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The heat exchanger

a(X't;) > > >
Ny 1y exchangety Ny

b(x,t) x

da da 0%a

g = E(b—a)+2a _874—3@,

ob ob 9%b

5, = %(a—b)—%b2+a—+3az,

A mean temperature model C := (a+ b)/2 is (Roberts 2015)
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Boundary conditions
The microscale boundary conditions are

a(0,t) = ap, b(0,t) =by, a(L,t)=a, and b(Lt)=b.

The heuristic boundary conditions for the mean temperature model
are

C(O, t) = (a0+b0) /2, and C(L, t) = (aL—l—b/_) /2.
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Mean temperature model

Boundary conditions
The microscale boundary conditions are

a(0,t) = ap, b(0,t) =by, a(L,t)=a, and b(Lt)=b.

The heuristic boundary conditions for the mean temperature model
are

C(O, t) = (a() + bo) /2, and C(L, i‘) = (aL + bL) /2.

Our derived boundary conditions

ox x
~ 0.25by — 0.29b3 + 0.75a9 — 0.63agbp + 0.18a3, at x =10

2
C— (0.5 — 2.8by + 3.730) aj -3 <8C>

ox 0x
~ 0.25a; — 0.29a7 + 0.75b, — 0.63a. b, +0.18b7. at x =L

aC aC\?
C— (—0.5 —2.8a; + 3.7bL) — +3 <>
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Numerical result

The domains are 0 < x < 30, 0 < t < 21. The boundary values are
ao = 0.2tanh?t, by =0, a, = 0 and b, = 0.2tanh?t. The initial
values are zeros.
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Assuming steady state

Assume steady state and rearrange the heat exchanger PDE into a
dynamical system form

a 0 0O 1 0 a 0

i bl | O 0O 0 1 b " 0
ox |a'| % —% % 0 a —%az
11 1 192
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Derivation of the boundary conditions

Assuming steady state

Assume steady state and rearrange the heat exchanger PDE into a
dynamical system form

a 0 0O 1 0 a 0

i bl | O 0O 0 1 b " 0
ox |a'| % —% % 0 a —%32
11 1 172

This dynamical system has a generalised eigenvalue, apply
perturbation method so that € = 1 gives original system

a 0 0 1 —1][a eb’
Jd | b 10 0 -1 1 b X ed
- 1 1 1 1 1.2 1 1
aX a: 61 _16 _§ ? a: _15‘; +1§€‘/9/ _156[/)/
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Centre manifold analysis

1. The eigenvalues of the perturbed system are 0, 0, :l:%.

2. These correspond to a stable manifold, an unstable manifold,
and a two dimensional slow manifold.

3. Apply a coordinate transform to separate the three manifolds

si:=3(a+b)=C, s3:= 3 (3a—3b—3a' +9b),

aC
(& +b) = o ST

ool

S 1= (3a—3b+9a —3b),

NI
o[
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Coordinate transform gives invariant manifolds

Asymptotic analysis gives

a ~ s;—s5 +0.25s3+ 1.5512 + 6522 — 1.1sy53 — 3.4sp53 — 0.035532,
+0.75s4 + 0.74s554 4 0.565354 — 0.2552 ,

b ~ s1+s5 —0.7553 — 1.5512 — 6522 — 0.74s553 + 0.25533
—0.25s4 — 1.1s354 + 3.4554 — 0.565354 — 0.035s7 ,

a =~ s+ 15s15 —0.17s3 + 0.56s153 + 0.91sp55 + 0.47532
+0.554 — 0.565154 + 1.25p5, — 0.33s7

b ~ s, — 15515 4 0.553 +0.565153 + 1.25p53 — 0.3353
—0.17s4 — 0.565154 + 0.91sp54 — 0.04752 ,

and the norm forms are

J 0

i ~ S, ﬂ ~ —0.6753 — 0.755351 — 0.945352,
ox ox

d d

92 o 1.5s15,, g ~ 40.67s4 — 0.755351 + 0.945;5s, .
ox ox
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Coordinate transform gives invariant manifolds

1. The centre-stable manifold is

{30} ~ - 52 +0.25s9 + 1.5s92 +6s 02_q 15153 —3.4s9s — 0. 0355g2
bo s1 + 52 0.7553 - 1.551 — 652 —0. 745253 +0. 255

2. Rearranging gives

st =~ (0.25bg — 0.29h + 0.75a9 — 0.63apbg + 0.18a3)
+ 9 (0.5 — 2.8y + 3.7a0) + 353"

s3 ~ (—bo—0.19b5 + ag — 2.3apby — 0.56a3)
+ 9 (2 — 4.6by + 3.8a0) — 5.253°.
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Coordinate transform gives invariant manifolds

53

s; ~ (0.25b9 — 0.29b5 +0.75a9 — 0.63a0bo + 0.1833)
+ 9 (0.5 — 2.8by + 3.720) + 352"

Hence the macroscale left boundary condition is
aC aCc\?
C—(05—-28by+3.730) =— — 3| —
( 0+ 3.720) ox ( ox )
~ (0.25by — 0.29b3 + 0.75a9 — 0.63a0bg + 0.18a3 )-
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Conclusion

1. We derived a nonlinear boundary conditions for a mean model
of a heat exchanger.

2. We plan to extend this method to homogenization of nonlinear
periodic materials and homogenization of flow in porous media.
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