(p)| < € for all p € P, then there is a continuous
map (g : P — U such that

2 (w(Cs(p), ) f(p,-)) = B(p) forallpe P.

Furthermore, if Z2(f(p,-)) = B(p) for all p € Q, then we can choose the map (g such
that (g(p) = 0 (and hence w((s(p),-) = 1) for all p € Q. Fix a number 0 < ¢ < 1,
let U be a neighbourhood of 0 € C so small that

(2.6) R(w) —1] <o inU x[0,1]

(hence R(w) > 0 there), and let € > 0 be a number satisfying the above condition.
Consider the continuous map v : P — C" given by

(2.7) v(p) = —i(a(p) = 2(f(p,-)), pEP.

Lemma furnishes us with a continuous function = : P x [0,1] — R, supported on
P x J', such that

|2 (z(p,-) f(p,)) —v(p)| <€ forallpeP,

and if y(p) = 0 for all p € Q, then z(p,-) = 0 for all p € Q. It turns out that the
continuous function h = 1 +ix: P x [0,1] — 1 4 iR C C* satisfies

(2.8) h=1 in P x([0,1]\J) D P x (JU{0,1})
and, in view of ,
‘@(ﬁ(p, )f(p,-)) — oz(p)‘ <e forallpe P.

Moreover, if 2(f(p,-)) = a(p) for all p € Q, then h(p,-) = 1 for all p € Q. Since
hf = f in P x J and the functions ¢i,...,gny are supported on J, the period
dominating property of w provides a continuous map (, : P — U such that

(2.9) P (w(Ca(p), (p,)f(p,")) = a(p) forall p € P,
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and if Z(f(p,-)) = a(p) for all p € Q, then (o(p) = 0 for all p € Q. The

continuous function h : P x [0,1] — C* given by h(p,-) = w(Ca(p),-)h(p, ) satisfies
the conclusion of the corollary. Indeed, conditions (2.5) and (2.8) ensure that

h(-,0) = h(-,1) = 1. By (2.9), we have
1
/O h(p,s)f(p,s)ds = 2 (w(Ca(p), )i(p.) f(p,")) = afp) forall p € P.

Moreover, if a(p) = fol f(p,s)ds (= 2(f(p,-))) for all p € Q, then it is ensured
that h(p,-) = 1 and Ca(p) = 0 for all p € Q, and hence h(p,-) = 1 for all p € Q.

Finally, (2.5), (2.6), (2.8]), and the facts that (,(P) C U and §R(i~z) =1in P x [0,1]
guarantee that |[R(h) — 1| < o in P x [0, 1]. O

Proof of Lemma[2.3. Let v denote the only critical point of p in L\ K, and note
that v € L'\ K. We distinguish cases depending on the Morse index of p at v.

Assume first that the Morse index of p at v equals 0. We then proceed as in the
proof of [3, Lemma 4.3]. In this case a new connected component of the sublevel
set {p < s} appears when s passes the value p(v), and hence a new connected
and simply connected component K’ of L appears. In particular, K is a strong
deformation retract of L \ K’. Thus, Lemma provides a continuous family of
functions @, : L\ K’ — C* (p € [0,1]%) of class /(L \ K') which is as close to the
family ¢, as desired in [0, 1]¥ x K and has (3, — @) f,0 exact on K for all p € [0, 1]%.
Moreover, we can choose @, = ¢, for all p € [0,1]*~! x {0} provided that ¢, is of
class o7 (L) and nowhere vanishing on L for every p € [0,1]*7! x {0}. (Here we need
the maps f, to be full.) To finish it suffices to extend the family &, (p € [0,1]*) to
K’ as a continuous family of nowhere vanishing functions of class 7 (K’), choosing
Pyl = pplir for all p € [0, 1)1 x {0} if for every p € [0, 1]*~! x {0} the map ¢, is
of class «/(L), vanishes nowhere on L, and satisfies [ ¢, f,0 = F,([C]) for all closed
curves C C L.

Assume that, on the contrary, the Morse index of p at v equals 1. In this case
there is a smooth Jordan arc ~ in L \ K , with its two endpoints in bK and otherwise
disjoint from K, such that S = KU~ C L is an admissible subset of M and a
strong deformation retract of L. Denote by €2 the connected component of L \ K
intersecting . Note that €2 contains v except for its endpoints.

Fix p € [0,1]*. We claim that
(2.10) the real span of f,(Q) equals C" = R?".
Indeed, since the map f,: M — C" is holomorphic and full, fy|q : 2 — C" is full as
well, and hence if A : C" — C is a C-linear functional and Ao f,|q = 0, then A = 0.
Let p : C" — R be an R-linear functional with po fplg = 0. Now, p is the real part
of a C-linear functional A : C" — C. Since f is holomorphic and R\ o fy|q = 0, we

have Ao f,lo =0, so A = 0 and hence p = 0. This guarantees (2.10), and thus there
are points x1,...,xo, € {1 such that

SpanR{fp(xl)a s 7fp(x2n)} =C"
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(Here, again, we need the maps f, to be full.) Since f,, depends continuously on
p € [0, 1}’“ , the same holds if we replace p by any point p’ in a small neighbourhood
of p in [0,1]%. Thus, compactness of [0,1]* ensures the existence of a finite set
A cQc L\ K such that

(2.11) spang{fy(z): 2 € A} =C" for all p € [0,1]%.

Since ) is connected, we may deform the arc v outside a neighbourhood of its
endpoints so that A C v. Since AN K = @&, we have that A lies in the relative
interior of 7, and since A is finite there is a (closed) sub-arc 4/ in the relative interior
of v such that A C 4/. Condition then ensures that the map f, is R-full
on /' for all p € [0,1]*. On the other hand, the fullness of the holomorphic map
fp : M — C" implies that f, is C-full on every sub-arc of v for all p € |0, 1]*.
(Here, once again, we need the maps f, to be full.) Corollary then enables us
to extend the family of functions ¢, : K — C* to a continuous family of functions
¢p:S=KUy— C* (pe0,1]F) of class /(S) such that

/ dpfpf = F,([C]) for all closed curves C' C S and all p € [0, 1]*.
C
Furthermore, if ¢, is of class &7 (L), vanishes nowhere on L, and satisfies

/ ©pfpf = F,([C]) for all closed curves C' C L, for all p € [0,1]" x {0},
C

then we can choose ¢, = @,|s for all p € [0,1]¥71 x {0}. Since S is a strong
deformation retract of L, this reduces the proof to the noncritical case granted in

Lemma 2.3 O

Theorem [2.1] is thus proved.

3. Proofs
In this section, we prove the two main Theorems and

Proof of Theorem [I.1} Fix an integer k¥ > 1 and let P = [0,1]*71. For k = 1, we
identify P and P x {0} with {0} C [0,1] and P x [0,1] with [0, 1]. Assume that we
have continuous maps u : Px{0} — CMIg (M, R"), G : Px[0,1] — Opn(M, Q"2),
and F : P x [0,1] — H'(M,R") such that

Glpxqoy =9 ou and F|py = Fluxou;

that is, the following square commutes.

u

(3.1) P x {0} CMIgn (M, R™)
7
/¢/ - (¢ ,Flux)
-7 (G F
Px[0,1] — S Gn(0, Q) x HY(M,RY)
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To complete the proof it suffices to show that the map (G, F) lifts to a continuous
map ¢ : P x [0,1] - CMIgy (M, R™) such that

(3.2) u=¢lpxioy, G=%o¢, and F =Fluxo ¢;
that is, the two triangles in (3.1)) commute. Write

u(p,0) =u), G(p,t) =G}

» and  F(p,t) = F! for all (p,t) € P x [0,1].

P
Since the square (3.1) commutes, we have

(3.3) g(ug) = Gg and Flux(ug) = F]? for all p € P.

Fix a holomorphic 1-form 6 vanishing nowhere on M. The Gauss map assignment
4 : CMIgy (M, R") — Opai(M, Q"~2) is naturally factored as

P T
CMIgy (M, R") —— Opn (M, A,) —— Opn (M, Q"2),

where ¥(u) = 20u/f and ™ : A, = {z € C': 22 + .- +22 =0} - Q"2 is
the restriction of the canonical projection 7 : C? = C"\ {0} — CP"~!. Here,
Onn (M, A,) denotes the space of all holomorphic maps f : M — A, C C" that
are full in the sense that the C-linear span of f(M) is all of C". Recall that
every holomorphic map g: M — CP"! lifts to a holomorphic map f : M — C?
such that ¢ = 7o f = m.(f); moreover, g is full if and only if f is full, while
g(M) C Q"2 if and only if f(M) C A,. Also recall that a conformal minimal
immersion v € CMI(M,R") is recovered from t(u) by the integral formula

u(z) = u(zg) + 3?/ P(u)d, xe M,
Z0
for any base point x¢g € M, while

Flux(u)([C]) = S/Ci/)(u)@, [C] € Hi(M,Z).

Since ¥ = m, o 1), the first condition in (3.3) ensures that the following square of
continuous maps commutes.

Ppou
(3.4) P x {0} ﬁfun(M, A*)
7
Q/ - - x
P x [07 1] ﬁfull(M7 Qn_Q)

Since 7, : Opn(M, Ay) — Opn (M, Q"2) is a fibration (see [3, Lemma 5.1]), the
map G lifts to a continuous map o : P x [0,1] — Opn(M, A,) such that the two
triangles in (3.4) commute:

(3.5) You=glpxry and G =mo0op.
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Write o(p, t) = o}, for all (p,t) € Px[0,1]. Theoremprovides a continuous family
of holomorphic functlons Lpp M — C*, (p,t) € P x [0,1], such that

(3.6) / probf =iFL([C]) € iR™ for all closed curves C' C M, (p,t) € P x [0,1].

Furthermore, since Qg = 28ug/ 6 by the first condition in (3.5 and F19 = Flux(ug)
by the second condition in (3.3)) for all p € P, we have that

/ 929 = iFg([C]) for all closed curves C C M and all p € P,
C

so we can choose the family of maps gpé so that
(3.7) gog =1 forallpe P.
Fix a point zy € M. It follows from (3.6 that the map qb;) : M — R" defined by

qﬁt()—u (zo +§R/ gppgp x € M,

is a well-defined full conformal minimal immersion (note that (ppgp M- A, CcC”
is holomorphic and full, and R(¢}0!0) is exact). We claim that the continuous map
¢ : Px[0,1] = CMIg (M, R"™) given by ¢(p,t) = ¢}, for all (p,t) € P x[0, 1] satisfies
the conditions in . Indeed, in view of and the first condition in , we
have

<Z>0( —|—§R/ 0—u2($)+§R/ 28u2:ug(w), reM, peP,
o
80 u = @|py 0. On the other hand,

G (¢p) = m:(200,,/9) = mi(pp0,) = m(0}) = Gy, (p,1) € P x [0,1],

where we have used that ¢ = m, o 9, the fact that 4,0;, takes values in C*, and the
second condition in (3.5). Therefore, G = ¥ o ¢. Finally, (3.6) directly implies that
Flux(¢}) = F}! for all (p,t) € P x [0,1], that is, F' = Flux o ¢. O

We now turn to the proof of Theorem First we need the following h-principle,
which easily implies Corollary

Theorem 3.1. Let M be an open Riemann surface, n > 3, Q be a closed subset of a
contractible finite CW-complex P, and G: M x P — Q"2 be a continuous map such
that G := G(-,p) € Opn(M,Q"~2) for all p € P. For any O(M)-convex compact
set K C M and any € > 0 there is a homotopy G*: M x P — Q" 2, ¢t € [0,1],
satisfying the following conditions.

(1) Gt =G(-,p): M — Q"2 lies in Op(M,Q"2) for all (p,t) € P x [0,1].
(ii) G, = G, for all (p,t) € (P x{0})U(Q x [0,1]).
(iii) |Gt( ) — Gp(z)| <€ for all z € K and (p,t) € P x [0,1].
(iv) G € O (M, Q"2) for all (p.1) € (P\ Q) x (0,1]
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In particular, if in addition G, € Of,(M,Q"2) for all p € Q, then we have
G € 05y (M, Q"2) for all (p,t) € P x (0,1].

Proof. Since ¢ : CMIg(M,R") — Opa(M,Q"2) is a fibration by Theorem
and P is contractible, we can lift the given map G: M x P — Q"2 by ¢ to a
map u: M x P — R" such that u, = u(-,p) € CMIg(M,R") for all p € P. By
the parametric h-principle [5, Theorem 6.1(a)], for any § > 0, there is a homotopy
ut: M x P — R™, t € [0,1], with the following properties.

(a) up =

(b) ;— up for all (p,t) € (P x {0}) U (Q x [0,1]).

(c) |u ;( x) — up(x)| < d for all x € K and (p,t) € P x [0,1].
)

(d) ul, € CMIS, (M, R") for all p € (P\ Q) x (0,1].

= ul(,p): M — R" lies in CMIg, (M, R"™) for all (p,t) € P x [0,1].

U

Setting G; =9 (u;) with § > 0 small enough defines a homotopy as desired. Note
in particular that if G, € 05, (M,Q"2) for all p € @, then we cannot assert that
up, is complete for p € Q, but we have ¥ (u,) = G, € OF (M, Q"?) for all p € Q,
and hence (b) and (d) ensure that G, € OF,, (M, Q"?) for all (p,t) € Px (0,1]. O

Proof of Theorem[1.3. (a) Applying Theorem [3 - 1) with P a singleton and ) empty
shows that the 1nclu81on J O (M, Q"2) — Opn(M, Q" 2) induces a surjection
of path components. Applying Theorem with P a closed ball of dimension k& > 1
and @ the boundary sphere of P shows that j induces a monomorphism at the level
of m_1 and an epimorphism at the level of 7.

(b) It suffices to show that the spaces OF(M,Q" %) and Opn(M, Q" ?) are
ANRs. First, Opq(M, Q" 2) is an ANR, being open in ¢'(M, Q"~2), which is ANR
by [16, Theorem 9] since Q"2 is an Oka manifold. Second, since Op,(M, Q" ?)
is an ANR, Theorem and [5, Proposition 5.2] imply that &F (M, Q" 2) is an
ANR.

(c) It is not difficult to adapt the general position theorem [I0, Theorem 5.4] for
maps into A, to maps into Q"2 using the fact that if P is a contractible finite
CW-complex, then every continuous map P — &/(M, Q" ?) lifts by the projection
m: A, — Q"2 whose fibre C* is Oka, to a continuous map P — &(M, A.),
and conclude that the inclusion O (M, Q" 2) — (M, Q" ?) is a weak homotopy
equivalenceﬂ By the basic Oka principle, the inclusion &'(M, Q"2) < € (M, Q" 2)
is also a weak homotopy equivalence. Finally, if M has finite topological type, then
€ (M,Q"2) is an ANR (see [16, Proposition 7] and the references in its proof). [J

3For the hyperquadric A (as opposed to a more general cone A as in [I0, Theorem 5.4]), the
notion of nondegeneracy in [I] and [10] is equivalent to nonflatness by [2, Lemma 2.3]. To adapt
[10l Theorem 5.4] to full maps in place of nonflat maps, in its proof, simply invoke the proof of
[20 Theorem 3.1(a)] instead of the proof of [I Theorem 2.3(a)] (the latter theorem is incorrectly
referred to as Theorem 3.2(a) in [I0]). Beware that fullness is called nondegeneracy in [2].
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4. The fibre of the Gauss map assignment

As before, we let M be an open Riemann surface and n > 3. By Theorem the
Gauss map assignment ¢ : CMIgy(M,R") — Op(M,Q"?) is a Serre fibration.
As shown already, Opq(M, Q" 2) has the weak homotopy type of €' (M, Q" 2).
Moreover, Q"2 is simply connected: for n = 3, Q"2 is isomorphic to the Riemann
sphere; for n > 4, we invoke the fact that a smooth hypersurface in CP"~! is
simply connected. It follows that &gy (M, Q"2) is path connected, so the fibres of
4 . CMIg(M,R") — Opn(M, Q"2) all have the same weak homotopy type. In
this section, we shall determine this homotopy type.

Recall the factorisation
» . _
CMIpyp (M, R") —— Ot (M, A) ——> O (M, Q"2),

of ¢ used in Section 3| in the proof of Theorem where 1(u) = 20u/60, with
f being a nowhere-vanishing holomorphic 1-form on M, and 7, is induced by the
projection 7 from the punctured null quadric A, in C? onto the hyperquadric Q"2
in CP"~!. The projection 7 : A, — Q"2 is a fibre bundle with fibre C*. Note that
¢ and 7, are canonically defined, whereas 1) depends on the choice of 6.

In the proof of Theorem we used the result that 7, is a fibration [3, Lemma
5.1]. In fact, the lemma shows that 7, : (M, A,) — O(M, Q" ?) is a fibration. Its
fibre Fy, well defined up to weak homotopy equivalence, is (M, C*) or, by the basic
Oka principle, €(M,C*). Hence, Fj has the weak homotopy type of a countably
infinite disjoint union of circles, unless M is the plane or the disc, in which case Fj
has the weak homotopy type of a circle. We also need the result that v is a weak
homotopy equivalence. This follows, by an argument similar to the proof of [10),
Theorem 5.6], from the parametric h-principle [I0, Theorem 5.3] (the version with
vanishing real periods) adapted to full maps in place of nonflat maps.

Let F be the fibre of ¢4 and consider the following commuting diagram.

9 _
F s CMIgn (M, R") —2> Gp (M, Q"2)

L

Fy = Opn(M, A,) —— Ogn(M, Q" 2)

The associated long exact sequences of homotopy groups show that ¥ induces a weak
homotopy equivalence F' — Fj, so Theorem is proved.
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