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Diffusion in an inhomogenous material with two-periodic diffusivity Boundary value problem

Diffusion in a material with fine structure
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Diffusion in an inhomogenous material with two-periodic diffusivity Boundary value problem

Diffusion in a material with fine structure
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Diffusion in an inhomogenous material with two-periodic diffusivity Boundary value problem

Analysis delivers macroscale model and boundary
conditions
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Diffusion in an inhomogenous material with two-periodic diffusivity Boundary value problem

Analysis delivers macroscale model and boundary
conditions
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Diffusion in an inhomogenous material with two-periodic diffusivity

Boundary value problem

Macroscale boundary condition with coarse grid
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Diffusion in an inhomogenous material with two-periodic diffusivity Boundary value problem

Definition of macroscopic field

e Aim: 5 52
U U
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for 'mean’ U(x, t).
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Diffusion in an inhomogenous material with two-periodic diffusivity Boundary value problem

Microscale eigenvalue analysis

o Seek solution uj; o e FAt,
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Diffusion in an inhomogenous material with two-periodic diffusivity Boundary value problem

Microscale eigenvalue analysis

o Seek solution uj; o e FAt,

A slow macroscale mode

t

L
b k

S

-1

\ rapid microscale mode

Macroscale modelling of a discrete diffusion system with periodic diffusivities 7/16



Diffusion in an inhomogenous material with two-periodic diffusivity Boundary value problem

Microscale eigenvalue analysis

o Seek solution uj; o e FAt,

A slow macroscale mode
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e The slow eigenvalues to errors O (k%) are
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Diffusion in an inhomogenous material with two-periodic diffusivity Boundary value problem

Macroscale model

e By Inverse Fourier Transform, macroscopic model to errors
4
O(0%)

U 22U
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Diffusion in an inhomogenous material with two-periodic diffusivity Boundary value problem
Spatial Evolution gives boundary conditions

e Fix time evolution
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Diffusion in an inhomogenous material with two-periodic diffusivity Boundary value problem

Boundary layers simplifies macroscale boundary conditions

e Eigenvectors vy, v, v3 and V4 and corresponding eigenvalues
y1<1,y4>landy2:y3:1.
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Diffusion in an inhomogenous material with two-periodic diffusivity Boundary value problem

Boundary layers simplifies macroscale boundary conditions

e Eigenvectors vy, v, v3 and V4 and corresponding eigenvalues
p1 <1, pus>1and yp =z =1.

e As the eigenvectors are linearly independent

- 0,0 uo - . 5 N
o = wg, u, = avi + Vo + c3V3 + Ca V.
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Diffusion in an inhomogenous material with two-periodic diffusivity Boundary value problem

Boundary layers simplifies macroscale boundary conditions

e Eigenvectors vy, v, v3 and V4 and corresponding eigenvalues
p1 <1, pus>1and yp =z =1.

e As the eigenvectors are linearly independent

— U0,0 uio — — — -
Uo = 4, upy — GV1 + Vo + c3v3 + vy

e In general

— — n — — — — n
Un = civip] + e + c3(V3 + nvo) + caVapy.
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Diffusion in an inhomogenous material with two-periodic diffusivity Boundary value problem

Boundary layers simplifies macroscale boundary conditions

Eigenvectors vy, v», v3 and V4 and corresponding eigenvalues
p1 <1, pus>1and yp =z =1.

As the eigenvectors are linearly independent

— U0,0 uio — — — -
Uo = 4, upy — GV1 + Vet vz + avs.

In general

— — n — — — — n
Un = civip] + e + c3(V3 + nvo) + caVapy.

e ¢; and ¢, associate with boundary layers.
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Diffusion in an inhomogenous material with two-periodic diffusivity Boundary value problem

Boundary layers simplifies macroscale boundary conditions

Eigenvectors vy, v», v3 and V4 and corresponding eigenvalues
p1 <1, pus>1and yp =z =1.

As the eigenvectors are linearly independent

— U0,0 uio — — — -
Uo = 4, upy — GV1 + Vet vz + avs.

In general

— — n — — — — n
Un = civip] + e + c3(V3 + nvo) + caVapy.

e ¢; and ¢, associate with boundary layers.
[ ] C4 = 0
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Diffusion in an inhomogenous material with two-periodic diffusivity Boundary value problem

Derivation of Macroscale Boundary Conditions

e Given boundary conditions are the first two components of
vector g

Upo = C1vi1+ Vo1 + C3v3y, (1)

up1 = c1vi2+ @var + c3vao. (2)
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Diffusion in an inhomogenous material with two-periodic diffusivity Boundary value problem

Derivation of Macroscale Boundary Conditions

e Given boundary conditions are the first two components of
vector g

Upo = C1vi1+ Vo1 + C3v3y, (1)

up1 = c1vi2+ @var + c3vao. (2)

e At second cell

Uy = ciVips + ©vo + c3(Vo + 3).
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Diffusion in an inhomogenous material with two-periodic diffusivity Boundary value problem

Derivation of Macroscale Boundary Conditions
Uoq.---.U1,0 uzq.---.U3,0 usq.---.Us0 U,0

L U(3h,t) L uGht) L U(Sh, t) .
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e The average of first cell

U(X = 0.5h) = %?Io . T
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Diffusion in an inhomogenous material with two-periodic diffusivity Boundary value problem

Derivation of Macroscale Boundary Conditions
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e The average of first cell
U(X = 0.5h) = %TIO . T
e The average of second cell

U(x =25h) = %i;-1.
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Diffusion in an inhomogenous material with two-periodic diffusivity Boundary value problem

Derivation of Macroscale Boundary Conditions
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e The average of first cell

U(x =05h) = 31ip-1.
e The average of second cell
U(x =25h) = %i;-1.
e By extrapolation
oU _ U(x=25h) — U(x =0.5h)
ox 2h
% [C3\72 + Clvl(]il — l)] -1

2h
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Diffusion in an inhomogenous material with two-periodic diffusivity

Subtracting boundary layers

e By extrapolation again

oU

Ux=0) = U(x=05)—05h I

Boundary value problem

= % [C171(1.25 — ‘111/4) + Vo + C3(\73 — %VQ)] (4)
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Diffusion in an inhomogenous material with two-periodic diffusivity

Subtracting boundary layers

e By extrapolation again

U(x = 05) — 0. 5h3—U

= % [C1V1(1.25 — M1 /4) + oV + C3(\73 —

e Put equations (1), (2), (3) and (4) in a system

Vi1 V21 V31
(4]
V12 V22 V32 o
1 = 1= 7 1= 7 1= 7
&~ w1 0 grv2 1
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Boundary value problem

%)) (4)

too
Uop1

U
ox x=0

13/16



Diffusion in an inhomogenous material with two-periodic diffusivity

Subtracting boundary layers

e By extrapolation again

Ux=0) = Ulx=05)-05h3"

Boundary value problem

= % [C1V1(1.25 — ;11/4) + Vo + C3(\73 — %V2)] (4)

e Put equations (1), (2), (3) and (4) in a system

Vi1 V21 V31
a
V12 V22 V32 c
1 1- = 1- = 1- = 2
112— 1 V]_'].O 121 (131—T62 1) c
= vi-10 0 give-1
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Boundary value problem

Diffusion in an inhomogenous material with two-periodic diffusivity

Macroscale boundary condition

e Subtracting the boundary layer effect

Vit Va1 V31 o too
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Boundary value problem

Diffusion in an inhomogenous material with two-periodic diffusivity

Macroscale boundary condition

e Subtracting the boundary layer effect

Vit Va1 V31 o too
vig V2 V32 | Uor
0 %_»2-1) (%_»3'1»— 1716_»2']:) 2| = U|x:0
0 0 ﬁqz -1 “ %TL!
x=0
o Compute Z = (—z1, —22, 1, z4) such that
Vit Vi V31
5 |12 1_\’/22_) . _)V321_’ 1 =3
0 ZV2 1 (Z 3 1-— E ) 1)
0 0 oV 1

e Pre-multiply Z

ou
U+ 2487 = Z1Ugo + ZoUQ1 -
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Diffusion in an inhomogenous material with two-periodic diffusivity

Boundary value problem

Numerics verifies analytical results

ou
U+011— = 0.74U00 + 0.26UO1.
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e Generalise to wave equation
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